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A way by which we can gain knowledge about
the internal composition of planets is by the inertia

moment
,

which depends on the internal massdistributionef the planet ,
and is measurable .  Consider

the geometry below
,

where R is thecylindrical
+ ^ radios

,
i. e .

the distance
U to the axis of rotation .

R the inertia moment is
t
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For constant density
,

the inertia moment is
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Deviations from constant density will lead to deviations
from the 215 MRZ value .

Let us consider a 2 - phase
core + envelope model :

Gre + envelope approximation
U Rpi polar radius

a Pan
Re : equatorial radio
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In this case i

I =

8,1g Re
" [ Rp Pew

+f5Re(
pore

- AD
f- Rare .

* .

.

We

can
conclude that I is related to oblate

ness
and density difference between core and envelope

.
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More fundamentally

fist ' .÷tEI )
7

where qr is the ratio between centrifugal force
and gravity ,

and E is the oblate ness

2 R3
of r

= W rot
.

C = Re - Rp=
M Rp

Another way to measure qr is four thegravitationalmoments
. The deviation from spheri city can

be written as

..
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"

ithdtglr ,¢,o)=6tg{
,
}

.
( Rrfhkmnaslmfttsnnsinlmfppnmloso )

being an expansion in spherical harmonics
.

we tan

simplify this expression by assuming azimuthal
symmetry
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Then Sum =°
,

and for M¥0 all Cnn are zero .

The only nonzero coefficient is

qootglr ,d=of§g(r⇒" co I
.

Koso )

We can now define Ju = - Cno and have

ftp.H-tryfr.EE?Pnkoso)(Ff
where Th ( oso ) are the Legendre polynomials .

The first few are

n Rcn )

Oil2 K(3x2tl )
3 ' 12152

- 3n )
4^18/35 not - 30n2 +3 )

In the slides one sees the shapes of the ]z ,

Jy and } effects . The ]z is  related to pure
askteness

,
girenb ] ]z=F€ .



Measuring I , we can plot the values ( see

slides ) to reveal a trend : the Moon is quite
dose to homogeneous ,

and there is a downward
trend to less homogeneity towards higher
messes

, indicating mess is Settimo
concentrated hear the center : pl! nets

here denser ores and lighter envelopes .

Jupiter is an outlier in the trend ,
which is odd

since it is of so high mess . Indeed
,

the data is
.

inconclusive over whether Jupiter has a core or

not
.

This opens the possibility that may be

Jupiter did Not form by are accretion
,

but

by a top - down mechanism similar to star

formation : direct oravitational
instability

from
the gas disk .

Gravitational C disk )

instability

-

Let us consider the equations of hydrodynamics

0£ +kelp= .perZuxtkolr= -ftp.t#:

And add to it the Poisson equation forselfgravity025=4
HGP-

i
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Now let's find under which conditions these three

equations result in gravitational collapse .

These

will be some brutal pages of calculations
,

but

bear with me because the result is worth it and

we will do some interesting
'

math inthe process too

First
,

let us assume that the disk isinfinitesimallythin
,

and integrate the equations in t
,

with Efpdz :

EE +

Kt
) E = -

Ee
v

:xg++@o)r
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{

where P= Eg ? ForthePoisson equation , we
substitute p= Esa ) .

T#='

MGESH
)

Now let's etpand the momentum equations in cylindrical
coordinates

gr÷ tonightu£n#. I = .mention2£ treaters ; t.EE'r¥j÷i¥



Now let's define base state and perturbation .

we

decompose
up = nrtuo ;

where UR is the Keplerian motion ( base state ) and
N¢ KRR a perturbation . for the radial direction

,

if = nr
.

So :

2¥ + or egg
't ?y§+u£f¥
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The second term in ef 2 contains the shear term :

2¥32 =r+Ra¥r=r( it s¥µk)=ra - at

where
of

= - Jlyr
, from raRif is the shear

-

Parameter.
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We can then rewrite EQIIas :

a±+t. HurthFetterhofftu±Lzts¥÷r⇐H¥at
.

