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Alfveh Flux - Freezingthere
-

As we saw last class
,

the magnetic field evolution is given by the induction

equation
211 = Jx lrx B) + y TB
at

The range of human experience is often given by the latter Hrm only
,

which is  resistivity /

diffusion
ofmagneticfield )

. Astrophysical systems are

often in the

opposite
end , of high magnetic Reynolds numbers

, so that

Ft = oxlrx 'B.)
.

One of the consequences is that the field has inertia
.

It  is foten in
the plasma and follows streamlines . This is the flux freezing theorem

of Hans Alfven ,
that we will explore next :

The magnetic flux  is I  = f Bids
.

where ds is  an  area element
.

The theorem states thatE- = 0

dt

That is
,

ddyf B . ds = °

⇒ Rias + B .gldist
.



.

The term %t(d$ is the time . variation of  a  surface element ds

as slttdtl
s :

- t.net
Goes to S in time ill oh

as

SIHIt 'd " .is?iYgasHdtv
w do we find ds '

- ds ?

The vector area integral over  a closed surface is zero : §dS=o
(give cube as example)

.

So
,

let's close the surface .

jlttdtl
dsl

.

§ rd Theside area is DA : dlxrdt.deSH
.

Area :

(as
- ds ) in +§dexrdt : 0

ds
'

- ds = dt § vxde = 0

.





So
, { Bdzlgds) = - ftxlrx B ) ds

and the quantity we were trying to find is the surface integral of the

RHS of the induction equation ,
the electromotive force .

stades,Bds=d£ :
. |dd1q=f[saI-o×axBDdsT

=
t.D.fr Atfveh 's flux- freezing theorem

.

Interpretation : Once two surface elements areconnected by a field line
, Key

will remain so
.

The field is frozen . in and moves with the plasma
.

in
D

B \ .

a The B field⇐.

→ }⇒tstteawsnines .

) n

)

The surface elements P and Q change into P
'

and I as a result of
fluid motions

.
Due to flux . freezing ,

the magnetic field line thatconnectedPQ will also connect FQ '
and the field topology is preserved .

This gives a neat visualization of the field , as we can guess its

configuration if  we know the fluid flow .

The magnetic field is an

almost material
, plastic substance that moves with the flow .



Consequence : field in pulsars

dfBdA=° Sun  ~ l Gat

Gravitational olkpse
Pulsar ~ non a

Sun → lo
"

cm

13=10
6

Neutron star
= 106 cm

10
"

decrease in efuelon 'd area

10 a → 10
"

a ( fields of neutron stars
are of this order)=

x -

Tension

Mag fields have tension
,

(13't)B
,

which is
resistance to

stretching
.

i

Think of fields as springs connecting
fluid elements #

B
<

.

.



Since

this
is proportional

to B '
, strong fields have more tension than

Weaker fields
. Think of harder and looser springs .

→ patch of  story field

*,##⇒x. → patch of week field-##
,

Weak fields are ductile like twine
. Strong

fields are stiff .

sdp=Jx/uxB)= - @o)Bt(Btlu - Ben )
.

advection stretching compression

Alfven velocity
-

The plasma

allows
for different

oscillations

man just sound waves
.

'

To derive them
.

letus  consider the MHD equations

2¥
't hit)p - plan )

.

"

2£ + Kt )
uitptp

+

#D1×÷
Tp

Ye - HHB tan:D kin )



with isothermal equation of state .

p⇒s2
Now let us make the approximation that Hse system is  magnetically

dominated ( p < < 132
,

so p , Jp to )
,

and that the gas is

incompressible 1 tu = o )
.

The system reduces to

¥=o:
ye - btu +

Batty
. t⇐

Tp

?yIt
= - fit ) B + IBE) u - Btu )

Now decompose the system into base stale and fluctuation

U = not u
'

;
B = Bot B

'

z÷ = . own

+CB#B
'

4T po 41T
go

213£ = ( BotIn
'

Now we set D=Box
,

i. e.
,

the

field
is  axial

.

The equation forus cancels out
.  As a

ouseftnle so does the one for BI
,

We are left with eqs for Us and B)
.

We take the time - derivative of both equations to find the wave egsi
.

s¥it¥o " 3¥'s'÷.



These are equations that describe waves propagating with

velocity
ra =

vfff
These waves are called

Alfvi#,
and the associated

velocity the Alfven velocity .

so -=u÷= rite ; ¥+3 = one FB

Bin'

*
If you perturb a  magnetic field ,

waves will propagate transversal ↳
to it

,
with tension as the restoring force . These waves are  akin

to the waves produced when plucking a guitar string .


