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Eigendecomposition
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Orthogonal

matrices
: preserve vector length

Ar
= y In = lvl =) rtr = VTV
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Property of orthogonal matrix AATH : AEA ' '

Ar .

- ✓ iv. lvl

HRHAR) . v.v

( Art
' ( Ar ) = vtv

Product of the transpose. (ADIT : Bt AT  .

A : Aj Cj : I AB

)ij=EAIKBKJ
i

B=Dj
.

g. it.AD)j ;  
- EB.KAKI

HB=AikBkj=Cij
#3Y= Dij = gi .

 
= I AJKBK ;

 

=BikTA&j
= BTAT

Sx

FTATA r = ✓ TV .

for rtr =vTv ; we must have ATA =I

ATA  =I ⇒ AT = At



(ABYIK : CAB )ki=§Akj Bj :
.

'

?
, AjktBijt? I Bijt Ants = (BTAT) ; k

( AB) T= BTAT

This  is similarto
.

the product of inverses .

That leads to an interesting
parallel with the same problem for inverseof matrices

( ABI
'

.

- B.
'

A
. ' .

The order matter
.

To
revert A  B

, you need to first undo B
,

then undo A .
B : 2 steps forward ,

A turn left .

( rest '

B A
To revert IAN : 2 steps forward ,

then torn left , you must do : turn

right ,
then walk I > kps back word - 1

It . B

(
ADT

'
= 15

'

At

coincidences are suspicious .

. .
Thefans pose has something to

do  with the inverse
.

.  .
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Eigenvectors and Egenvdues
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Eigen values and Eigenvectors=

( self . value and self - vector )
,

.  '

characteristic
values "

r

'

=Xr
,

or

1M¥a matrix that doesn't cheap the vector
-

orientation
.

what is the mat - it that doesn't change the vector

Mr : r ( eigen . value of 1)

In fennel we will here

m r
'

- Jr

⇐IN :# Hisii. to
( M - t ) r =o

¥- 6

6.
substituting t

,

Zx - y
' o for t= 1

x i y
.

- 0 for X =6

Then necks are the eigenvectors
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Rotation Defamation

MC= ( D A y
R1m=*##

>
Works  only for square matrices .

Hr
.

- CD dr



Hr
.

- CD dr

Rolek clockwise ( c
' '

r )
StretchDI c- '

r )

Rotate counterclockwise to  xy (CDC ' '
r )

mr

Show examples in python
"

§D¥§gjf
Rotate to dish wk principle components

Meaning of transpose :

A  = CDC
-1

AT = EDEYI ¢
-yt DTCT

C and ctcre rotations . Transpose of rotation is  its inverse :c # '

D is diagonal ,
so DID

AT c-
'

'

DTCT = ( Dc
' '

ATA  = CDZC :



M
T

= ✓ { u
T

MTM = ✓ { UTUEV
'

= v EZVT inverts rotehen

keeps scaling

In general ,
E M is not square ,

T

n = Uzv

ftp.ifeng.i.i.at#Ia
( ATA)

T
= AYATY = AT A

Symmetric matrix : eigenvectors are orthogonal



V = matrix of  eigenvectorsx : of AT A

ndmdixwikaiyenvduesTefA7AtyEIHIEhEefeierxria@gyT-JxUEvT-AzIi1rti-AzvT-rxUEVT-Af.x

of =)x.  x  = I

U = At = r
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I

Mcticesincopxpae

In Complex space ,
what is the equivalent of the orthogonal matrix ,

that preserves length?

The orthogonal metix preserves length .

lay=H .



Does the same apply in the complex plane ? Whet kind of
matrix

preserves
the norm ?

I AVI = lvl

if A allows
complex

numbers .
let's see with v= ( f )

in
, ft

!
)[ D= [! ] ieythz

: gtffi" ]Check if UUT = 2 as in orthogonal matrices
.

out

.IE?.HniDtt3D=Eo

:]
Hm

,
close but no cigar .

