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ABSTRACT

In this thesis | study the roles of magnetic and superconducting phenomena in strongly cor-
related electron systems. Much of the focus is on the coexistence of ferromagnetism and super-
conductivity which has only been experimentally observed in the last five years. Therefore, most
of the theoretical work presented here is directed towards elucidating the current experiments and
predicting the results of future ones.

| will review the history of this rich field in both theoretical and experimental frameworks,
and try to cast light on the various viewpoints that are held with respect to the phenomenon of
coexistent superconductivity and ferromagnetism. In that regard, | will argue that a theory based
on s-wave superconductivity is quite relevant and explains several important experiments, and
cannot be discounted from explaining several more, particularly in the case of the well-studied
materiallU Ges.

The theoretical foundation used in this thesis to exaniidec,, in particular Fermi liquid
theory, is then applied to the intriguing ultracold Fermi gases. These materials are quite rich
experimentally, and the fundamental quantum physics that they display, such as matter waves
and Bose-Einstein condensation, is amenable to theoretical calculations. The results of the study
of these gases in our model will be shown to agree very well with many of the experimental

observations that have until now not been understood thoroughly.
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Chapter 1

Introduction

As early as the 1950’s, when the Bardeen-Cooper-Schrieffer (BCS) [13] theory of superconduc-
tivity (SC) was still being formulated and ferromagnetic correlations in solids were being treated
in a (Weiss) mean-field manner, theories about the competition and/or coexistence of these two
phenomena in materials had begun surfacing [14]. This is somewhat surprising given that it had
always been taught and known that magnetic fields always suppress superconductivity. Neverthe-
less, proposed theories and speculations continued in the following decades but it was not until
around 2000 when superconductivity and ferromagnetism were found to coexist in the material
UGes [15]. Superconductivity had not yet been observel (#e, because it does not become su-
perconducting until the temperature is lowered below abaut” at an optimal pressure o8kbar,
experimental conditions only available in the best laboratories. Following this discovery, SC was
also found to coexist with ferromagnetism (FM) in the well-known compatindn, and also in
URhGe [4, 16].

This brief introduction will focus on the history of the physics of the magnetic ordering in
itinerant ferromagnetic metals and the interplay with superconductivity. Itinerant ferromagnetic
systems are somewhat more complex than ferromagnetic insulators in that there are extra degrees
of freedom due to charge mobility, however Fermi liquid theory has successfully dealt with these
systems for several decades. For a nice review of antiferromagnets coexisting with superconduc-
tivity, especially in the high temperature superconductors and certain heavy fermion systems like

CePd,Si, andCelng, see [17] and references therein.



1.1 Early theories

One of the first people to look at the ferromagnetic-superconducting possibility was Ginzburg
[14] in the Soviet Union, simultaneously with the development of the BCS theory of supercon-
ductivity in the late 1950’s . The concept of superconductivity that Ginzburg was working with
was that due to the London brothers mainly [18], which dealt with the electrodynamics of super-
conductors, particularly the behavior of a magnetic field response [19]. He also utilized his theory
of phase transitions developed at that time in collaboration with Landau [20]. He considered the
guestion of how an internal magnetic field could disrupt or promote superconductivity in a thin
film. The issue considers the important relation between an internal field and the critical external
field H. of a superconductor. The work of Clogston [21] gives us some answers to this problem,
as will be shown later.

Once it was realized that it was possible that Cooper pairing could come from non-phononic
sources, unlike in the conventional BCS superconductors, there were theories put forth of spin
fluctuation mediated superconductivity by Berk-Schreiffer and Doniach-Engelsberg [22, 23]. The
focus of this work was to show that in certain transition metals, the paramagnetic susceptibility
is strongly enhanced indicating strong ferromagnetic exchange forces. They thus argued that s-
wave pairing is highly unlikely since most spins are aligned rather than anti-aligned, leaving the
possibility open for triplet pairing.

In the late 1970’s, Enz and Matthias were studying the weak ferromagneét., [24] and
predicted that p-wave triplet superconductivity should be observed. Fay and Appel [25] looked at
this closely alongside the previous work by Berk-Schrieffer mentioned above. Using the random-
phase approximation (RPA), they found that the exchange of longitudinal spin fluctuations near
a magnetic critical point leads to attractive p-wave coupling. The equal spin pairing (ESP) that
they considered is like the Al phase of Helium-3 in a magnetic field. The calculations predicted
the existence of p-wave superconductivity on both sides of the transition, i.e., in the paramagnetic
phaseand in the ferromagnetic phase, with a critical temperatiirefor the SC higher on the

paramagnetic side. See Figure 1.1 for an explanation.
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Figure 1.1 A generic phase diagram for some of the theories discussed in th& isxhe critical

(Curie) temperature of the magnetization andan be any control parameter, usually pressure or
density. The superconducting dome may come in many shapes and sizes, and the ones shown here
are just examples. One theoretical prediction, denoted by the dotted line is the SC dome being
suppressed at thE = 0 magnetic transition, giving 2 domes, one on either side, likely having
different maximall’s (not shown here) as in the Fay/Appel theory.

Another important contribution to the theory of ferromagnetism was made in 1976 by Hertz
using a Renormalization Group (RG) approach at zero temperature [26]. This handled the fluctua-
tions around the critical point of a continuous magnetic phase transition in an itinerant ferromagnet
in a consistent manner. Later, Millis extended this theory to account for finite temperatures [27].
These complimentary papers studied the behavior of the order parameter as it goes to zero at a
guantum critical point, and are the foundations of the coexistent theories that came about later
when superconductivity was considered, as will be seen below.

The future Nobel laureate A.A. Abrikosov had also published calculations in which he con-
sidered superconductivity arising within a background of ferromagnetic ordering [28]. He showed
that coexistence of SC/FM can indeed occur for certain values of the coupling parameters, and his
model is somewhat similar to the one which will be studied here. The main difference between
Abrikosov’s model and the one studied in this thesis, is that he did not consider the order param-
eters as being 'coupled’, and the equations therefore were not solved self-consistently as we have

done.!

'He did actually admit this fact to us on a visit to Boston College.



1.2 More daring theories and experimental triumph

In 1984, a paper by Leadt al. [29] entertained a mean-field model of coexistent s-wave singlet
superconductivity and ferromagnetism. In this paper they predicted that the BCS state or the
ferromagnetic state are independently the most energetically favorable ones, never the coexistent
state.

Then, in the late 1990's, two papers by Blagaval showed, using Fermi liquid theory,
that under certain circumstances, s-wave superconductivity can arise within a ferromagnetic back-
ground [5, 7]. The results are exact only if the liquidasal and that the temperatures are low
enough. In this approximatiomnly s-wave SC is possible, and the pairing amplitude for triplet
SC is strictly zero.

Around this time, almost all theories posited that if superconductivity was to be found in the
weak ferromagnetic systems, it would most likely be in the paramagnetic state. Hence, most ex-
periments looked in that region. It had been known for a while that in some systenis-like, 5,4
and HoM o0gSg, superconductivity was suppressed as soon as ferromagnetic order set in, so these
two phases seemed exclusive and incompatible. The big surprise was that SC was finally found on
the ferromagnetic side in UGe,! Then, soon after, the same general phenomenon was found in

two more materialsZrZn, andU RhGe.

1.3 Swavesupporters and p-wave proponents

The theoreticians then went to work. The ones predicting p-wave superconductivity, which was
the majority, could not reconcile why the SC did not show up on both sides of the ferromagnetic-
paramagnetic transition. Their theories worked to predict it in the FM, but always allowed and/or
demanded it on the other side as well, albeit sometimes with a Iéwesuch as in Figure 1.1.

For instance, using strong-coupling Eliashberg theory, it can be shown that the p-wave triplet
superconducting critical temperature is slightly higher on the ferromagnetic side than on the other
side, due to coupling enhancement with the transverse spin fluctuations [30, 31, 32]. However, the

T, is expected to remain finite even at the critical magnetic point. An important point to mention



is that the theory makes predictions assumimm@m@tinuousnagnetic transition, so its application
to a material such asGe,, which is first order (as explained later), may not be accurate.

Using a more elaborate field-theoretic treatment, Kirkpatrick and others have obtained essen-
tially the same results as above, in that they show how the ferromagnetic state is more conducive
to triplet superconductivity [33, 34]. Another prevailing model incorporates the Ginzburg-Landau
theory of phase transitions with a group-theoretical treatment of the nature of the SC order pa-
rameter, which in these cases is constructed as a triplet. The critical temperatures are then readily
calculated. This treats the coexistencd/iG'e; [35], and inZrZn, [36]. For ZrZn,, some the-
orists argue that the stabilized state is due to an exchange interaction between the magnetization
density and the magnetic moments of the triplet Cooper pairs. Also, an LDA+U band structure
calculation has a been done 16(-e,, and it shows that the coexistence could be due to a quasi-2D
sheet of the Fermi surface, consisting of mostly majority spins that would seem to favor triplet SC
pairing [1].

However, there were a few theorists who predicted singlet s-wave SC in these weak ferromag-
nets. The first paper of this cabal was one by Karcéesal [37], who was motivated by the
earlier papers of Blagoev mentioned above. They constructed a mean-field model of a single band
ferromagnetic superconductor. The Karchev theory supposes that the electrons responsible for
the ferromagnetism are the same as those that contribute to the superconducting pairing, an idea
suggested by the experimental evidenc¥ (e, that shows the ferromagnetism and the supercon-
ductivity arising at exactly the same point, i.e.,Jate 0 and at a critical pressuge. A detailed
analysis of this model will be given in Chapter 3.

Two other very interesting papers were published in that same year that also advocated s-wave
superconductivity. Harry Suhl [38] proved that under certain conditions {louarge effective
mass) in a system that exhibits an inverse RKKY-like behavior, i.e., where one localized magnetic
spin can mediate the interaction of two conduction electrons instead of vice-versa, these two said
electrons can attractively bind to form a singlet Cooper pair. Shortly thereafter, Abrikosov, mo-
tived by Suhl’s idea, showed that if one sums up all of the spins and conduction electrons, the entire

system is unstable to s-wave superconductivity, and becomes a ferromagnetic superconductor [39].



He was also motivated by the fact tHa€ e, retains its superconductivity even in a dirty polycrys-
talline sample [40], indicating a very noteworthy characteristic of only s-wave superconductors.
Another recent paper [41] by Cuoco et al. takes an approach similar to Karchev in that it is mean-
field and single band, arguing that the most favorable ground state is the s-wave/ferromagnetic one
(compared to the pure ferromagnetic or pure BCS or the normal state), and that the ferromagnetism
is due to a kinetic exchange mechanism. The model shows that a tuning of the effective masses,
or bandwidths, of the minority and majority spin species lowers the kinetic energy while gaining
condensation energy, producing a stable SC/FM state.

What this thesis aims to show in part is that considerations need to be talehdbthe possi-
bilities mentioned above to make the case that further experimentation needs to be carried out, but

that there are convincing arguments that the SC pairing symmetry is specifically s-wave in nature.

The remainder of the thesis will be organized as follows: Chapter 2 will review with some of
the general experimental data that have been published over the last few years concerning weak
ferromagnets and coexistent FM/SC systems. The details of certain measurements will later be
compared to our theoretical work, particularlylirtze;. More data and analysis will be introduced
in the corresponding chapters as well. Then Chapter 3 will contain the solution of the mean-field
model mentioned above and its various comparisons with the experimental data. | will also include
some detail as to how this model came to be from earlier work. Chapter 4 includes more calcula-
tions dealing with another seemingly general aspect of the weak ferromagnets - that they display
first-order phase transitions at low temperatures and high pressures. To study this we employ some
ideas from the 1960’s that were applied to nuclear matter by Gerald Brown and later Kevin Be-
dell and collaborators. The simplicity of these techniques and the fact that they yield non-trivial
results make it a very convenient way to look at many similar systems. Then a very short chap-
ter is included on recent work that predicts in a general way a spin-density wave/charge-density
wave transition in weak ferromagnetic metals based on the local Fermi liquid ideas, and in light
of recent experiments. Finally, in Chapter 6, the discussion is turned towards the topic of atomic

physics, and the study of ultracold, dilute Fermi gases that display Bose-Einstein condesrsation



BCS superfluidity, with just a simple sweep of an external magnetic field. The theory developed
in Chapter 4 will be modified slightly and applied to these systems and compared to several recent

experiments.



Chapter 2

Experiments

In this chapter three materials will be examined that generally show robust coexistence of
superconductivity and ferromagnetistiGe,, ZrZn,, andU RhGe. These are the only materials
that exhibit this bulk phenomenon so far, and | would like to categorize some of their unique
physical properties. | will covelt/ Ge, in more detail than the other two since it has received the
most experimental attention recently and there is a wealth of good data available. Even though
these materials have been studied for a long time, | will focus on the developments of the past five
years or so on the crystals in which the coexistence was first observed. Therefore, | will not provide

a comprehensive experimental history, but one that is pertinent to the theories to come later.

2.1 UGe2

The experimental data shown here are mainly taken from refs. [2, 15, 40] and the references
within these. | will not cite each one specifically unless where appropriate, since they are all in

relative agreement except for the polycrystalline sample studied in reference [40].

2.1.1 Crystal structure

The crystal structure di Ge, is base-centered orthorhombic and it has full inversion symme-
try. A drawing of this structure is shown below. Inversion symmetry basically means that the
environment around a poift, y, z) in the crystal is the same as that around a pgint, —y, —z).

There is also a very high magnetocrystalline anisotropy, two orders of magnitude stronger than in
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Figure 2.1 Crystal structure éfGe, for two primitive cells, adapted from ref. [1].

most transition metal magnets, with the easy axis of magnetization alorigdimection of the

figure.

