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There are two main theories in astrophysics that account

for many of the phenomena in the Universe . One we have already
covered in detail

, that of

RI.ve#fr
,

that describes
radiation in the continuum

, macroscopic ,
limit

,
and is paramount

to interpret observations and understand the structure of stars ,

for which the radiation field cannot be ignored . Another equally
important theory for understanding the structure of someastrophysicalobjects is

Magnethydrodynam=
( MHD for short )

,
that

deals with the effects of the ubiquitous magnetic field in the

Universe . Electromagnetic fields obey Maxwell 's equations . In
Gaussian units

, they read

p . E = Lltp
Tx E= -12¥

T . 13=0

txB=tE ] +1.3ft
And a particle or gas parcel will of course be subject to the

Lorentz
force

q=qfetrxB)

Let us see how these equations can be properly transported to astro .

physicals environments
. But first , a primer on EM in Gaussian

( cgs ) units
.

The Main difference is in the definition of
charge .

In 51 units
,

the Golomb law is



Fetz fee : Csi )

whereas in ogs,
the constant is absorbed in the unit of

charge .

F  = fn§2 i ( cgs )
. 2

The unit of  charge in cgs is the " electrostatic unit '
'

( esu ) :

esu = ( dyne. cm 2)
" 2

� tdynel" ? cm

In practice ,
the conversion is done by setting Eo - ¥ I

In these units Hen
,

the energy in an electric field passes from

u=£
fear

� uzt,

fidv
( Sl ) ( cgs )

Also
, for Bit - Savart law :

B -

fig Yd¥ � B=÷fd¥i
( sl I ( cgs )

And the

Lorentz
force

F=
of

let rx B) . > F  =

g- (E + [ x B)
( sl I ( cgs )

The magnetic field is " scaled up
"

by a
.



The neat  

thing about these units is that the electric and magnetic
fields have the same unit . The total energy in 51 and cgs are

U=tf GET ftp.dv � Ugly fE2+B2dV
( Sl ) ( cgs )

Where we see the in cgs we get rid of the constants that

spoil the symmetry in SI
.

Local neutrality
=

A plasma is locally ionized but globally neutral
.

That means that
electric fields can be ignored . Down to what scales is it  reasonable

to ignore the electric field ? To  answer that we compute the

Debye length . Consider a species is  ionized giving out Z electrons
,

leaving the ion with charge Ze
. If n : is the ion density and

the electron density is he
,

the charge density is e ( Zhi - he )
.

For

charge neutrality
.

he = Zni .

The Poisson equation forte electro -

static

potential
v = - LHTIZN; - he ) e .

If the system is in thermo dynamical equilibrium , we can write

ninieipf IF ) ne = ni up ,f¥, )
where bar means average concentration

.

The Poisson equation
becomes



TV = HT fireup fe¥ ) - ziietpf t¥÷))e

For charge
neutrality

he 
= Zuii and thus

eivhtznifupf,e¥
,
) - apf ,E¥De

And assuming evkKat
,

T2v= . 4H±e2 ZCZHW
KBT

And we can define the Debye length

*k¥÷o±i#T÷
And V = Vo e

'

× "
? That  is

,
the potential and the field decrease

upon entially
,

with e- folding distance equal to the Debye length do
.

This distance is the distance up to  which electric fields are

relevant
.

For 300k and ni; = 100 cis
,

to = 10 am .

Lorentz
transformation

.

We divide the electromagnetic fields into components
.

Parallel
and perpendicularto motion . These components transform
according to



Eli = Ey Bl
, ,

= By

E '±=rtEtExB± ) Died .

- Exe )
Where prime means the field in the reference frame of
motion .

If the motion is non - relativistic
, y =L

,
and thus

E
'

a E + { x B

According to 0hm 's law

] = RE
'

or]=r(e+¥B)
If T � • ( a highly conductive medium )

;
then E '�oo

that is
,

E tell B

the electric field in the reference frame of  motion  is zero .

and

even E  is of order rk
,

which will be small for non - relativistic
motion .

This is in line with what we expect from charge
neutrality .

As for the magnetic field



B
'

� B -

zrxe  � Bt Ofrye) =D

And Ample re 's law
.