Now let us assume a local Cartesianapproximation
,

where n andy are given by

R - Roth ; Ro ) > n

01 = 1 ; Ross yRo

Where Ro is a general location in the disk
.

This

approximation means that we are looking at  a small

box inside the disk where curvature terms can be

ignored . Under this approximation ,
the equations

become

21 taste ton?gg
-

in
- Huy = - 2¥ step

at ×2×0*+47)ru×+ru2§u,
+

usaggxtsfj
'

tests

where ru - RR is the keplerian motion
.

It
represents a translation of the whole box and can

be removed . V→V - Ye

:



So
,

we are left with :

2,4 +  T . (Eu) = 0

sjfHutu÷ -

¥ .tofzrxu + it + Hurt
T 2€ = GRCE Kt )

Now let us decompose the other quantities into
base state and perturbation :

E = Eo + En In ,y ,
t )

v = r
,

In ,y ,
+ )

p =p .
+ palm , y ,t )

I= To t to
,

1 my ,t )

Assuming again that 4
,

< C 4.

The unperturbed state
,

E = 6
,
← zoo ; to ; p= po ,

yields simply

.

T%=r2 F = NC re itsy )

Which is the condition of centrifugal balance .
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The equation for the perturbations become

2€ + E
> Tv= oanygu=

- § EE
.

- Ft
,.2r×utqroy:

.

J 't
.

=
41764SH .

we still have time and space derivatives that

we can't yet solve
. To advance

,
let us guess what

these variations should be . we can decompose
the variations in Fourier modes i

4
,

= Ya entkx - wt )

whose variation in time

and
space is known . The

equations become

ilkn . wt )
4 N

, y ,t)= Ea e
; ( K , -

wt )
on = traintrays ) e

z ,
= * eil " -

+ ) ( t plane only )

The last equation is only valid for 2=0 ,
because

of the Dirac delta

.



at

2¥
= ,

= Ba eilhutl fla )

And we require TZE
,

= 0 for zto

This equation gives

dlf = k2f
a-=

-
= A Ekt + B ekt

In must be finite at t  → to
,

so 13=0

In - In e
ilkr

- wt ) - he +1

Next we need to find Ee
, Via , Uyc and Ba

.

For
that

,
we use the Poisson equation

0201
,

= 4+64 SKI

Like the RHS , the LHS must be zero everywhere
except at ¥0

. ret us integrate between - E and E
,

and then take the limit E→ 0

[ It 't
, at = }

4176484
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The equation above allows us to substitute E
, in

the momentum equation . The resulting equations
are

- iw Ec = - i KEO rax
- in Vax =  ¥ ' K Ee + 2MGi_k + 2 Rory

.

IKI

- in ray =
- (

2-
g) rrax

This is a linear system of 3 variables and
3

equationsEtf¥"oi÷e"deer.pk#
- K- ql

.



which yields the following equation for theoscillation
frequency ai

:

=cjkzt6Ejlk)⇒2The first term is due to pressure .

The second term is due to self -gravity .

The third firm is due to rotation
.

( Notice that in the absence of pressure and

self - gravity ,
the solution is

W 2=12

with XZ 212 -

q
)r2 being a natural frequency

of the system . If a particle or gas parcel is

disturbed from its orbit
,

it will oscillate around
its equilibrium orbital position of this frequency .

It this thus called

epicgdic
frequency . )

f

.



The system will be :

Stable if cis / w eel → oscillation
unstable if w2< 0 ( w imey

- ) put grows
exponentially )

Rotational term ]e? stabilizing in all sales

Pressel term Ek '

story stabilization at hyhk

Self -

gravity
-2176514 DESTABILIZING

Kent = ¥6 for wzc 0:
:( Kant )=0 , yields

CSR=t.
÷¥?

rinskbility
,
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For typical disk parameters

for g- ¢flank , Q = 1 means

E a 1.5×10
3

gkm
2

The critical wavelength ) an 't = 212
will yield a collapsing mass :

6£

4
Mp ~ 1722 ~ 4M¥ ~ 5 M , op

62 E

This shows that this mechanism , if  operative ,
should produce gas giant planets .

Show HR 8799 as possible case of GI planets .