2.1.2 Electronic properties

In most compounds that contain uranium we find large effective masses of 100 to 1000 times
the electron mass, such adiPts, and these are called heavy fermion systetiSe,, on the other
hand, has a measured effective mass of abowt.. Thus, the 5 f-electrons of uranium that are
usually highly localized and 'heavy’ have more of an itinerant character,3as@hectron transition
metals. This is an extremely important property because the magnetization cannot be looked at in
a local moment sense, and because the mobility or hybridization of these magnetic electrons gives
them the opportunity to form the superconducting Cooper pairs. Furthermore, the ferromagnetic
state has an ordered momentlof.z /U, while the paramagnetic state has an effective moment
of 2.7up /U, typical of the observed behavior 3@ magnetic metals. The calculated paramagnetic
moment for an isolated atom has a value3af2uz/U, much higher than the observed one in

UGe,y, which further proves that the real system has a strong hybridization with conduction states.
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The phase diagram df Ge; is shown in Figure 2.2. One important feature is that there is

no superconductivity at ambient pressure where the Curie tempefatiseabout54K. As the

pressure is increased &— 9kbar the first signs of superconductivity become apparent and the

SC is strongest at about kbar with a T}

<

C ~

1.0K. On further increasing the pressure, the super-

conductivity is suppressed along with the ferromagnetism and they both disappear at a pressure of

~ 16kbar, giving way to the paramagnetic state. Currently, there appears to be a consensus that

the coexistent phase is a homogeneous bulk phenomenon, one reason being that neutron studies

inside the SC dome have shown robust ferromagnetic order [42].
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Figure 2.2 Phase diagram biGe, taken from ref. [1]. This was measured on a polycrystalline

sample, but has the same overall features as the single crystal phase diagram. The inset shows the
superconducting transition temperature (filled circles) versus pressure.

As will be seen in section 2.1.5, the magnetic transitions in the high pressure regime are actually

first order phase transitions. Also in that section, it will be shown that the temperature scale set by

T, in Figure 2.2 is not only a crossover from a Fermi liquid to a non-Fermi liquid, but also one from

a large moment ferromagnet to a small moment ferromagnet. Furthermore, there is strong evidence

from recent experiments that tfig line is only an experimental artifact of something else, and that

at slightly lower temperatures there is a real spin density/charge density wave transition.
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Another important signature of the superconductivity is the electronic specific heat, shown in

Figure 2.3 for a single crystal sample.
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Figure 2.3 Specific heat 6fGe, fromref. [2]. The pressure df 15G Pa = 11.5kbar is just below

the pressure at which,,. is maximal. Also shown on the right hand scale is the ac susceptibility at
this high pressure and at ambient pressure, indicating the superconducting diamagnetic response
(Meissner effect) at the transtition temperature.

In a BCS superconductor, the jump in the specific he@tis—C,,)/C,, = AC/~T,. = 1.43, or
143% (v = 272 /3N (0)k%). One sees that the jumpinGe, is much smaller, abo@) —30%. This
could be explained if there is a finite density of states at the Fermi level, i.e., gapless excitations
whereN(0) # 0, which do not exist in the BCS theory since all of the quasiparticles are gapped at
Er. One scenario for this to occur is if the SC order parameter is p-wave with nodes on the Fermi
surface which would give a finite DOS in the gap. We will show in our theoretical treatment that a
finite density of states can also arise from a particular s-wave model, and these extra quasiparticles
do not take part in Cooper pairing. The large valueypthe coefficient of the linear term in the
specific heaty = C/T should also be noted. At ambient pressu(® = 0) = 30m.J/K?, and
as shown abovey(P = 11.3kbar) ~ 70mJ/K?. These large values are a characteristic of a

somewhat heavy fermion system.
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2.1.3 Crossover anomaly or spin-density wave?

An interesting feature of the phase diagram in Figure 2.2 is the line labeled by the temperature
Ty ~ 0.67, at zero pressure. It separates the ferromagnetic Fermi liquid (FMFL) and crossover
region from the non-Fermi liquid (NFL) region. A Fermi liquid shows a temperature-dependent
resistivity of the form
p(T) = po + AT", (2.1)

wheren = 2 and A is a measure of the scattering of conduction electrons. In the FMFL and non-
magnetic Fermi liquid (NMFL) regions, the exponent is exactly 2 for temperatures up to about
20K for P = 0andP Z P.. Itis important for our theory that at low temperatures there exists
a Fermi liquid. As the temperature is raised and/or the pressure is increased, the exponent
slowly decreases from its Fermi liquid valuerto= 1.5 in the non-Fermi liquid region. At higher
pressures, the crossover temperature is reduced to &hoat the pressure whefl, is maximal

(p.) in the polycrystal, and to near zero temperature in the single crystal[ab, 2].

Possible explanations for this are limited, but | will posit one here. One prior scenario was
that a charge-density wave or spin-density wave forms because the Fermi surface shape is prone to
nesting [43], but this had been shown erroneous because no magnetic signature such as static order
is observed that would indicate this. Also, as will be seen in section 2.1.5, there is some evidence
that it has to do with the behavior of the magnetic moment [3]. Recently however, an experiment
shows a well-defined transition at ab@ati, never seen before due to the very slow cooling rates
in this experiment. We believe that in fact it is a spin or charge-density wave as has been suggested
for some time now, but just in a different region than originally considered. A short explanation of

this is provided in Chapter 5, and a publication is forthcoming [44].

2.1.4 Single vs poly crystal

Studying the differences in the measurements on single crystals and polycrystals could give im-
portant insights into the superconducting order parameter symmetry. It is well known that defects

and impurities strongly suppress superconductivity in systems that have odd angular momentum
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pairing, i.e,l = 1,3,... (p-wave, f-wave, ...). On the other hand, isotropic, or s-wave pairing
is rather unaffected by such pair-breaking mechanisms for reasonable concentrations. Table 2.1

shows some important information on two different samples Ge,.

UGe. T.(P=0)| P.AM —0) SC range po(uf2em) | maxTy,

single crystal 53K 16 — 17kbar | 10 < P < 15kbar ~ 0.26 ~ 0.8K
polycrystal 54.5K 16kbar 8.8 < P < l4kbar 1-3 0.5~ 08K

Table 2.1 Comparison of values for a single and poly crystalGe,.

What one notices immediately is that there is not really much difference between the single or
the polycrystal for the values of the critical temperatures, which is a particularly important fact for
T.., even though the residual resistivitigscan differ by as much as an order or magnitude. This
observation is what led Abrikosov [39] to claim that the superconductivity must be s-wave.

More quantitatively, the usual criterion for establishing say, the likelihood of s-wave or p-wave
SC, is the ratio of the superconducting coherence leagthd the electron mean free pdthFor
systems with a long mean free path and a small coherence length, i.e., a 'clean’ superconductor
where¢/l < 1, p-wave is possible. An example of this9s, RuO, [45]. For the other limit when
¢/l 2 1, s-wave symmetry is much more likely than p-wave. One quick way to calculate the mean

free pathl is from the formula [46]

3
= > 2.2
e2N(Er)vppo (2.2)

which holds for a spherical Fermi surface (which is not the cagé(a,, but we are taking a first
guess). This gives ~ 150A for po = 1uflem. A more accurate way to determine the mean free
path is from de Haas-van Alphen measurements which have yielded-a300A; however, at a
somewhat lower pressure than whgges largest and SC is still present (see [40] for a discussion).
For the single crystals, the mean free path has been estimatg@bat 1400A. From upper critical

field measurements, the superconducting coherence length is estimated ap — 200A, which
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is calculated from the formula
C2mer’

So for the single crystak /I < 1 and the circumstances for p-wave pairing are surely possible;

(2.3)

c2

but as the sample gets dirtier, the mean free path gets reduced by about an order of magnitude, and
as seen in the tabl€,. hardly is affected. This leads one to believe that only an s-wave pairing
symmetry could survive such an increase of §lieratio, especially when one considers that the
(supposed) p-wave SC is completely suppresséthiiuO, when a similar change in this ratio is

observed after impurity doping [45].

2.1.5 First order transitions

One final very interesting property that has been observed quite cledri§dn has to do with
the magnetic phase transitions for small temperatures and large pressures. It had previously been
suspected that the transitions from the ferromagnetic to the paramagnetic phase were of first order
at p. in the limit of 7" — 0 [15]. This has been verified by recent experiments, and is also true
at low but finite temperatures [3]. In addition, it is seen that there is another set of first order
transitions from a large magnetic moment (FM2) to a smaller magnetic moment (wNHL)
the ferromagnetic phase. This transition corresponds to the crossover phase referred to earlier in
section 2.1.3. Details can be seen in Figure 2.4.

These experiments distinctly show the magnetic moment discontinuously changing at two dif-
ferent pressures correspondingitoandp,. (it can also be observed when the pressure is fixed and
the temperature is varied). The crossover temperdiu(previously mentioned &&,) approaches
zero atp, which is precisely the pressure at whi€h. is largest (this data is from single crystal
measurements - it is not clear what happeng tan the polycrystal at very lovl"). Thus, it has
been postulated that the superconductivity is highly correlated with this crossover scale, in fact,
the superconducting transitions are much sharpepfor p < p.. | will not address this aspect
here, however in Chapter 4 | present a theory that yields a first order phase transition, and its im-
plications are very important also for the superconductivity. It must be noted that there has been a

theoretical attempt to explain these experiments that uses a band structure argument to show how
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Figure 2.4 Magnetic behavior éfGe,. (a) Shows the phase diagram with the large (FM2) and
small (FM1) moment regions labelled. (b) Two first order transitions in the magnetization as the
pressure is increased, from FM2 to FM1, and then from FML1 to a paramagnet. (c) The behavior of
p. andp, with an external field present. Taken from ref. [3].

two first order phase transitions can arise [47]. The authors use a zero temperature Stoner model
with a double-humped density of states that is tuned by the magnetic coupling constant to give the

requisite jumps in the magnetization.

2.2 7ZrZn,

Another material that has received much experimental attention but had never been observed
to be superconducting i8rZn,, a weak itinerant ferromagnet in which none of its constituents

are actually ferromagnetic on their own. It had been postulated to be an excellent candidate for
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displaying p-wave superconductivity [24], but it was not until 2001 that this was discovered, co-
existent with the magnetism [4]. The itineracy is manifest in the4d-electons, which makes
it already a very different system thanGe, which has f-electron character. It also is a weaker
ferromagnet, with an ambient Curie temperature of aB®it and a moment of onl9.17up/ f.u..

The most striking difference betweefr Zn, andU Ge; is that in the former the superconduc-
tivity spans the whole pressure range, i.e.,(fat P < P., which is seen in its phase diagram in

Figure 2.5.
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Figure 2.5 Phase diagram fanZn, from ref. [4]. The inset shows the resistivity for different
pressures.

The key to the superconductivity idr Zn, is the purity of the crystal, and the crystal that
becomes superconducting has a residual resistivity,of= 0.62u$2cm, while samples of five
times this value show no superconductivity whatsoever. This sensitivity to impurities makes it a
strong candidate for p-wave pairing, and in fact the mean free path is several times as large as the
coherence length, and the rafigl < 1 thus allows for this possibility. A theory invoking the
p-wave triplet scenario and using a Ginzburg-Landau mean-field analysis was recently shown to
reproduce the phase diagram shown above quite well [36]. There is, however, still a question as to

whether the superconductivity is a robust bulk property of the material since a jump in the specific
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heat has not been observed. Since the SC has so far only been seen in one single crystal, it is
still too early to make any definite proclamations, and with newer and cleaner samples currently in
production, we will have to wait for further experiments to verify this phenomenon. Atthe moment,

the consensus is that the superconductivity can be described accurately as being inhomogeneous
[48].

2.3 URhGe

The last material | will mention very briefly in this experimental introduction is the supercon-
ducting ferromagnel/ RhGe. Unfortunately, there have not been studies of the superconductivity
at high pressures as in the other two systems, but at ambient pressure it is foufid that25 K
[16]. It does appear to be bulk superconductivity because there is a definite specific heat increase
as the temperature is lowered bel@yy, yet it is lower than the BCS value. As in many other ura-
nium based compounds, the specific heat coefficigatiarge ~ 160m.J/K? in the normal state,
indicating its heavy fermionic nature. It is assumed that the coexistent phase diagram will evolve
similarly to what we have seen iirZn, as more experiments are performed at high pressures

(there are ones looking solely at the FM order in a very similar compound [49]).

In summary, | would like to present a reference table to the various experimental quantities of

these three important materials which will be referred to throughout the text.

To(K) | Tse(K) | Pe(kbar) | AC/C | Hea(T) | £(A) | M(pup/ f.u.)

UGe. 53 0.8 17 0.2-0.3 1.9 130 1.4
ZrZn, 28.5 0.29 21 0 0.4 290 0.17
URhGe 9.5 0.25 — 03—-04] 0.71 180 0.42

Table 2.2 Comparison of 3 superconducting ferromagnets.Ukke, and ZrZn, data is for the
single crystal and th& RhGe data is on a polycrystal. Note thM is the magnetic moment in
Bohr magnetons per formula unit.
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Chapter 3

Mean field theory for a superconducting ferromagnet

In this chapter | present the full analysis of our ideas of a superconducting ferromagnet. | start
with a review of the preliminary work that was a motivation for the development of the model stud-
ied here, and then go into the full details of the calculations, including analytical results, numerical
results, and emphasizing comparison to experiments and predictions for future experiments. | also
add a section on a p-wave calculation that can be directly compared with the s-wave predictions
and some experiments on SC/FM materials. Concluding the chapter will be a discussion of the crit-
icisms and comments concerning this theory which is appropriate due to the controversial response
some of this work has received, and many comments concerning approximations and suppositions

will be postponed until this section.

