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E ample : projector onto line a Cnn

)
. Try it through trigonometry
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Projections
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The closest point P is at the  intersection formed by a line through
b that is  orthogonal to a .

If p lies in the line defined by a
,

then

.

p= t ab#e=Ef→
We also know that a  and e are perpendicular

a . e =  o

T
a ( b . p ) = o

T

a ( b - t a) = otata.

- at b : .X=atb
AT a

so
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Example : projector of b: ( 1,01 on line a:( 1,1 )

at a = a  a =
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Weld like b write it in terms efa projection matrix P

p
= Pb The matrix P that transforms the vector b

into p

p :Pb.
aaol.bzftp.b= a aa÷a=Pob; P '

'

a (E)
- P .

.

bj P .
.

p ;
 

- y = aiajbj y
:
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what is aiaj ? Since auau
,

the inner product . is a scalar
,

aiaj ,
having two indices

,
has to be a matrix . This is the

outer product.
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AT
b ( scalar )

W = a @ b = abt I matrix )

a and b are vectors,
or nxl matrices

6
, Ebis ( lxa) ( nxll

,
so  a scalarabtis a ( nxl ) ( km )

,

so
 a  nxm matrix

.

For instance
. if n : 4 and in :3
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,

the projection matrix is
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P .
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k ( ff ) This matrix projects any vector in the line

defined by a  = H ) .
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In the exam .

you were asked the matni that projects onto |})
P=ga÷ ;

aiatk' 31 (} ) = 14

aitpsy " " 't ! ! ! )
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tee#
P hes rank l

.

P is symmetric
P2b =

Pb
.
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Theprojection of  a vector already on the

line through a is just that vector
.

P operating on any vector on the line a is just that

vector
.

so
, operating twice won't change it .

In general

pt=p
.

p2 =P

Pal :;)
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square it

tiittiikiirtekiftdi :)

Projectiononhigh#s

Project  a uedarbonto  closest point p in a plane

p .

- Pb

Basis of plane :

Say we  are in Cartesian space .

The unit vectors are xn
.

- / J ) and 5=(9)
.

Wge:

can  write
any uecbr in that plane es a linear combination of Iand
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In  matrix form ,
we can writep→=('

o ;) (4)= (¥'

Py
'

) (
' '

) = AI ; A in this case the
>

L r

z
tz identity matrix

In general ,
we can  assume any

basis vectors
,

as long as they are

* → an, I → any
orthogonal

ikctrrs will be whiten tia ,
+ tzazFit

, aittzanz =AI
With the columns of A being

of
,

and al -
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,

the projection Pb we can write as AI
,

where A is the
matrix when aolums are the basis vecbrs of the plane .

p=t,
ai + has =

AI .

e=b - p
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g. 4-p) = az ( b -

p ) =0

a ,T ( b - AP ) = 0 and azt ( b - At ) =o

.

In  matrix form

AT ( b - AI ) =o

Atb - ATAI
'

=0

At Aji = AT b

when projecting on a line ATA was a  number . Now it is a square
matrix

. So
,

instead of dividing by a 'a
,

call M= AT A

MP = Atb

we need tomultiply by M
- '
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' MP =

N' AT b I . M
'
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Atb

and rt
'
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t
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So D=
CATAFATB

- 1

p=Pb = A I = A (ATA) AT b

;P=A(ATAYf#





Applicakenileatqaes
collection of data It

,
b )

4 ( i
,

1) ( 2,2 ) (3,2$
kind the closest line b = C + Dt to that collection .

Ty it went though all three points
,

Weld here

C + D= 1

C +213=2
C +313=2

which is equivalent to

list # th
A X b

But the line does not so through all three points .
Instead

,

let us look for the line whose projections of (4/142,2)
,

(3, 2 ) fell in itATAT: AT b

at ;D Eat 't'd 'Ll 'D=t3E,]



A 'b=i" DE 'd=[
HEEDED=L :] → KIHEI
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- IZD =  TO64+14,3=11 D= 1/2 3C .

-

2
; c = 2/3

Least squares ftef the points thb) = ( ( 1,1 ) ( 2,2 ) ( 3,21}
.
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