JXB = "

its
+ t ¥t

let  us compare the magnitude of the displacement current
with the

utsttsta
Elkt

.

if it
- ¥ '¥'

if IEI Mdc 1131 :
.

nkztttt Er '

*D /
CZ

I.e.
,

the displacement current is of  order 0%2 and can be ignored .

Thus Ample re 's law becomes

0×13=41 ]

For the  electric field ,
we substitute ] as given by Ohmls law

EigcztxB - let 13

.

.

.



which results in a term proportional to Vr � o ; and a second
one

,proportional to ok
.

Thus
,

the  electric field is  always negligible
in the plasma frame .

Also
, given by the etpression  above

.
the

electric field is not an independent variable . It can  always be

calculated knowing v and B

If we can  ignore E
; then J

Florent =

9- ⇐+IxD)

=q@xB=J±BC C

And the Wavier - Stokes equation with the Lorenz force I

8yz +4.Dr =
-

top
+0¥

to tin
C

with the current given by

J = C- J xD

417

We can then write

0£ +Hehr = -

top + 1 QXBHB tut 4
417 p

And using the following vector
'

identity

( txDHB = CB'
 IB - ofBE )

so
, }÷ +4. Fri . ttfpt ¥

,
) + Rajya + utt



The term BYRH
,

that enters as a gradient and behaves like a

pressure term is a

pressure
term

,
the magnetic pressure .

The term ( D . T ) B is the magnetic tension

.

Magnetic Tension
=

Magnetictension  is the non . isotopic partof
the Lorentz force .

It

can be interpreted as the resistance the field offers to being bent
.

Let us write the Lorentz force in component notation :

ftp.#IxBI=p1s?= [ pB÷sj-

Bjgb]
The RHS is the divergent of the Maxwell tensor

Mij  
= Bgjlsj -

BiB÷
T

And we can write Euler 's
Eg .

 as

pdzyi =p Fi -

Fg,

( Pij + Mij )
Let us illustrate the tension with the case B = BE

.

Then

OnieceBym
�

;:D
.





The tensor is isotropic aside from the Mzz term .
To  restore

symmetry we can write

Mtz = 132
- BZ .� IT

Where the lstlerm combines with Mit and My for the isotropic
pressure . The 24 lerm is the tension . In this case

,
it behaves

like negative pressure .

Another illustrative case is for an  azimuthal field B=B§ .

In this

case . ( B .FIB = - Pf F

pg,,¥yB$
That is

,

if
you bend a field azimuthally ,

it will
.

give rise to a centripetal force .

It's like trying
to bend a bar : it will offer resistance

, trying
to straighten the field to a force - free

configuration
Inductionequati

.

According to Faraday 's law

2+3 =
- c Tx E

2t .

with the electric field given by

E  = c- Tx B -

he xD
4 to



Beoneiscgnctxfucjtxd
- I ''3)

= Tx(rxB.f÷rtx⇐B )
Replace the double curl by the following identity

:
TAJXD= #hD) -t2D

where F Be 0 because of Gauss
'

law
.

The induction equation then is

|sj3z=t×lv×B)+yFAf
where y=c44tr is the resistivity .

We can  construct  a dimensionless number
, Rem

,
the magnetic

Reynolds number
,

that gives the relative importance of the first
and second terms in the RHS

.

Ren = Tx ( vx B )
÷213

And we have two regimes ,
based on the Reynolds number

If Rnkl
; 2¥ = y

t ?B



If Rn > >l ; 2g1�=Txluxd )
The former is a simple diffusion equation .

In the latter
,

the RHS

is the electromotive force .

In dimensions
. Rem can be written as

[ Ren ] = ' K . u = LU�kz m

Let us estimate Re
.

on human  scales and
inastrophysics

. In the

lab : L < 102 cm  and U =l0 curls
.

For the Sun
,

L = 108cm
,

and
U x 105 curls .

A typicalresistivity is of order l0+cm Is

So
,

in the lab
, Rem : 15¥ a 154

107

In space , Rem = 108=05 a to 6

107

So
. in human experience ,

we are deep  within the resistivebehaviour
of the field . Indeed

.
 in the lab a field is maintained

only as long as a current is applied . In space the behaviour

of the magnetic field is completely different dominated

by the electromotive force . As we will see
, among other things

the  field has inertia
,

and tension
.

These are features  of the

magnetic that we have no  intuition for from our etpenience .

In the next classes we will build intuition for the magnetic field
in astrophysics .