3.1 Background - local Fermi liquids

The mean field model studied in this chapter, particularly its s-wave nature, only became rel-
evant because of previous calculations of a local Fermi liquid [50]. To give a brief introduction,
a local Fermi liquid (LFL) is a Fermi liquid which assumes a momentum-independent electron
self-energy:0%/0p = 0. A local self-energy implies a local irreducible 4-point vertex function,
I'l%,(¢), and a local irreducible vertex function then implies a Idcdil vertex function,l',, ./ ()

[50]. The full vertex function is very important in Landau Fermi liquid theory because from it
one can derive the very important scattering amplitudgs p’) and the Fermi liquid interaction

parameters (p, p’). These two quantities describe the interactions between two particles within
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an interacting many-body medium. These derivations ahda depend on the order in which the

limits on the momentunyg and frequency are taken, and these are given by

a(p,p’) = éi‘rgoiignonFp,p/(q)
Fpp) = lim lim 22T (), (3.1)

with z being the quasipatrticle residue. In genefaBnda are related to each other after making

use of a spherical harmonic expansion by

sa ES,G
1 - 1 +F7ls,a/<2l+ 1)7 (3.2)
whereA;* andF;* are defined throught the relations
AT (p,p) = N(0)a™ (pP) = D (A7 +7- 7 AN Pi(p-§) (33)
l
Fo(p,p') = N(0) " (p.p) = > (F+& FF)P(p-p). (3.4)

l
The most important consequence of the local full vertex function is that the scattering amplitudes
and Landau functions become independent of momentum angles and are s-wave A4 that
F> =0for! > 1. This results in a simplified forward scattering sum rule, which is basically an
equation that imposes the constraint that no two identical particles can scatter into the same state

(see [51] page 84). This is just the Pauli principle, and is written as:

DCAT=D (A + AY) =0 (3.5)
l l

However, in the context of a LFL, this relation simplifies to juff + A7 = 0, which greatly

reduces the number of terms from infinity to just two. Plugging this into (3.2) gives

s,a _F(;l’S
O 12T
which is a useful relation between the symmetric and antisymméegtsic

(3.6)
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The scattering amplitudes and Landau functions are important because they give information
about physical quantities of the Fermi liquid. For example, k& are related to the effective
mass, the susceptibility, and the compressibility. The scattering amplitisiakin to a coherence
length, in that when it displays a divergence, it indicates some instability in the system, such as a
phase transition. It also can give information on the superconducting pairing strength in a given
momentum channel.

It is evident how the constraint of a LFL directly affects the physics of certain systems. The
main interest in this chapter is the weak ferromagnet LFL and discussion of the paramagnetic LFL
can be found in [50].

A weak ferromagnet can be characterized by a small equilibrium magnetizationn this
limit, the magnetization depends on the Landau paranfétercalculated by expanding the free

energy in terms ofn, to fourth order and then minimizing it [5]. This dependence is expressed as

mo ~ |14+ EZY?, (3.7)

and the requirement for the minimum of energy is wiigh< —1. One sees then that the mag-
netization goes to zero & — —1-. Therefore, atFy = —1 a ferromagnetic instability is
encountered which is seen from (3.2) whelfe— co. As a consequence & — —1, from (3.6)
Fs; — —17 and a charge instability also occurs singg— —oo.

The importance of these results becomes clear when one calculates the pairing amplitudes for
superconductivitynsidethis local ferromagnetic state. The two pairing channels of interest are the

singlet and triplet channels, whose potentials are given by [51]

Iy
1+ Fg

A9 = AS — 3A8 = —4A° = —4 (3.8)

and
AP — Aj+ A = 0. (3.9)

Notice that the triplet amplitude is just the Pauli principle again for the local case and is strictly

zero. However, the singlet amplitude, fgf < —1, is negative and thus attractive! In other words,
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Figure 3.1 Phase diagram prediction taken from Blagateal. [5], describing a weak ferromag-
netic metal in the LFL picture. The box around the phase transition shows the uncertainty in the
crossover regime at smdll. TheT™ line indicates a temperature below which exists a (ferromag-
netic) Fermi liquid. This was published befdr&-e, was found to have a strikingly similar phase
diagram.

in a weak local ferromagnet, the only channel available for pairing is the s-wave singlet channel.
If superconductivity could exist, it should be of this conventional type. Naively, one would expect
triplet pairing in a ferromagnet, but in this local sense the same spin electrons must be far apart
and only opposite spins can pair. This prediction is nicely represented in Figure 3.1.

One may question if a weak ferromagnetic metal can be characterized as local, but it can be
shown that near the critical point, the vertex corrections are small and the self energy is very weakly
momentum dependent [7]. In fact, the effective coupling increases in this area which enhances the
s-wave pairing. On the paramagnetic side, ferromagnetic fluctuations suppress s-wave pairing [22],

but on the ferromagnetic side, they actually enhance it.

In summary, a local Fermi liquid theory has been introduced that predicts ferromagnetism
coexistent with s-wave superconductivity. This is the motivation that leads to the development of

a model Hamiltonian for the study of coexistent superconductivity and ferromagnetism.
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3.2 Model

The model is explained briefly here, and the reader is referred to the original publication [37]
for full details. The model Hamiltonian is written as two interaction terms; one is the spin-spin
magnetic operator and the other is the BCS-like pairing term. The magnetic coupling is described
by a constant/ which mediates the ferromagnetic strength. This term is the consequence of the
spin rotation symmetry being spontaneously broken explicitly. The BCS interaction strength is
measured by the coupling To arrive at the effective mean field Hamiltonian, one needs to perform

a mean field transformation. An example of this is a transformation of the BCS term:

—g Z c;TcT_plc_plcpT. (3.10)
p
This is a four-fermion interaction which is difficult to work with, and it would be convenient to

make it quadratic in the fermion operators. To do this, one can take two of these operators and

define

P N B | Tt Toaf

which is obviously true, and can be interpreted as the operf;bgzﬁ_rpL equal to its average< ... >
plus the fluctuations about its average, denoted by the term in parentheses. The same equation
can be written out for the 2 non-dagger terms in (3.10). Upon multiplicatieicbéc, terms that
are quadratic in the fluctuations can be dropped because they can be shown to be small, especially
in systems with many particles, as in a superconductor. Collecting the remaining terms, (3.10)
becomes
AQ
> (Ackel, + Acpiar) + - (3.12)

p
where the fluctuations have been thrown away and= —g < c_, ¢,y >. This is the super-

conducting order parameter, or energy gap. This mean field transormation is used very often in
many-body problems. A 'real’ superconducting gap is assumed that is not momentum-dependent.

The full effective Hamiltonian is then
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JM

H = ) elcgien +cilep) + N > (ertem — cxlen)
7 7
1 Al?
- > (Acgle sl + He) + 5JM2 + % (3.13)

p
The diagonalization of this Hamiltonian is carried out with the use of a particular Bogliubov

transformation given in matrix form as

Qp _ Up  Up Cpt (3.14)
x t ’ |
B U U Copl
with the inverse transformation given by
Cpr _ | Y T Qp (3.15)
T * ’ ’
Copl U Up By

The complex conjugate of the fermion operators can be taken to find the necessary remaining
relations, but only real quantities without a phase argument will be considerel,-sa,. The

coherence factors,, v, are constrained by> + v2 = 1 and are equal to

_ &Y., o, _ ! &

Note thatE, = /&2 + A? which is the usual BCS dispersion. Making use of these formulae and

diagonalizing (3.13) gives the mean field Hamiltonian

Hyp = FEo+y (Ega;a,;+ ESS! ﬁ) , (3.17)
2
where
1 Nk
E, = e£+—JM2+u,
— P2 g
p
1 P JM
€p = — U T
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The quasiparticle energy dispersion relations for the alpha and beta fermion are

o JM U E———

Ep = T+ ££+|A|2,
JM

E} = - —\/EZ+ AL

These are the expressions for the excitations of the system. There is one very important difference

(3.18)

between the excitations here and the excitations in a conventional superconductor with energy
E, = /&2 + |A]% In the latter case the quasiparticles are completely gapped at the Fermi level by
an energy oRA. However, in the former case there exigéplessexcitations due to the magneti-
zation. This is not due to nodes in the pairing symmetry or from impurities. The alpha fermion is
fully gapped, but the beta fermion has energies within the gap siriEe-ab the energyEﬁ <0
(3.18). This effectively means that there is a subset of the particles that behave as they would in a
normal metal, and this alters the physical properties in a corresponding fashion.

The final step of this initial process is to minimize the effective free enér@f the system
to produce the mean field equations. There are two order parameters, the magnetizainoh
the superconducting gafd. The appropriate minimization then requires thay/oM = 0 and
dF /oA = 0. Carrying this out, one finds that

1 d3p N 3
M = 5/ (27r)3(1 —ny —nh), (3.19)
and ;
Alg [ d&p  ny, —ny
|A| = 3 , (3.20)
2 (2m) /gg NE
where
1
o8 (3.21)
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These are three very important equations, and as can be seen from (3.18), each one is coupled
in M andA and will have to be solved self-consistently. These order parameters will be calculated

below for two different cases; zero temperature and finite temperature.

33 T=0

The three equations above can be simplified somewhatab. It is seen from the dispersion
relations (3.18) that’’ is always positive for any value of the momentum because the magnetiza-
tion M is positive, as is/. Thus there are na-quasiparticle excitations at zero temperature. On
the other hand, the energy of the beta fermion is negative in the range of momentg. and

p > pp, Where

PE = \/Zm*u +m*\/(JM)? — 4|A]2. (3.22)

JM must be greater thal\ which is an inequality that is assumed for the rest of the calculations.
For the values of momenta Wheﬁ < 0, it is clear from (3.21) thahg = 1. One then sees
that (3.19) is only nonzero fcnzg = 0, wherep. < p < pf, and after carrying out the simple

integration the magnetization becomes

1
127

M =

5 [0H)? = (p)?] - (3.23)

3.3.1 Order parameters

Examining (3.23) with the superconducting gap= 0, the solution can be found by a simple,
iterative algorithm. The solution gives a ferromagnétic= 0 curve as a function of/, and the
plot is shown in Figure 3.2.

The magnetization is defined such that it is zerd at 1. This is a rescaled that is in fact
the Stoner factog N (0) /2, which signals the onset of magnetic order when it takes a value greater
than 1. TheJ appearing in all of the calculations is scaled to be this Stoner factor. An approximate

analytic expression can also be derived after expanding (3.23) to @Fdéf:)? to find
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1 102 104 1.06

Figure 3.2 The magnetization curve at zero temperaturefard0, rescaled byV/, = 238, the
value of the magnetization d@t= 1.06. All of the quantities in the plots are scaled to be unitless.
The quantities in the text, however, are not scaléavill generally take values for whicli 2> 1,
which puts the magnetization in the weak ferromagnetic regime.

:_\/24 1——)). (3.24)

The gap equation, (3.20), is first examined by setting the magnetization to zero. For consis-

tency, this should reduce to the BCS equation for the superconducting gap. In this limit, with the

integration explicitly shown, (3.20) becomes

(3.25)

1 1 pr+A d3 pF

g (@rp </A m / m) ’
where)\ is the Debye cutoff in momentum space, corresponding to the emgfgySolving this
equation numerically for the gafd as a function of the coupling results in the curve in Figure
3.3.

An analytical expression can also be found for (3.25) which gives the well-known BCS result,

'The cutoff is handled numerically in these integrals by assuming a value which is a fraction of the Fermi energy
as is usually done in the BCS case. This fraction is abot.
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Figure 3.3 Superconducting curv&/(= 0) at zero temperature from the numerical solution of
(3.25), labeled ag\, along with the weak coupling curve of equation (3.26) given as the dashed
line.

— €D
A= sinh (1/N(0)g)’ (3.26)

which, in the weak coupling limit for smalV (0)g, is Ay ~ 2¢p exp~ /N9, The solution to (3.25)

as well as the weak coupling curve (3.26) are plotted in Figure 3.3. The two curves converge for
small g, but differ by several percent at larger

With the single phase solutions found, | now study the non-trivial solutions of the coexistent
state. Equations (3.23 and 3.25) are solselfi-consistentlyAs a first approximation, it is possible
analytically to decouple these equations in the limit wheké > 2A and the two order parameters

are proportional to each other. In other words, one can derive

2 r
Jr+1

(3.27)
r—1
r+1
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Figure 3.4 Coexistent magnetic and superconducting solution at zero temperature,=with

The saturation magnetization plot is calculated wite= A = 0 (dash-dot line). Note that the
x-axis is inverted.

wherer = JN(0)/2 andA, is defined above. This approximation works well for a broad range of
theg — J coupling constant space, however, it misses some of the important physics as evidenced
shortly. Fortunately, this approximation is not necessary, since the numerical solutions to the full
eguations are reasonably easy to calculate [52].
There are 2 sets of solutions to the coupled equations, one as a functigranél one as a
function of g. In Figure 3.4 the order parameters are shown plotted as a functignwath a
fixed ¢ = 1. Also shown on the plot is the full magnetization curve & 0) from Figure 3.2
as a reference. Note the dramatic decrease in the magnetization that results from introducing the
superconducting pairing. For very smdllwhere the superconducting gap is very close to zero,
the magnetization is basically indistinguishable from the 'parent’ curve, as one would expect, and
the slope here is quite steep. The order parameters vary very little with respécard the
approximate equations (3.27) model these curves quite well when plotted in this parameter range.