The last  one is nydine . We

:
( ill . it + lilli )

If we make both nyehve ,
it  would work

.

we med to

swap the sign of one of the factors in each term

That :S
,

we need the code .



out .IE?TtiiDIt2:d=Eo:]
S

. multiply by
u #

*

£ #Ben .it#D= to:]
The important (A)

*
matrix  is the transpose conjugate .

and denoted 4

At( dagger )

In this case .

the all .

'

important matrix that preserves the norm has

.

I Uvl = lvl

has property

UUEI
.

.

.

o
'T

= u
' '

Notice that in the reel plane this becomes again simply
the orthogonal matrix

00T =I .

.
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'
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Is this general ? The norm  inoommpkx tkne is

lvk ( atbi )k . b ;) = ofthis
" '

= v. v
*

;Url =1vl ; |rl=H

In matrix form 14 = inner product

so 44=4 , men ,

it * ] ' [ v ] ,
II#

↳ 64 tons , .a

¢uD*Jur.tv#E ]

Will t= * T

[ Urjtor = vtr ⇒ rtvtvr  =vI :
.

Utv =I

The all important unitary matrix that preserves the

norm of  a vector in the complex plane has thus the

property
luvl = WI

UUEI
.

.

.

ut=u ' '

Notice that in the reel plane this becomes again simply
the orthogonal matrix

00T =I .

.

. OT .

- on
'
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The symmetric matrix STTS has as counterpart
in

ctneHermit.anmatniHt-HDag.mgoIEs.64kxYnmnthdrgyttIt@Forsynmertnimatn.us

the eigenvectors are orthogonal

Aijxj.

. Ixi Aijx
,

? ⇒
'

xp

94 ' 02 Vz : oirzytvz = 0

.

Diagonal :* hermit .cn matrices

1h heel spy M= CDCT XC = CD D=

EtncHr=xr

complex anjyde ¢trY=&rl+

rtH=t*rt

rttlr
.

. x* rtr

rtdr=d*rE
:

. > ⇒ *

A Hrmikan matrix has real eigenvalues
.



Eigen values ef symmetric matrix are atwgnel

Sr
,

⇒ nr , Srz⇒ , rz
EST

( rdfor ,)=(sr ,
) . rz

x
,

rEr , =(sr ,)Trz= r ,TsTrz= rpdzrz ⇒ zr , ?rz

.

.

. X ,
r

, .rz= tz r
, rz

.

Unless )
, ⇒ z ,

one must have r
, .rz=0 r

,
and rz nlhopnd .
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llermikan matrices too

Itri  
= > r

, ; Hrz : trz

ii.Hri = rid , ;=trztrn
= #⇒+rz=rfHrz= jzntrz " "

r , .rz=rzr , ⇒ r ,tz=ztr ,

So
. eigen values are

reel D: Dt
-1

#
''Iotftf.¥=µn+u §M

must be Hrmikan



For general Mathies
,

A=UEv+

→ 6km . Schmidt  method for finding
nthonormd

bases

ABC . ) Normal ; te A . ) a

subtract D from
£

. ) b :  D -KiNnwekte b → I

Subtra ( from 5 and e- . )
( ,

C- KE. K
,

I
Normelite c → e



Complex roots of polynomials with red coefficientshome in pairs

The conjugate is a solution

Consider

Ptt ) = aotqztazzt to .  .
+ anz

"

Where all an are real

Suspose some complex number

5=
atbi is a

root
of

P

P (5)
= 0

we want lo show that

P ( 5)=0 as well .
where E a - bi is the conjugate

ao

tans
+

gs
't

.

. . + an g
'

.

- 0

E an 5=0

PIF ) = Eanes)
"

= Ean F) = E auf = EAT =0

.

Thus is is also a solution

Fitz . I,Iz 472 = @bi ) kid it = ac - bd + i ( adtbc )
zftz = ( a - bd ) -

i ( bdtbyl



472 = @bi ) kid it = ac - bd + i ( adtbc )

zTzz= ( a- bd ) -

I
lad+ by

EEz= ( a bi)( c - di ) = ¢c- bd ) - ( adtbc )

By Induction,
then En = I


