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Dirichiletcdns

Convergence ef
fovnor series .

Box function

÷II
×

Value at x=0 where fcnl goes
from o to 1 ?

flnl : ft÷( sinx + sin¥
+

sin¥ + .

.

.)
The value ef the series at xto is 42

,

but what does it have to do
with the function ?

A well - behaved function for Fourier series :
.

The Fourier series

converges
to the value of the function

while
it  is  continuous

and to the midpoint of the jump in discontinuities if

x flxl isperiodic
x  single . valued in the period
× finitenumberof maximum and minimum values

x finite number of discontinuities

×  f
"

lfkydx isfinite
. IT



Single-valued .
One value of flxl for each × .  x2+y ? I .

Not single
valued .

Infinite number ofmaxima
 and minima : sin Mx )

.

Oscillates infinite
Times as ×→o ( show graph ) .

Make a function flxl =L for  sin 14×1>0
.

HH- I fr sin Nil < 0

This function has an infinite number of
discontinuities

.

y=Yx .
' # /f/dx =2f

"

I dx = Zlnxf
'

= a
.

Ruled at by Ditichlet

yet y=
' #

fit ¥ a  = 4.
"

f¥=4
rxt.fi

" #

so  a periodic function YVI between # and IT can be expanded in Fourier series
.

Most times you done :

had to  evaluate the integral . simply cheek if the function  is

bounded
.

But YVI is not bounded and still converges .  why ?

Gibbon . The wiggling won't go  away . It won't satisfy the Jirichlet

conditions :  will it ? It doesn't converge to either the value or the half  of  it
.

sunning numerical series : flx )
converges to ' 12 at  x. - O

lz = ly + ¥ ( l .

lgt
.

¥ - It . . . ) since sino - o and wso =L



Thus

In
: t t 'tt.ly :

...

Complet form of Fourier series

If
.

.

FG )
i a +  a , cos  × i az 6s2x  +

.
.

.

t b , sinx  t.bzsin 2× + .
.

Write

sin  nx - e :# in
as nx :  get in

a z

so
.

we  can find the complex form of Fourier series

flxtaotgfeitt
i

it

) + a÷le
:

"
tii

?
) , by (ix.tix ) +

he (in
.

ein
'

)i i

-

= ao + { K ,
ibi ) ei 't

lz / airib
, )e

'
 

it
+y (aiibp) eik t { (a

,
+  ibz) eikt

. . .

= co + qeittc
. ,

eix +  c
,

ei2× + c. zii
2×

i.
.

.

00

= E (
n e

in  ×

his .  00

Find cn 's (averagevalue of  eikx cancels when K E I
* )

.  .

IT

co : zt
, f

,

fkldx
.



Find cn
: Multiply by e

'
 in  ×

and againFind average value

¥, € fktiinxdx = 6dg # iinxdx + at, fI iinxeixdx

.+  c.
, I , f

 
I e- inxeixdxit: .

A "
zero , except He one  containingK : 0 .  i. e

,
the cn term . So

,

In⇐ the
 imdx = an Inflate

 ineinxdx t a  ¥
,
# dx  = 4  

.

⇐ If ,"fktiintdx
.

For nd Yx)
, c.

 n

= I

Again . expand the box function

a ¥ f Ii  in x. 0 . dx tzf (
"

e

'  in
. 1. dx

in eii÷f=¥ink "" ' ' =ftitoninnenddno

c.
.

- 1- ftdx = 1
ZH 2

.

.

they are
:

"

its + ¥ ( eitt ¥ +  eI÷+ . .

. )
- it Kitted ÷e÷jx .

... )



Can leave it like this
,

or collect the tennis

tat 's t.FM#ixhjeEesiY+.. . )
: It }g( sinx + § sink  +

. )

Others
Well been  considering

-17 it as the intend of length rti
.

Consider intervals of length

2L
:

The function  sin ( hey ) has period2L
.

.

sin  n¥ At IL ) = sin ( htt t rtln ) = sin
t¥

as (NII ) and ein 'll
have period 2L

. The coefficients and functions then

would be

f(×\ : net  a , costly
+  az cos 2¥

t
.

.

.

is
, sin ME + bzs in

217¥ + .

.

.

:

at + ¥fan .

cos.ht¥ + bn sin  he )

fH=§o one
in '×k

The integral would be over a period ; se
,

we replace

t.fi repka by
'Efi



So

aitfitatqsntytdx
bn = { fjfklsinntfxdx sin × →

in 2¥ normalize period

cn=±h[ the  in

'×kd×

Erenandoddfndions

Even ftx )=fx )

VI.Hex
Odd ffx ) .  - ffx )

# m#nx
.

Even × Even t Even

Odd × odd = Een

Odd i
 Even

.=odd
. .

Any functionqn be written  in terms of a sum of  on even and an odd fxken

fat : tffcxltffxift 's [ far ) - FHD

÷ a
swap × for - ×



Example:

ex = flex 'tit) + {let - e-
×) t ash x  +  sinhx

Change for @ ⇒ conjugate
? Give as extra example ?

it .

. fleixiiix) itleteix ) ? Need to  conjugate
?

Integrals of even 1 odd functions over He interval
i.

fehfhtdxf
° if flx ) is  odd

2 fohfk) dx  if flu ) is even

coefficients simplify . If fkl is  odd
. sina.ae old and rosina even .  Go

,

fk ) sin (m¥ ) iseves

# as (NII) is odd

§,
ani. integral of  odd function . an  we all zero .

bn is even
,

twice the

nlejnl over half - period

fklfr odd { but Ebtf Hsin µ¥)d×
an to

fkl odd is  expanded in sine series

.

.



If fk ) is even , fG) sin is odd
, fk ) asx is even

,
so the Sines will cancel

in
integration,

and

FH even fans
Eftfatasf'T ) dx

bn = 0

FAI even  is  expanded on  cosine series

Do the example from beok

0 C × c 112

faith
:

; yzcxu
.

Ten sine series 1 cosine sen.es/erponenkd

Sine series . Make it odd

=¥hI
The period is 2

.

Odd function . an °

bni 2 ( fk ) sin  mtdx
.

- of
" } in thx DX =  If wsntixlo"E -

n¥ ( as nzI -
1)

be ¥, ;bE¥ ; bz Fai hoi;

ftxtf (sin txt an Hit siege
t s¥Ixit singh + .

. )



Sketch in cosine series .

Make it even

-

-
#I

All but 0
; period 2

ao . 21 fHd×=2f"2dx=1

an
' 2ft fkkosnnxdx : ¥ sin ntx !

"
'

-

¥ sin ntf

ftntft }=( cost -

addt.at#xt
. :)

Do the general
exponential

.

Just repeat

- ±÷.
Period 1

a =/ FH I
2in # dx =b"

2

e. Zinthdx

=eeE÷a¥¥=t¥ in:#



⇐ fond =L

f H . } . , f. felinx .
etmxt ; ditty e-

6 'ix+
. ]

= to# sinztktsntfxt . D