The effect of varyingy only shifts the curves up or down the y-axis and does not alter the qualitative
behavior.
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In Figure 3.5 the coexistent solutions are plotted as a functionwith a smallJ = 1.001.
Since the main interest is weak ferromagnetism, small valueswill be used. Atg = 0, no
solutions are found numerically due to the self-consistency conditior.i&\gcreased, the order
parameters grow smoothly, but at a certaie- ¢,,.., the gap begins to decrease for largeand
eventually gets suppressed to ZerOnce this happens, the magnetization levels off becafise
not an explicit function ofj, only an implicit one througl\. Thus, if A = 0, M is constant vsg
for any finiteJ. As mentioned earlier, the approximate equations (3.27) do not capture this very
important feature of the gap being suppressed to zero, and so the approximate gap from (3.27) is
plotted as a reference. The numeric solution and the analyadigree for smalf, but then they split
off and the analytic solution behaves an an exponential functign Bbr largeg, the A of (3.27)
approaches a constant. Furthermore, (3.27) is only valid for gmalthough not shown in Figure

3.5, the magnetization from (3.27) continues to increasgiasncreased, sincé/ is a function

2| have not rescaled the order paramet&fsand A here since it would be inconvenient in that each one would
have a different normalization factor. It should be noted however that the numbers on each axis are unitless. The
magnetization and the gap are made unitless by factors of the chemical potential and/or Fermi momentum. Similar to
what was mentioned faf, the parametey is also scaled by a density of states factor.

30~ — M H
<<<<< 10*A approx.

--- 100

10 Tl

Figure 3.5 Coexistent magnetic and superconducting solution at zero temperatiire fof)01.
The gap parameters are multiplied by a factot @for distinguishability. The approximate curve
(dash-dot line) is taken from equation (3.27).
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of g throughA,, whereas\/ in the numerical result remains constant after the superconductivity

disappears.

3.3.2 Energy

In constructing the Hamiltonian of this system, the procedure was to break the spin rotation
symmetry and then introduce the superconducting pairing. It is important to understand that ini-
tially there is a ferromagnetic state, within which the superconductivity arises. To determine the
lowest energy state, which any good theory must do, we will consider the energy difference be-
tween the ferromagnetic and the coexistent FM/SC state. There has been some confusion about
this in the literature and it will be addressed at the end of the chapter. For instance, if there is
first a normal state with no ferromagnetism or superconductivity, and the coupling constants are
changed, the lowest energy state that arises is always the BCS superconducting state. That is
known [29, 53, 54]. The question to pose in the present case however is the following: In a weak
ferromagnetic metal, are there a range of parameters in which superconductivity would appear and
subsequently lower the total energy? This is the question that will be answered in this section.

The energy can be calculated easily by taking the expectation value of the Hamiltonian (3.17)
at zero temperature. The alpha quasiparticle energy does not contribute at zero temperature. There
are several quantities that are important for this calculation, and the first one is the energy of the
normal, paramagnetic state. Since it is used often, it is given here explicitly as

PF 2
By = (HOM = A= 0)y = 5 [ d%(;;* —u), (3.28)

with the factor of 2 in front accounting for the spin. This can be calculated to five=

-8
1572

as explained above, is the reference energy with which the coexistent state will be compared. The

N(0)u?. The next very important quantity is the energy of the ferromagnetic state which,

FM energy is calculated by taking the expectation value of the Hamiltonian and sattiag in

the expression. After a little algebra an integral equation can be found of the form
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Numerically, this energy equation is solved quite easily, but (3.29) also reduces to a nice approxi-

mate analytic expression to second ordef.i\//2..) given by

Epnr ~ —12N(0)2(1 — 2)?, (3.30)

r

0.002

1
0.001

(Eew BV

s s s s s
S0 105 104 103 102 101 1
J

Figure 3.6 Ferromagnetic state energy. The y-axis showsegativeof the energy difference
between the FM state and the normal st&ig). This convention will be used throughout the text.

The dashed curve corresponds to the analytic equation (3.30), and the solid one to (3.29).

wherer was defined previously and the normal state energy has been subtracted off. To give
an idea of the validity of the approximation, Figure 3.6 shows the energy of the ferromagnetic
state(A = 0) for the numerical and the approximate solution. The curves agree well for small

J, but asJ grows larger, the approximate solution overestimates the energy difference. In all of
the calculations below, | use the non-approximate equation. Additionally, from Figure 3.6, one
sees that the ferromagnetic state has a lower energy that the normal state at zero temperature as

expected.
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The ferromagnetic energy is therefore accurately modeled, and the coexistent state is now
studied. To do this, one needs to genefdte\ pairs as functions of or J, and then plug them into

the energy equation. The energy equation in this case is (3.29) with the gap parameter reinserted.

0.002 2606 ——— —

1e-06— / —

-(E - EN)
E-E,)

0 — ol
106 105 104 103 102 101 1 3 2 1 0

Figure 3.7 The energy difference between the coexistent (FM/SC) and ferromagnetic (FM) states.
In (a), the energy difference varies with and the inset is the zoom of the region where the
coexistent state is the lowest in energy. (c) is the energy difference as a funciion of

Figure (3.7) shows the main result of the zero temperature energy analysis. The coexistent
state, in a certain parameter range, exhibits the lowest energy state, which answers the question
posed before. The energy difference betwégn, sc and Er,, is plotted versus each of the
coupling constantg and.J. In part (a), the energy of the coexistent state is seen to be lowest only
for very small values of/, the regime of weak ferromagnetism, and the inset (b) zooms in on this
region. Then the value of = 1.001 is taken and a sweep gfis made in panel (c). The energy
difference varies widely as a function gf The coexistent energy is lowest for~ 2, which is
where the superconductivity is 'strongest’, i.e., where the dmas the greatest value. This can
be seen referring back to Figure 3.5, where the maximal value of the gap correspgnd<tm

the coexistent state.
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Figure 3.8 Temperature-dependence of the magnetization and the gap=for.001. In (a) is

shown the pure ferromagnetic Curie behavior, which is subsequently reproduced in all three plots
for reference. (b) comprises the coexistent solutions for a gmalhere ther,. of each parameter
coincides. (c) shows a plot fgr> g. whereTsc < Ty andM joins the Curie curve.

34 T+#0

The unexpected behavior @t = 0 leads to very interesting behavior at finite temperatures.
The equations which simplified nicely (3.19, 3.20) before, will be much more difficult to solve
now, and one cannot rely on many analytical solutions. Thus, there are two coupled, integral
eguations which again are solved numerically and self-consistently as a function of temperature,
while keeping everything else fixed. A phase diagram is then generated from the solutions. A
schematic of the numerical method is given in Appendix A and B.

The temperature-dependence of the order parameters are given in Figure 3.8 for three charac-
teristic plots. The first one, (a), is the ferromagnetic curve when no superconductivity is present.
This gives the Curie temperature fér= 1.001, which here isI, ~ 3.5, and, after taking out our
scaling factors givesg Ty ~ 11/100. For a comparison, a typical Fermi energyitre,, is in the
range of0.1 — lew, which gives a Curie temperature in our model of abldut 100 K’; on the order

of what is seen in the superconducting ferromagnets (see Chapter 2). Having established a rough
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Figure 3.9 The phase diagram for this modelfor 1.001 in 7' — g space. The different regions
are labeled accordingly. Also shown is the BCS phase diagram in the right panel to emphasize the
difference when there is magnetic order present.

gualitative accuracy, the superconducting pairing is turned on and the results are shown in (b) and
(c) of Figure 3.8. For a small value gf the superconducting and magnetic transition temperatures
of the coexistent state are equék,, = Tsc, as is shown in (b). In this range, as the gap gets
suppressed to zero, so does the magnetization. This behavior occurs up until acceitiga) at
which point the coexisterif,.’s and the pure ferromagnetic critical temperature are all equal. For
g > g., Tsc is lowered again sinc& — 0 while M remains finite, and once this happens, the
magnetic parameter joins the ’parent’ curve because at this temperaturgypsietfectively zero
since there is no finite gap. In words,Ts goes from zero foy = 0 to a maximum value for
g = ¢., and then back to zero fgr~ 3g..

Finding the transition temperatures for each valug gives a way to map out a phase diagram,
and this has been done in Figure 3.9. Bok ¢ < 1, Tryy = Tse, and the points fall on
the same curvelsc andTry, reach their maximal value fof = ¢g. ~ 1. Forg > g, the
superconductivity goes to zero more quickly for larger and largand thus7sc — 0, while
Try remains constant since it is not an explicit functioryofFor comparison, in the right panel

the pure BCS superconducting critical temperature is plotted verstes show howTsc_ges
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Figure 3.10 The temperature-dependent free energy difference between the coexistent and fer-
romagnetic state, plotted vs the scaled superconducting transition temperatyre-far2 and
J = 1.001.

increases without limit when there is no magnetization. This phase diagram resembles what is seen
experimentally il Ge, at high pressures in that the superconductivity has a dome-like feature. To
reproduce the 'pressure’ axis would require some combinatiohasfdg, not just plotting one or
the other on the axis. Doing this might enable one to reproduce even more clearly the experimental
phase diagram.

The final thing to consider is thieee energywhich takes into account the entropy at nonzero
temperatures. At high enough temperatures the entropy dominates, and thus the paramagnetic
state is preferred. In between, however, there is competition between the magnetic state and the

coexistent state. The free energy is generally given by
F=(H)-TS,

where, in the case of the coexistent solution, th@'S part is given by

TS = KTy [BE(L = ng) = In(1+ %) + BEJ(1 = nf) — In (1 + %)

p
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which comes from the standard definition of the entropy applied to the two different types of
guasiparticles that are present at finite temperature. kheH > part is the same as before
except the alpha quasiparticle is excited for finite temperature and thergfgre0. Calculating

the free energy, one finds that the coexistent state is favorable throughout the temperature range,
as seen in Figure 3.10. The valge= 1.2 is chosen because it gives the high&st after the

g = g. pointin the phase diagram of Figure 3.9, i.e., at the top of the superconducting dome where
Tsc # Tra. As Tse goes to zero, the coexistent free energy curve joins the magnetic free energy
curve as expected, and at ab@ut= 1.17s< = Ty, the normal state is recovered. To reiterate,

the coexistent state is energetically favorable to the FM state, and the Fermi liquid analysis which

predicted s-wave pairing SC is confirmed in this model.

3.5 Specific heat

Since one of the main interests in this chapter is to show that an s-wave pairing scheme is a
possible solution to the problem of the superconducting ferromagnets, it is important to be able
to describe experimental data with the model derived above. One of the most important experi-
ments inUGes, has been the measurement of the specific heat. In a normal BCS superconductor,
the specific heat has a very pronounced jump as the temperature is lowered through the critical

temperature. In fact, it can be calculated exactly as

Csc—Cn AC
Cn e
The jump in the specific heat as the system becomes superconductifgfis which is very

= 1.43. (3.31)

dramatic and observable. Another important property is that the superconductor is completely
gapped belov’s-, so that the specific heat goes exponentially to zero at zero temperature.

A system that is not fully gapped differs from this behavior in two important ways. Gap-
less excitations, which exist in our model, produce a normal component with some quasiparticles
remaining near the Fermi surface, so the decrease is not exponential anymore, but linear at low
T. Fermi liquid theory predict§’ = ~7', where~ is a measure of the effective mass. Also, the

gaplessness results in a decrease in the specific heat jump, since not all particles participate in
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the superconductivity at its onset’Bt. The gapless fermions remain 'normal’, and increase the
entropy somewhat.

Experiments i/ Ge, on the specific heat [2] have shown that the jump is in fact small, about
15 — 20%, much lower that 43%. This might very well be due to gapless excitations, which our
model contains intrinsically due to the presence of the magnetic ordering. There can be many
other causes of gaplessness, from impurities to nodes on the Fermi surface from different types
of pairing. These are important, but since one cannot easily determine the source of the gapless
excitations, one cannot rule out any of these possibiltites.

The specific heat is calculated starting from the expression

as

C=To. (3.32)

The entropy is already defined above in the discussion of the free energy. A standard calculation
[46] is used to find the specific heat in this model, in which a few difficulties arise and are dis-
cussed in Appendix C. The difficulties are due to the presence of the magnetic terms. The only
approximation used in the calculation is that the temperature variation of the superconducting gap
aroundZ’s¢ is given by the BCS expression, whichA$T') ~ A(0)(1—T/Tsc)'/?. This is a good
approximation when checked numerically in the model. The final result [52] can be conveniently

expressed as

dA* d JM JM
AC = g%N(O) [1 + %JM/ f [sech2§ (T + 5) — sech2§ (T - e) H (3.33)

The most important thing to notice in this equation is the first term on the right hand side (the
prefactor multiplied by 1). This term is exactly the BCS expression for the change in the specific
heat, and it factors out naturally. The rest of the terms constituéelactionfrom this value, in

that they are negative. Therefore, clearly the BCS jump present is reduced due to the presence of

the magnetization in these terms.
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Figure 3.11 The specific heat jump from the calculation, compared to the (rescaled) data of [2] on
UGe,. One sees that the magnitude of the jumps agrees quitei¥gll.is at a much higher tem-
perature. Also, note that the y-axisG§T', which for small temperatures in both curves becomes

a constant, as is the case in systems with 'normal’ excitations.

It is then possible to 'tune’ this decreased specific heat jump by varying the parameters of
the system. The best circumstance is when there is a sizable magnetization compared to the su-
perconducting gap, and the jump is reduced considerably from the BCS value. One example of
this is given in Figure 3.11, where | plot data from a specific heat experimebt(é and the
calculation. One notices that thé% or so jump in the experiment can be easily attained from
the theoretical model, and that the low temperature behavior is consistent with the Fermi-liquid
like linear T-dependence. Furthermore, since several of the superconducting ferromagnets show
no jump at all, the model can be tuned to accommodate this by increasind subsequently/,

which reduces the jump even more, eventually to zero.
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3.6 Transition probability effects

To understand the calculations of the next few sections, it is important to understand the role
of the gapless excitations. In the specific heat, the gaplessness is responsible for the reduced BCS
jump. The nuclear relaxation, electromagnetic absorption, and ultrasonic attenuation studied in

this chapter are similarly affected.

E(l

2A) ——IM/2

=

-

Figure 3.12 Schematic of the energy dispersion for the quasiparticlEs=at0. The shading
corresponds to filled states. The y-axisfis= /€2 + A2. The expressions fqgr; are given in
(3.22). Note how the beta band only requires an infinitesimal amount of energy to cross the Fermi
level.

For a clearer picture of what is happening, we look more carefully at the energy dispersion
relations (3.18) for the quasiparticle excitations. A schematic of them is presented in Figure 3.12
atT = 0. One can think of the two different quasiparticle energies as two bands, and at zero
temperature the alpha band is empty since its energy is always positive. The beta band, however,
has a negative energy range, as shown in the figure, where the shading denotes filled energy levels.
Overall, compared to a BCS superconductor, the curves are shifted (upward), and instead of being

centered at’ = 0, the Fermi level, they are centerediat= JM /2. The gap is stilRA since the
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bottom of the alpha band i = JM/2 + A and the top of the beta bandis = JM/2 — A.
However, the beta band is not constrained by the energy gap because it only takes an infinitesimal
amount of energy to excite a beta particle above the Fermi energy, different from the BCS case
where it takeA of energy. At any finite temperature, there will be normal excitations across the
Fermi level, and it is not until a higher energy that e is important.

Another way to see this is in the density of states, schematically shown in Figure 3.13. The
Fermi level of the normal system is the zero of energy, and there is a finite density of states there.
The density of states diverges at the energies indicated, which are centered Areuwhd/ /2.

In examining the effects of external fields or perturbations on our system, it is necessary to
consider the coherence factors again briefly (for a more thorough discussion see [55], and more
generally, [46]). The coherence factarsand v (3.16), which were a result of the Bogoliubov
transformation, arise in expressions of the transition probabilities as coefficients of the matrix

elements in a superconductor. The possible combinations are

, , 1 A?
(ut F ov')? = 5 (1 F EE’) (3.34)
E
IM2 +A
JM2-A
0

N(E)/N(0)

Figure 3.13 The density of states of the coexistent state, scaled with the normal state value, where
E measures the energy with respect to the Fermi energy.
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for quasiparticle scattering, and

(vu' £ uv')? = ; (1 + EAE2’> (3.35)

for the creation or annihilation of a pair of quasiparticles. This can conveniently be truncated into

one function [46] given by

1 A?
F(AE.E) = 5 (1 ¥ EE) . (3.36)

The E andE’ can be any function, and they will be eithgf or £°. The upper sign corresponds to
what is called case | coherence factors, and will be used for the ultrasonic attenuation calculation.
The lower sign is case II, which will be used in the nuclear relaxation studies, and both cases need
to be used to study the electromagnetic absorption. The calculations will involve the relaxation
ratel/T}, whereT} is the characteristic relaxation time. Itis also convenient to scale the rates with

the normal state raté,/7,,.

3.6.1 Ultrasonic attenuation

As mentioned above, the attenuation of longitudinal sound waves uses case | scattering co-

herence factors at low frequency external perturbations. The full expression [53]) f®given

by

IT%:/_fA (1_ (MA_Q E)’ )( ;((g))z( afE( )>dE
o () (50) (357w

wheref(E) is the Fermi function and&v”* corresponds to the density of states expression for the

(3.37)

appropriate band, as seen in Figures 3.12 and 3.13. This ratio is plotted as a function of temperature
in Figure 3.14. The critical temperature shown is that of the superconducting transition. The dashed
line, which is the ultrasonic attenuation curve for the BCS superconductor, is practically off the

scale and goes to zero at zero temperature. All excitations get 'frozen out’ since the gap opens up
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around the Fermi level as the system becomes superconducting. However, in the coexistent state,
there are normal fermionic excitations, even at zero temperature, and the rate behaves accordingly,
restoring to just below the normal valug,(7; = 1) at7T = 0. As the temperature is increased

from zero, the rate drops slightly as the presence of the gap becomes more important at higher
excitation energies. But then at a temperature ardlingd 0.87,, the alpha band begins to be
populated by transitions from below, and the rate increases again until it reaches the transition
temperature into the normal state. Again, the gapless excitations have profound effects on the low

T properties of the coexistent state.

3.6.2 Nuclear relaxation rate

One of the signatures of an s-wave superconductor is a rapid rise in the nuclear relaxation rate
above the normal value as the system is cooled thrdughballed the Hebel-Slichter peak. The
curve then decreases to zero in a conventional superconductor. This peak, however, does not exist
in a p-wave superconductor, and hence it is a good signature of the pairing symmetry. Experimen-

tally, there is still much debate about the existence of a Hebel-Slichter péakds, since the data

0.96

0.94

0.92

0.9

Figure 3.14 Ultrasonic attenuation for case | coherence factor absorption (low frequéney).
the superconducting critical temperatuf@).
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Figure 3.15 The nuclear relaxation rate ratio. The increasing value of the Hebel-Slichter peaks
corresponds to increasing values of the magnitude of the superconducting gap, from varying the
values ofJ andg.

is very difficult to take and the interpretations are subtle. It does seem as though there is a small
one, or better put, it seems as though one cannot make the statement that a peak catetpmscally

not exist. The calculations in this section show that the presence of the magnetization reduces the
value of the Hebel-Slichter peak, and in extreme cases, can suppress it completely, even within the
singlet pairing scheme. This is similar to the results of the specific heat.

The nuclear relaxation takes the case Il coherence factors in the low energy scattering pro-
cesses. A plot of the rate with respect to the normal state is shown in Figure 3.15. The different
curves have different values of the energy ggghe increasing peak height corresponding to in-
creasing gap. The dashed line is the BCS value, which has a much higher peak, but also goes to
zero at zero temperature when all of the excitations are frozen out. Since there is a finite magne-
tization for all of the curves, the peak value is reduced from what the non-magnetic case shows.
At zero temperature, the coexistent state is not much different that the normal state, with a ratio

slightly greater than one due to coherence factor effects [55].
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Figure 3.16 Plot ofi /T; for the values of/ = 1.001 andg = 1.1. The peak is difficult to see
when not scaled with the normal state, but therei$aenhancement here as the system becomes
superconducting.

To connect with the experiments, Figure 3.16 shows a pldt/@f without the normalizing
factor. For the values of andg used, the peak is abotif; above the normal state value, which is
very small indeed. Comparison to experiments will be carried out in section 3.7.3 after the p-wave

model is studied.

3.6.3 Electromagnetic absorption

The absorption of electromagnetic radiation by the coexistent system requires large frequencies
that can create pairs of quasiparticles, not the low frequency probes of the previous two studies.
We examine what happensBt= 0 where there are no thermally excited quasiparticles, so that
the excitations will solely be due to external energy absorption. In a normal superconductor at
T = 0, there are no excitations until a pair of quasiparticles is created when an incident energy of
hw = 2A is provided, which is the minimum energy to overcome the gap. Zero energy excitations
exist in this model so the results will differ. The conductivity is the appropriate quantity to study

and it is written as
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Figure 3.17 Conductivity for the case | coherence factois at0. The solid line curves, in order
of decreasing peak magnitude, have the values for the ratidO2A given by 1.25, 1.6, 1.9, 2.5,
3.8. The dotted line, where the gap is quite visible, isfdf /2A = 1. The horizontal dashed line
is the normal state conductivity.

7% _ 2 A’ N'(E) NI(E')
Z‘ﬂ/(ljF (%—E)(%—EQ “N©0) ~No) P (3.38)

wherei, j corresponds to the energy bands in which one is interested. For example, for energies
hw < JM/2+ A, only the beta band is important. The case | coherence factors for the absorption
are plotted in Figure 3.17 for a full range of energies.

The various curves in Figure 3.17 are for different values of the thlity2A. The shifting
of the conductivity maxima towards the y-axig( = 0) corresponds to thdecreasan this ratio.
Changing this ratio effectively alters the range of the energy dispersions, in that it shifts them up
or down, as depicted in Figure 3.12. For instancd, M = 0, we have the usual BCS dispersions
centered about the Fermi level. The steep drop in the conductivity immediately after the initial
peak upon increasing the energy is due to the effect of the gap. This effect occurs at successively
lower and lower frequencies upon reducing the valud f/2A, since there are fewer and fewer

available scattering states as the gap approaches the Fermi level, so to speak. The dotted line in the
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Figure 3.18 Case Il conductivity. In order of increasing peak, the solid lines correspond to the
value of the ratio/M/2A = 3.8, 2.5, 1.9, 1.6, and 1.25. The dotted lineg/i¥/ = 2A, and is the
BCSHike limit.

figure is forJM/2A = 1, where the bottom of the energy gap is now exactly at the Fermi level,

or, equally, the top of the beta band is at the Fermi energy (again, see Fig. 3.12). This corresponds
to a BCS-like case. At zero temperature there is no coexistent state vhisr&arger than the
magnetic energy, and therefore this is the lower limit.

The case Il coherence factors calculation used for electromagnetic absorption is given in Figure
3.18. The overall behavior is similar to the previous case, and the increase in the peaks is related to
a decrease in the ratio of the magnetic energy to the superconducting energy. The dotted line is what
results forJM = 2A, and it is similar to the BCS, non-magnetic, case. The gap is quite evident

for this value of the ratio and the conductivity becomes finite only whern- JM /2 + A = 2A.

These five last figures are the predictions for the ultrasonic attenuation, nuclear relaxation, and

electromagnetic absorption studies in the s-wave superconducting ferromagnetic model.
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3.7 P-wave model

This section will follow somewhat closely the last section in that | present a calculation of the
nuclear relaxation rate, but in a model with triplet pairing in the superconducting channel coexistent
with ferromagnetism. There are differences of course with the s-wave model, but the main one is
that the gapless excitations, which had such an important role in that model, do not occur in the
p-wave case. Exploring a different model is important because there is ddtadnfor 77, and
a comparison among the s-wave, p-wave, and experimental data gives clues as to the nature of the
pairing. It will be seen that through this analysis one is unable to rule out s-wave or p-wave, thus
leaving the question open.

We begin from a triplet mean field model of coexistent superconductivity and magnetism from
the work of Nevidomskyy [56]. The details of the derivation can be found in that paper, our paper
[57], and in the thesis of Hari Dahal. The model is actually quite similar to that of Karchev [37],

and I will start the analysis from the mean field equations.

3.7.1 Mean field equations

The model Hamiltionian for a p-wave superconducting ferromagnetic is similar to the Hamil-
tionian of the s-wave superconducting ferromagnet and will not be given here. The mean-field
equations for the order parameters are derived from a saddle-point approximation. There are three
order parameters in this model, two for the superconducti¥ityand one for the ferromagnetism
M. Since the pairing is in the triplet state, there are three combinations possible. Only equal spin
pairing states (ESP) up-up and down-down will be considered. All three order parameter equations

are given as
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A_(k) = Vlek k 22]§f<_]fk’<) Da )
k (3.39)
AK) = o Zv g“f;() DAL K)
1—2f( ] &l —2f(Ey)]
M = —Z{ PACE k 2E+(k)+ } (3.40)

A, andA_ are the pairing gap functions for up-up and down-down spin states, respeetively

ex £ % and the equations are coupled to each other through the excitation energy spectrum

B (k) = \/ ( - %) LA KR (3.41)
One of the new features is that the gap function hieslependence, as does the pairing interaction
functionV (k,k’). In the p-channel, these quantities are treated in a standard way,(kek ) =
g (b, E)SSE Ylm(li)Yl’;n(lg'), whereg is zero everywhere except within a Debye energy of
the Fermi surface, and . (k) = Ay.Y;*'. The spherical harmonics,, (6¢) introduce a simple
angular- dependence into the equations.

There are three coupled equations that are solved self-consistently as a function of temperature
and/or coupling constants. At zero temperature, the paramagnetic &Btate () is achieved by
setting the magnetic couplinf < 1, and in this case the superconducting order parameters are
equal, A, = A_. For a finite magnetization, these two spin pairing states (if finite) are not equal,
and thereforé// then a non-unitary triplet state.

The somewhat complicated temperature-dependent solutions from equations (3.39, 3.40) of the
coupled order parameters are given in Figure 3.19. The ferromagnetic state with no superconduc-
tivity is given by the solid line, which displays simple mean-field behavior, ending at the Curie
temperaturel;,,. The important features occur when is turned on to produce the coexistent
regime. Firstly, when the parameters are such so that there is no down-down spin pairing or gap

(A_ = 0), the magnetization follows the dotted line, and the up-up spin gap (s as labeled.



49

A1 a
0‘\1 l 1 l 1 l 1 l 1

0.2 04 0.6 08

— ‘p—q

Te
T

I
o To T

m

Figure 3.19 Order parameters vs. temperature (scaled by the Curie tempé&}gaturehe solid
line is the pure ferromagnetic curve wigh= AL = 0. The dashed line i8/ whenA, > A_ #£ 0,
and the dotted line i3/ for A, # 0 but A_ = 0. The values of the coupling afe= 1.018 and

It is evident that the existence of the up-up spin pairing enhances the magnetization, and when
that pairing vanishes/( = T.,), the magnetization falls back to its single phase value. Then, the
system is fixed so that down-down spin pairing takes place along with up-up pairing, and study the
magnetization. At very low temperatures, the magnetization (now the dashed line), which begins
at a higher value than in the single phase case, actually increases with an increase in temperature.
The cause of this is due to the sharp decreagk owith temperature. As the down spin pairs are
being broken, they start to contribute to the magnetization upon flipping. At the down spin pairing
transition temperaturé = 7, _, the spin up gap is still finite sincé < T,., and the magnetization
is back on the dashed line from the previous scenario.

This behavior is intuitive and specifically the presence of two superconducting order parameters
has important effects that did not arise in the s-wave case. This has consequences for the density

of states and the nuclear relaxation rate.
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3.7.2 Density of states

The single particle density of states can be calculated from the general expression

1

N°(E) = PR / dpo(E — E), (3.42)

whereo refers to the spin of the fermion, and the enerdigsare given by (3.41). Carrying out
the integration partly and using the delta function property gives
NIMYE) = L/ dfsinf (AT + A7), (3.43)

0

§ 472

where

\/p%+2m* (% + \/E? —A3t>

At =

)

2m*E

o+ ome (2 - BT 5T
‘\AE?A@ '

(3.44)

2m*E

The + sign is for the 7 spin fermions and the- sign is for | spin fermions onA_, respec-

tively. These two expressions converge to the density of states of the normal state at the Fermi

level, N(0) = m;ﬁf, in the limit of all order parameters equal to zero. Bdr= 0, the expres-
sions correctly reduce to the density of states of the equal spin pairing triplet state superconductor,
N(E)/N(0) = E/2 [ dfsin/+/(E? — A?).

TheT = 0 density of states (DOS) for positive excitation energies is plotted in Figure 3.20,
where it is scaled with the normal state valdi¢0). The inset A shows the DOS for just a triplet
(ESP) superconductor whéd = 0 and there is no difference between the up and down spins and
the divergence occurs at the edge of the gap whkiea A_ = A, . The large body of the graph
B shows the case when all three order parameters are nonzero, and the up and down spin curves
have split to account for the internal field. The down spins DOS divergés=atA _, and the up

spin DOS at’ = A,. Inset C shows the case when the down spin pairing is suppressef/ and
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andA, are finite. The down spins show a normal state component which is constant with energy,
since they remain unpaired and non-magnetic. The different cases of the density of states modify

the nuclear relaxation rate accordingly.
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Figure 3.20 Density of states rescaled/8y0) so that the horizontal dotted line corresponds to
the normal state value. The different graphs are generated by vdrgindg; .

3.7.3 Nuclear relaxation rate

In general, the standard equation for nuclear relaxation in superconductors, which was not

given in section 3.6.2 is

1

7 x2 [ (LA - f(B)aP. (3.45)

where N, (F) is the density of superconducting states. As is the case in the s-wave coexistent
formula, the magnetization changes things when introduced. Specifically, the spin up and spin
down contributions to the relaxation rate will be different, and the integral will be split into two

sums as
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o f T NHE)RA (B (1 — f(E))dE
0 (3.46)

+ [ NIEPHE) O - 1(E))E
0
The + are the usual spin representations and the density of states equations have been derived
above. The integration is carried out and the results of three different cases are shown in Figure
3.21.
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Figure 3.211/T,T vs. temperature scaled by the up spin transition temperdtureThe y-axis

is scaled by the normal ferromagnetic state relaxation rate. The dotted line shown for reference is
the non-magnetic p-wave result. The top solid line is when there is only up spin pairing, and the
bottom solid line when both spin species pair, with the second transition labéleg &._. I and

g are chosen sothat._/T.+ = 0.4.

This plot shows all of the important features of p-wave relaxation rates. The dotted line is the
curve for the non-magnetic p-wave superconductor. Below the critical tempefiaterer’,, , a
full gap opens up and the rate gets suppressed to zero, with no Hebel-Slichter peak, an important
point, since s-wave superconductors show a very different behavior. The top solid curve is for

finite M, but the down spin pairing is suppressexl (= 0), and only the up spins participate in
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the superconducting pairing and gapping. Thus, the effect of this gap is still prominent since the
rate is moderately reduced as the temperature falls b€lpbut the magnetization and the down

spins contribute a normal component to the system. The rate never gets suppressed to zero because
there are states around the Fermi surface that act like a Fermi ligig{ ~ const), as displayed

in the s-wave case with the gapless excitations.

The bottom solid curve allows for the down spins to subsequently pair at a lower temperature
(A_ # 0). There is a second transition & /7., = 0.4, a second gap opens up, and the
relaxation rate goes to zero’At= 0, following closely the non-magnetic case curve at very small
temperatures. In all of these situations the absence of the Hebel-Slichter peak is expected because
of the pairing, but the magnetization does not seem to be playing as large a role as it did previously
for the s-wave case where it was the parameter that 'tuned’ the size of the peak or even washed it
out completely. There is no peak to begin with in this case, and the curves are just shifted slightly
when M is finite and the temperatures are well below the Curie temperature.

Finally, Figure 3.22 is a plot of experimental data [6] taket3dthar in UGes, along with the
curves of the s-wave and p-wave coexistent models. At this pressure the superconductivity appears
below1K in UGe,. The data is not extremely consistent, particularly riéatue to difficulties in
the measurement.

Well above the critical temperature, yet still in the ferromagnetic state, the models agree rela-
tively well with each other and with the experiment. The important regime is near and just below
T, however, and contrary to the claims of the authors of the experimental paper, a small peak is
somewhat discernible. Near zero temperature, the s-wave model has much more weight than the
other two since the gaplessness has a strong effect in that case. The experiments and the p-wave
case display power law behavior. There does not seem to be a second transition in the experi-
mental data, corresponding to a pairing of the minority spin species as predicted in the model,
but the temperature at which this is predicted is about 5 times below those which were reached
experimentally.

To conclude this section, a p-wave model was introduced into the overall analysis to set up a

simple comparison scheme with experiment. However, from the data, no conclusions can be made
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Figure 3.22 Comparison of s-wave and p-wave theoretical models with experimental dta.of
[6]. The p-wave curve is calculated for only up-spin pairing, therefore only one transition occurs,
atT ="1T..

at this point as to which pairing type is favored in the SC channel. S-wave pairing cannot be ruled
out in UGe, from the data at hand. This is a significant point because ultimately what proves a
theory is experimental verification. The data is inconclusive until further measurements are com-

pleted.

3.8 Discussion

As mentioned in the beginning of the chapter, the criticisms of the s-wave theory are due to
the fact that the energy of the non-magnetic BCS superconducting state is always the lowest com-
pared to the normal, ferromagnetic, and coexistent state. This criticism is given clearly in [53],
and | have addressed this in the description of the model in this chapter. The main energy con-

cern | have emphasized is the competition between the coexistent and the ferromagnetic states. It
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was found that in a range of parameter space the FM/SC state is favored over the FM state. A
glimpse of this solution was first seen in an older article bydteil.[29] in Figure 6 of that paper,
where a subtle crossover of the energies is seen. We have zoomed in on that region and explored it
more thoroughly. Another paper by Cuoebal. [41] also studies a spin-singlet superconducting
ferromagnet and finds that the FM/SC state has a lower energy than the FM state, where the renor-
malization of the band mass is responsible for an increase in the kinetic exchange and a lowering
of the total energy. The basic model is exactly the same. By varying the coupling constants in our
model, we do not know exactly what is changing physically, since the couplings could be related
to many other properties like the effective mass. It very well could be that by vagyamgl ./ the
system is changing in the same way as seen in that s-wave model [41].

An often used physical argument against the possibility of s-wave singlet pairirig-éa is
that since the spin-splitting (Zeeman energy) is abi@utel” [15], there cannot be up-spin and
down-spin fermions paired into a zero momentum state. That energy is just too large to overcome
for pairing to occur. Itis not clear if it is important that this energy splitting is larger than the Debye
energy, since this superconductivity seems to be spin-mediated, not phonon-mediated. There are,
though, other creative ways that two spins can pair. Consider Figure 3.23.

There are two ways in this figure which demonstrate momentum-space pairing. One way,
labeled by2, is the conventional way as two opposite spins in their respective Fermi seas form
a Cooper pair with with total momentum zero. The second, labelet], liyy the result of a low
energy spin flip process that takes an up-spin from its (grey) Fermi sea and flips it, leaving behind
a hole and putting the resulting down spin just above the Fermi surface. Then this down-spin at
momentuny'is able to pair with the appropriate up-spin at momentwmp. The spin flip is a low
energy, long wavelength process that has nothing to do with the Zeeman energy. Another way to
understand this process is in a real-space representation, as in Figure 3.24.

If the spin flip occurs with a sufficiently large wavelength, then the magnetic correlations are
not affected at all by this type of pairing, which is a collective effect. In the Figure 3.24, the up-

spin on the far right is paired in a singlet with the down-spin on the far left, and the magnetization
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Figure 3.23 Momentum-space representation of 2 different ways for singlet pairing. The lightly
shaded sphere is the down-spin Fermi sphere and the grey, larger one denotes the majority up-spin
volume.

remains as long as the superconducting coherence lengtlis larger than the ferromagnetic

correlation length\ . In UGe,, this seems to be the case, With: = 150 —3004 and Az = 100A.
Another, more technical criticism, concerns the use of a self-consistent, mean field approach

(Hubbard-Stratonovich transformation) to derive coexistence in a single band model [58]. The

authors of the critique show that this treatment, recast in a more transparent Hartree-Fock language,

magnetic correlation length }l‘?’_

e ST

superconducting coherence length %'q(,

Figure 3.24 Real-space representation of the pairing in a superconducting ferromagnet.
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yields a similar Hamiltonian but with just one effective coupling constant, not two. In light of this,
there are only phase transitions between one state - either the SC or FM - and the other, and
the coexistent state FM/SC never appears. It is argued that varying the single coupling constant
only induces transitions from one single state to another. Technically, this criticism is valid, but
as explained in a reply [59], it misses the point of the intent of these studies. As mentioned in
this chapter, the original motivation was the fact that in a local Fermi liquid, an s-wave pairing
instability was shown to exist in the ferromagnetic state. The mean field model was subsequently
used to give a ferromagnetic state by a breaking of the spin symmetry, which is one of the only
ways we know how to generate ferromagnetism analytically. The s-wave pairing is then introduced
within this state. The rest of the calculations enable one to study the physics that comes out of the
coexistent state. One may think of the two band models of Suhl [38] and Abrikosov [39] as being
the correct microscopic derivation of the s-wave coexistent state, and the model studied in this
chapter as the one more amenable to the analysis of the temperature-dependent physical properties.
In conclusion, we feel that our contribution gives useful insight into the compex phenomenon of

superconducting ferromagnets.



58

Chapter 4

First order phase transitions in weak ferromagnetic metals

In section 2.1.5 it was pointed out that the magnetic transitions near the critical poittdn
have been confirmed to be of the first order [3], rather than second order as had been previously
thought, and therefore there is no quantum critical point (QCP). There seem to be few, if any,
theoretical calculations of a first order phase transition at zero temperature [60, 61]. In this chapter
atheory is presented that explains the behaviéf@Gt, as a quantum fluctuation driven, first order
phase transition that occurs around what we name a quantum triple point (QTP). Also suggested
is a reason for why the superconductivity only appears on the ferromagnetic side of these phase

transitions, as shown in the last chapter.

4.1 Induced interactions

To develop a theory that may explain why first order phase transitions occur in weak ferromag-
nets, we turn to work first carried out by Babu and Brown in the 1970’s [62]. They developed what
they called the ‘Induced Interaction Model,” which was a theory to handle a many-body system of
fermions, particularly used for the study@fe. This theory was later modified for more general
cases by Bedell and collaborators ([63, 64] and the references therein). This theory will be ex-
plained briefly in the context of standard Fermi liquid theory, and | refer the reader to the original
publications for full details.

The Landau Fermi liquid interactiofiis an interaction between two fermionic quasiparticles.
The induced interaction model makes the assumption that this can be split into a ‘direct’ term

plus an ‘induced’ term, i.e.f = fu, + fina- The induced interaction is the long range part of
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the quasiparticle interaction, where one quasiparticle interacts with another via the many-body
medium. Diagramatically, one way of looking at it is in Figure 4.1, where the induced interaction

is derived by functionally differentiating the self-energy at the broken lines.

k

R

Figure 4.1 The self-energy diagram for multiple scattering can be differentiated at the broken lines
to obtain thef;,; term.

The induced interaction is then defined as the interaction that is reducible by cutting a particle and
a hole line, and this corresponds to the exchange of one collective excitation. The direct interaction
is irreducible in any particle-hole channel and takes into account multi-exchange processes.

The ultimate goal of this procedure is to derive a properly antimsymmetrized scattering ampli-
tudea. The induced term of the decomposition is an exchange term, actually, the Pauli exchange
term of the particle-particle interaction [63], and if the scattering amplitude is to be antisymmetric,
the direct term must also be made to be antisymmetric. In Fermi liquid language, this implies
that >°,° (D; + D) = 0, where theD;* denotes the direct interaction and the superscripts are
the usual spin-symmetric and antisymmetric components. It is important to note that the direct

interaction is model-dependent, it gives information on the underlying Hamiltonian. To be more
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explicit, we will use a contact, Stoner-like or Hubbard-like repulsive interaction, which has zero
range. It will also be a spatially symmetric interaction since onlyl the) terms are kept.

The result of this construction is summarized nicely in Figure 4.2. The top diagram is the
decomposition off into the direct term and the induced term. The bottom diagram is the fully
antisymmetrized scattering amplitudeThe induced part of a) is the exchange of all topologically
equivalent diagrams of b). This implies that the induced interaction is a purely quantum effect
(exchange), arising from the exchange diagrams that are required to antisymmetrize the effective
two-body scattering amplitude. This is the source of the first order phase transition in the model.

The equations for the Fermi liquid parameters with which we are interested in working can
now be taken from the diagrams of Figure 4.2. Remembering that the interaction in a Fermi liquid

can be expressed as

oo’ s a = =
Fpp/ — Fpp/ + Fpp/O' -0 9 (4.1)

the final result, keeping just tile= 0 terms of the induced interactions are

Y

7
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P,

ol e

P P,

Figure 4.2 The schematic integral equations for the Fermi liquid pararfietad the scattering
amplitudes:. Thep's are the incoming and outgoing quasiparticle momenta. The directdésm
irreducible in the particle-hole channel while b) contains the fully reducible set of diagrai®s.
the momentum transfer= p; — p3, while ¢’ = p; — p4 is the exchange momentum transfer in the
induced interactions.
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As before, the Fermi liquid parameters are made dimensionless by multiplication by the density
of states, so that” = fN(0) where N(0) = m*pr/n%. The exchange particle-hole channel
momentum transfer ig, whereq” = |5 — 5|2 = k%(1 — cosf,,) and cosf,, = j - 7. The
momenta from Figure 4.2 have been redefined sojthatp; andp’ = py. The direct termsD

are defined in the next section where a specific microscopic model parameter is considered. The
other model-dependent quantity in (4.2, 4.3) is the susceptikility’), which is just the Lindhard

function given by

1 ¢ ke\. |ke—dq/2
-1 B BN el WA 4.4
Xold) =5 |1+ she ¢ ) ket q/2 (4.4)

The expressions above can be extended up to any order, but orly-thegarameters are needed.

Any higher order moment can be projected out of these expressions.

4.2 LFL and induced interactions

The induced interactions are a very general framework for calculating the Fermi liquid param-
eters. We are going to use them here in the context of the ferromagnetic local Fermi liquid (LFL)
that was studied in the previous chapter. The LFL itself cannot give information based on physical
input parameters because it is derived from phenomenological considerations and sum rules. It
also tells us nothing about phase transitions. That is where the induced interaction model comes in
because it has some microscopic foundation and model-dependence. It will be useful to remem-
ber the solutions in the LFL: for the ferromagnetic case (as written below (B;7)) —1* and

Fg — —17; for the paramagnef;§ — oo andF§ — —1/2.
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To describe a LFL using the induced interaction theory, we first suppress all Fermi liquid
parameters fof > 0.1, This simplifies the calculation but also gives non-trivial results. Then the
momentum transfer in the exchange particle-hole chaghés, set to zero, and (4.4) just becomes
Xo(¢" = 0) = 1. The direct interaction is defined as the Hubb&rdvhich is a postive, repulsive
contact interaction. The direct interaction is given formally as

N@©), U

Dy=-Dj=—-U=17,

which is antisymmetric; thu®]' = D + D¢ = 0. This definition of the direct interaction is

(4.5)

similar to that of the Stoner model, however, in that model there is no induced interaction terms
which deal with longer range interactions. Having adapted the induced interactions to the LFL, a

simple set of coupled equations from (4.2, 4.3) arise which can be written as

1 3
Fy = Di+gF3Ay+ SRS AG

1 1
F§ = Di+gFsAy— SFAG. (4.6)

From (3.2), the scattering amplitudes are definedipy = F;*/(1 + F;'*). These two equations

are just algebraic and thus very simple to solvefipandF{. For largel, the solutions are exactly

what was found in the LFL! The results are shown succinctly in Figure 4.3. What is happening
is that the effective field theory, which contains quantum exchange diagrams (and fluctuations),
reproduces exactly the results of the LFL [65].

There are three solutions to (4.6), shown graphically in Figure 4.3.

1. The paramagnetic solution where, for lafgef; = U andF¢ = —1/2. This is the only

real solution at/ = 0 (left panel).

2. The ferromagnetic solution, where, as seen befgjre —1* andF¢ = —1~ asU — oo.

This solution is imaginary a = 0 and remains so until abolt ~ 10 (middle panel).

Technically, this means 'projecting out’ the= 0 moments of (4.2, 4.3). This is done by multiplying both sides
by QZT“ f__ll P,(x) with [ = 0, whereP,;(x) are the Legendre polynomials and= cos 6,,,. Carrying out the simple
integration in this case givelg,"* on the left side of the equations.
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3. A 3" solution which corresponds t6; = —1/2 and F¢ ~ —U/3 for large U (right
panel). It is also imaginary for small, but then becomes real where the ferromagnetic
solution becomes real. This solution might correspond to a large moment ferromagnet, but

this hypothesis will be examined in a future publication and not in this thesis.

4.3 Phase transition in the induced interactions

To sketch the preliminary qualitative evidence of the phase transition, one can imagine the
system at some certain large valudofo be in a certain state, for example, the ferromagnetic state.
Since the system can be in any one of three states at/thitscan jump from the ferromagnetic
state to the paramagnetic state, for instance, for a small change ®his is an abrupt change
in the system, and it is in fact a first order phase transition. To study this in a quantitative way,
we must look at the energy of each phase to determine which one is lowest. In fact, it will be the

chemical potential that will be the important quantity, and where the chemical potentials of each
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Figure 4.3 The three solutions to (4.6). The x-axi§is- N (0)U for all three plots. In some plots
the y-axis is rescaled for clarity. In the two rightmost panels, the Fermi liquid parameters do not
have real values untll ~ 10. The dotted line in each panel, and the solid line ig.
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respective phase cross is where the first order phase transition occurs. It will also be shown that at
zero temperatures and small, finite temperatures, the magnetization shows a discontinuous jump.
The method used to carry out this analysis will employ aspects of spin-polarized Fermi liquid
theory [66, 67]. This theory examines the magnetization dependence of the Fermi liquid parame-
ters, which is important in the ferromagnetic phase, and can produce a number of useful relations

from the thermodynamic considerations of the system.

4.3.1 Chemical potential

So far all that has been done is a sketch of a method that calculates the Fermi liquid parameters
in the induced interactions as a functionaflt is important to connect the Fermi liquid parameters
to physical quantitites so that we can drive the quantities through a phase transition as described
above. In a spin-polarized Fermi liquid, the change in the chemical potential can be expressed,
using thermodynamic considerations [66Pas= (1/2)(C'T — C')dm, whereC® = 1/N°(0) +
feo. N°(0) = k%m?*/2n? is the density of the states at the Fermi surface of spiThe tilde
distinguishes that the Landau parameters are in the polarized state, and are given (to quadratic

order) by

feo = flT1 = boo A 4 b, A?)

fat = fit(1+aA?), (4.7)

whereA, the polarization, isn/n, and theb; andc; are coefficients that can be determined from
sum rules and physical considerations.

The chemical potential is now a function of the parameters of the theory, and a general Taylor
expansion can be done around the critical chemical potential the vicinity of a criticalU.. for

each phase where the phase transition takes place, as

pr(U) & U + (U U) By, 4.8)
wp(U) ~ (U + (U — U) 22 (4.9)
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Figure 4.4 The chemical potentials expanded about the criticalThe paramagnet, which is
favored energetically at smdll, gives way to the ferromagnet&t= U...

The chemical potential is differentiated in the ferromagnetic state implicitly through the magneti-
zation, which is defined for a weak ferromagnetas- |1 + F§(U)|*. The exponen& depends
on the order to which the Ginzburg-Landau expansion in the free energy is carried out. In this case
we stop atn* and still derive a first order transition, and therefare= 1/2 (for m%, o = 1/4,
etc.).

The one extreme, fay = 0, is known to be a paramagnet. In fact, in this model, the only real
solution of the induced interactions is the paramagnetic one. For veryllagg — —1 (Fig. 4.3),
so the magnetization goes to zero and the paramagnetic state is once again favored. The transitions
from one to the other in the vicinity of the critical point are shown in Figure 4.4 where the chemical
potentials are plotted. The plot is the results of the calculations in equation (4.9). The crossing of
the chemical potentials is a clear indication of a first order transition, and the ferromagnetic state
has the lower energy at the high€érvalues. At a much largdr the paramagnetic state is again

favored as the magnetization goes to zero.

4.3.2 Magnetization

There is a zero-temperature first order phase transition that must be driven by the quantum

fluctuations in the induced interactions. What happens at small but finite temperatures? To answer
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this, some basic Maxwell relations are used within the polarized Fermi liquid language. Much of
the details have been carried out in [66, 67].
The first step is to integrate the Maxwell relation (9s/0n)r., = (Op/0T),,., With respect
to temperature to get the finite-magnetization, finite-temperature chemical potential:
ON(0) 72

2 2
u(m, T) = plm, T = 0) = =5 =271 E1m2%T2 + E2m4%T2, (4.10)

where some of the coefficients are functions of the density of states and the parameters of (4.7). A
similar procedure is used to develop the finite-temperature free energy (up to fourth order in the

magnetization) which is given as

1 9 1 4 7T221 27T221 47T22

Mo

o.g

o8 |

Figure 4.5 The magnetization as a function of the effective interaéfien N (0)U for different

T. The temperatures in this model are scaled by the spin fluctuation temperature, which is about
1/100 of the Fermi temperature for these interaction strengths. The moment drops discontinuously
to zero for the top two curves, shown by the vertical line, indicating first order behavior. At a
critical temperaturd,. = 0.2, the magnetization goes continuously to zero. Above this temperature
all of the transitions are of second order. The magnetization for small valugssohot relevant

since the paramagnet is energetically favored there, and can be ignored.
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This expression can then be differentiated to find the magnetization as a function of temperature
in zero external field. The temperature-dependence of the magnetization is calculated to see what
becomes of the first order transition as the temperature is increased. Initially, at zero temperature,
the magnetization drops discontinuously to zero at séfe This is dictated by the chemical
potential. As the temperature is increased, one expects to eventually see the system slowly exhibit
a continuous transition as dictated by the free energy. Then the magnetization would be suppressed
to zero without a discontinuity. This is exactly what is seen in Figure 4.5.TThe 0 behavior

is shown by the top curve. It drops discontinuously to zero where the chemical potentials cross,
and the vertical line depicts this. At a small but finite temperature, the transition remains first
order. The temperature is then raised slightly more to a critical temperAture0.2 (the scaled
temperature is explained in the caption) where the transition is now a continuous second order one.

Any temperature greater than this critidathus gives a second order transition.

4.4 Phase diagram

Having studied the zero temperature and the small temperature behavior of the order parameter,
it is inmportant to look at the whole phase diagrani/in- P space. To do this, an expression
is needed for the pressure that connects with the physical parateising thermodynamical
relations as was done for the free energy and chemical potential. Biace-f + un + Hm, the

necessary tools are in place, and following [66], one finds

2 N 2
P(m,T) = P(0,0) + N(O)%T2 — na aéo) %TQ + Gim? + Gom?
7T2 71'2
+ G3mQET2 + G4m4€T2, (412)

the coefficients defined in the references. Using this result a phase diagram is mapped out and
presented in Figure 4.6. The region of interest is near what we call the quantum triple point

(QTP). The high temperature behavior is extrapolated from previous theories since this model is
not necessarily valid at such high temperatures. Also, the superconductivity shown in the figure is

not produced explicitly by this model, although the local Fermi liquid model, to which this theory
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Figure 4.6 T, vs P phase diagram generated in this model. The double line indicates the line of
first order transitions, which ends at a finifteas shown in the text and figure 4.5. The SC dome is
taken from [5, 7].

is related, does give superconductivity near the ferromagnetic-paramagnetic transition (Chapter 3,
[5]).

Notice the steep slope of the line of first order transitions which is due to the fact that the latent
heat of the transitions, which is zero’at= 0, is also zero or nearly zero at small temperatures.
This is because the entropy difference between the FM and PM states is proportional to the density
of states difference on each side, which to leading order is zero in this model, and to next order is
O(m?) with m small. Thus these transitions are weakly first order, as seen experimentally.

Comparing this td/ Ge, which has a strikingly similar phase diagram, we can study the energy
scales. The effective choséh = N(0)U, = 150 where the first order transitions occur. From a
calculation of the density of states Gf+¢e, [40] it is found that at the Fermi levéY (0) ~ 20/eV.

This gives a’ in the range ofi0eV/, a typical value for correlated electron systems. The (scaled)
critical temperature of . = 0.2 gives, when a typical Fermi temperaturelef” is used, a real
critical temperature of aboudtneV/, or aboutl0K. This is the same temperature at which the first

order transitions end and the second order ones bediidity.
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4.5 Conclusions

It has been shown that including the quantum fluctuations of the induced interactions drives
a first order phase transition in the itinerant weak ferromagnets. In fact, if the quantum induced
terms are turned off, a simple second order magnetic (Stoner) phase transition is recovered [65].
An interesting point can be made thermodynamically to explain why there is no phase observed on
the paramagnetic side even though much theoretical work has predicted a superconducting phase
there. The QTP has three phases ending at it at zero temperature (see Figure 4.6). According
to the Gibbs phase rule [68], a single component system, which we have here in zero external
field, can only accomodate a maximum of three phases coexisting at a point. This restriction
explains why there is only superconductivity on one side of the QPT. In fact, it is becoming clearer
that the transitions into the superconducting state may also be of first order, and although this
point is still not completely verified [69], it is consistent with the theory in this chapter since the
diverging length scales are suppressed by the magnetic first order transitions. Therefore, possibly
all divergences in the system are suppressed and the superconductivity is discontinuous as well.

There have been other attempts at examining theoretically first order phase transitions in itin-
erant ferromagnets [70, 71, 47], but the theory presented in this chapter is the only one in which
the transitions are driven solely by quantum fluctuations, and the results of this calculation are in

general agreement with other field-theoretical treatments.
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Chapter 5

Spin-density wave transition in weak ferromagnetic metals

As noted in section 2.1.3/Ge, has a curious anomaly in the phase diagram where the resistiv-
ity changes from having Fermi liquid exponents to non-Fermi liquid exponents as the temperature
is increased in most of the pressure range. Even though it has been thought for some time that this
was a signature of a possible weak spin-density wave crossover, ordering at a finite wavevector was
never observed in neutron experiments. This artifact has remained a mystery up until very recently,
but new experiments have shown evidence for a real spin-density/charge-density wave transition
in the specific heat at ambient pressur&/ifie, [8].

In this short, penultimate chapter, | simply demonstrate how a spin-density wave (SDW) or
charge-density wave (CDW) phase transition can occur in general in a weak ferromagnet, and
| particularly focus on the (SDW) transition, noting that the same arguments below apply to a
(CDW) as well. In fact, these two transitions occur at the same wavevector, so for simplicity, |
only mention the SDW. The main results of the calculation will be summarized, and the reader is

referred to an upcoming publication for the full treatment [44].

5.1 Accidental discovery

The original motivation for this work stems from a calculation attempted several years ago.
The problem at the outset was to study the pairing amplitudes in a ferromagnet in the local limit,
but with finite scattering. Whereas it was known that the singlet channel was attractive and the

triplet amplitude was strictly zero fay = 0 (Chapter 3), it was hypothesized that the inclusion
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of these corrections would lead to an attractive triplet state, which would eventually even be more
favorable than the singlet as more phase space was allowed for the scattering.
When calculating the finitg-contributions to the local Fermi liquid, integrals for the Fermi

liquid parameters take a schematic form given as

2kp d
Fo ~ / — 1 (5.1)
g=0 1+ Fixo(q)

In the ferromagnetic statd,! < —1, and the Lindhard functior,(q) varies between— 1/2 <
Xo(q) < 1 asgq is integrated over the limits shown above. Therefore, for sgnas long as the
system is in the weak ferromagnetic limit there is a divergence and the integral is indeterminate.
This frustrating result was the conclusion of that endeavor.

Two years later, an experiment of the specific heal/ (e, gave strong evidence of a true
spin-density wave transition at low pressures d@hek 22K (the original SDW ‘crossover’ was
thought to be ai” ~ 30K; see Figure 2.2). This had never been observed before because no one

had done the slow-cooling technique that was used in the measurement of Figure 5.1. It was then

© UGe, slow cool B=0 +
500 e UGe, fast cool B=0 N
o0 UGe, slow cool 1T °©
"+ o-U slow cool B=0 m@‘?’f #
5 400 - o E@&%& .
= 0o®
o - UGe, J
\¢ O@égo@); 2
2 300 F .
E 5
t | -
© @ﬁ@ cAETperr P
200 o gﬂg a-U ]
i e 1
oo® °
na]
100 1 m] | I 1 | 1 1 | 1
15 18 21 24 27
T (K)

Figure 5.1 Specific heat at ambient pressure from [8]. &h&J measurement is shown for
comparison, since that material is known to have an SDW transition. Only the slow-cool method
yields a phase transition signature.
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realized that the divergence that occurs in the integrals of the Fermi liquid parameters also occurs
in the scattering amplitudes, and could very well be a signature of a phase transition—the very phase

transition we had almost discovered two years earlier.

5.2 Derivation of SDW temperature and wavevector

It can be shown without much difficulty that thedependent scattering amplitudes in the local

Fermi liquid theory are given as

sin I (q)
Ala) = 1+ Fg(q)xo(q) (5:2)

F(q)
14 F5(q)xo(q)

According to this set of equations, the SDW and CDW transitions occur at the gsaRog sim-

As(q) (5.3)

plicity, the ¢-dependence of is ignored and the focus will be on the spin-antisymmetric term,
Ai(q). Another valid approximation is to expand the Lindhard function to quadratic ordeauriad

T, which can be carried out to give [72]

2 2

q 1 T

TY~l1-(L1) | = -
xo(q, T) (kF) [124‘% (TF>

whereTF is the Fermi temperature; = 72/96, andy, = 72 /24. The first thing that can be calcu-

T\ 2
-2 (T_F) ) (5.4)

lated is the Curie temperaturg at which the ferromagnetism develops, by setting the denominator

in (5.3) to zero, i.e.,

1+ Fyvolg = 0,7 = T,) =0, (5.5)

since the ferromagnetic transition occurs ot 0. Solving for the Curie temperature gives

(5.6)
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Note that ad'y — —1, 7. — 0 as expected. Now one can find the SDW transition temperdture

at some critical wavevectat. by setting the denominator to zero accordingly as

1+ Fyxol¢g=1¢q., T =T,)=0. (5.7)
Solving forT, gives
T2 — 2472
T? = B B (5.8)
L+ 435%

The very important result of (5.8) is that the SDW transition temperafuis less than the Curie
temperature as seen experimentally. Naturally, the ferromagnetic state is required to produce the

SDW in this theory.

5.3 Comments

This chapter presents a short and sweet derivation of a SDW transition in a local ferromagnetic
Fermi liquid in a general way. In fact, one conclusion that can be drawn is that a transition should
not be observed in a somewhat strong ferromagnet since in thati¢asall be more negative,
and the divergence criterion of the scattering amplitudes might not be satisfied. Of course, for large
moment systems, the theory might not be valid and would have to be re-derived and re-examined
for these instabilities.

Equation (5.8) can be used to map out th€p) line at finite pressures by including the
pressure-dependence of the Curie temperature, and using the pressure-depengdesce fitting
parameter in the theory [44]. The fact that such a simple derivation can produce such non-trivial
results, close to those measured, leads one to believé&/that can be described quite well by a
local Fermi liquid.

As mentioned in the introduction to this chapter and elsewhere, a true SDW/CDW phase tran-
sition had not been verified until recentlyifize,. Ironically, a ‘slow’ specific heat measurement
has given the verification, not a neutron scattering experiment. The theory above can give a good

reason as to why this is the case: the neutrons were looking in the wrong place. Equation (5.8)
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can be inverted to get the critical wavevector at ambient pressure. Plugging in the experimental
values forU Ge, gives aq. that is about an order of magnitude less thangthéhat have been used
in experiments [42, 73]. Thus, this is a very long wavelength §5.4) phenomenon, apparently

much longer than predicted.
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Chapter 6

Atomic Fermi gases

In this final chapter | look at the recently discovered dilute Fermi gases that exhibit two inter-
esting and exculsive phenomena: Bose-Einstein condensation (BEC) and BCS superconductivity.
The crossover from one of these states to the other is obtained simply by changing the magnetic
field. The physics is studied by assuming a Fermi liquid, and then applying the induced interaction
framework developed in the previous chapter. In the region where the crossover occurs, the many
body effects are very important and cannot be ignored as is sometimes done in the literature. We
show that by taking into consideration the strong fluctuations built into the theory one can explain
many experimental results that have until recently seemed somewhat anomalous.

The chapter begins with a short introduction to the experimental properties of the gases, fol-
lowed by an explanation of the induced interactions as applied to them. | show why some other
theories fail to give good results in this fermionic system, and prove a useful theorem along the way
(Levinson). The calculations are then explained and compared to the experimental observations.

The chapter is concluded with a synopsis of some ongoing and future directions of this research.

'Much of this analysis will subsequently appear in the thesis of Sergio Gaudio with whom | have collaborated on
this topic [74].
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Figure 6.1 Observation of BEC ifiLi from W. Ketterle's website. Each panel is a time of
flight measurement, and what is shown is that well below the critical temperature, there are many
molecules at the same point in space.

6.1 Introduction

Laser cooling advances have revolutionized research on ultracold atomic systems in recent
years. Since most of the fundamental quantum physical properties of atomic gases require ex-
tremely low temperatures, a wealth of never before observed phenomena have lately been con-
firmed. With the help of laser cooling, Bose-Einstein condensation of bosonic atoms was observed
about 10 years ago (for a nice review, see [75]).

It has been demonstrated thmtsonsmay bosecondense, but the cooling of fermions to very
low temperatures poses a problem. The only way to cool is through collisions, and identical
fermions are not allowed to collide because of Pauli. Furthermore, we are taught that identical
fermions cannot be in the same quantum state, a necessary condition for condensation.

This problem is circumvented in several ways. One way is to not ldamical fermions at
all, but rather fermions in two different hyperfine states. Then they can collide and lower the
temperature effectively, and even form bound molecules. Another way is to consider the BCS
theory of superconductivity. Imagine two fermions pairing in a Cooper pair, forming a composite

boson and then all of the composite bosons condensing into a common state.
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In fact, this is exactly what is being discovered [76] now in certain dilute atomic Fermi gases,
particularly in*’ K and®Li, both atomic fermions (e.g!Y K has 19 protons, 19 electrons, and 21
neutrons, or 59 fermions, an odd number). These Fermi systems, at very low temperatures, display
on one side of a crossover a condensed molecular bound state, and on the other side, signatures of

BCS superfluidity. An example of each is shown in Figures 6.1 and 6.2.

Magnetic field (G)
7l92 8.33 8?2

0.7 0 =0.25
<+— BEC Interaction parameter, 1/k-a BCS —»

Figure 6.2 Observation of superfluidity $i: on the BEC and BCS side [9]. What is shown is a
vortex lattice, an unambiguous signature of superfluidity.

One of the basic underlying properties of these systems, one in which is of great practical
interest, is the s-wave scattering length. A schematic of the scattering length in these systems
is given in Figure 6.3. The crossover mentioned above is really the change in the sign of the
interactions between the particles as the magnetic field sweeps through a Feshbach resonance.
A a

S
BEC

side

/v attractive

"B-B,
repulsive
BCs

Feshbach resonance side

Figure 6.3 The s-wave scattering length on either side of a Feshabach resonance which is driven
by an external magnetic field.
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On one side (BEC), the s-wave scattering lengtls positive, and on the other side (BCS), it is
negative. Thus the interactions are repulsive and attractive respectively. The Feshbach resonance
can be thought of as the situation when two colliding particles have the same energy as that of a
virtual bound state. In a mean field view, near the resonance on both sides, the two-body scattering

length is seen to diverge, as depicted in Figure 6.3. It diverges according to the mean field equation

AB
as = Qg <1 — 5= Bo) , (6.1)

where B, is the value of the magnetic field at resonanté; is the width of the resonance, and

apy IS @ background scattering length givergs= 174apop, .

A typical experimental plot of, is shown in Figure 6.4. A mean field line is shown in the data
which characterizes a diverging scattering length. Notice that the data points do not diverge near
the resonance, but seem to level off somewhat. This chapter shows that the effect of many-body
exchange fluctuations, near the Feshbach resonance, suppress this mean field divergence. Away
from the resonance, the system is quite dilute, and only two-body interactions are important. As
one approaches the resonance however, the density increases, and many-body effects modify the
interactions substantially, not allowing a divergence in the system. To show this below the induced
interaction framework of Chapter 4 will be utilized.

m T T T 7
|

L
u

1 1 ) || 1
215 220 225 230
B (gauss)

8.8

L3
_—_;f ‘_" -ir-é“

:

scattering length (a,)
g8,

:

Figure 6.4 Data from a measurement of the scattering lengthfir{10].
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An important consequence of a finite scattering length is that the binding energy of the molecules
on the BEC (repulsive) side also remains finite, which can be seen from the simple formula relating
the two: £, = —h?/ma?. Finite binding energies are seen at the resonance, and molecules have
been observed recently extending even on the attractive side [12]. The binding energies we can
calculate are not only finite at resonance, but also fit nicely the magnitude of the data.

Another interesting aspect of these Fermi gases theoretically is the existence of superfluidity,
and the BCS side will be examined in this chapter. It has been confirmed that the temperatures
now available to experimentalists are below a critical temperature for the onset of superfluidity
as evidenced by the vortex lattice and other signatures. Since we are considering the non s-wave
effects in the scattering processes involved, the possibility of non s-wave pairing is very relevant
to this discussion. It can be shown by including exchange effects, that a triplet superfluid is quite

possible.

6.2 Induced interactions for the ultracold Fermi gases

The basic ideas of the induced interactions are explained in Chapter 4. However, as a reminder
for this section | will reproduce equations (4.2, 4.3) here:
1 Foxo(d)Fs | 3 Fgxo(d)Fy

FS/ - DS / + -
pp PP 214+ Fexo(d) 21+ FSxo(q)

(6.2)

po _po s LEX0@E 1 Fix(d)F
pp PP 21+ Foxo(q) 21+ Foxo(q)
These equations are solved self-consistently fo¥ tae) Fermi liquid parameters. Contrary to the

(6.3)

case in the last chapter f6iGe,, we want to use a finitg’ to allow for exchange momentum, so
that the Lindhard function (4.4),(¢’) is not simply equal to one. Also, thg™* will be projected

out of the equations above. Remember gfat= £7(1 — cosb,,/ ), and is the momentum transfer

in the exchange particle-hole channel. This is a crucial point because it is by the inclusion of the

fluctuations in this channel that the suppression of the divergence near resonance is achieved.
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The direct term will be defined as before, namBly= —D§ = N(0)U/2. Higher momentum
channel terms are zero, and again, the direct term is antisymmetric because it satisfies the Pauli
principle D} = D + Dg = 0.

The direct term plays an especially important role in the modeling here, because it is directly
related to the s-wave scattering lengthntroduced earlier. Sincg, changes sign at the resonance,
so will U: the sign denoting the attractively interacting regime or the negative one. The exact
relation between these two quantities is simply

8mh?

U= as. (6.4)
m

A distinction can be made between what is called the 'bare’ scattering lengthequation (6.4),
and the ’effective’ scattering length, which can be calculated through the whole machinery of the
induced interactions. It is effective because it takes into account the whole many-body system on
the two-particle scattering processes.

The effective s-wave scattering length, denoted'5 is 'extracted’ from the singlet scattering
amplitudeA¢//. This amplitude is defined in terms of the Fermi liquid parameters through use of
the so called s-p approximation (for a discussion of this see [51]). The singlet scattering amplitude

in this approximation is

AT = Af — 345 — (A7 - 341), (6.5)
where
Fs,a

Ayt = £ . 6.6
COI+EY 20+ 1) (6.:6)

Of course, A%/ is a unitless number. To extract a length fromuft,/, it is written as

*kp  8mh? 8 m*

AT = N(OYaef = 08 2T gerf = 2T g et 6.7)

m2h?  m* 8 ™ m

20ne generally sees this written with a 4 in the numerator, not an 8 (see [77], page 37). This comes about here
because of the definition of the direct term.is literally the s-wave (singlet) scattering length, and the left hand side
has to reflect that. In our language, the LHS is defined*8¥'e* = dj — 3d2 = 2U. Therefore, we pick up a factor
of 2.
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so that solving for the®// we get the required unit of length:

eff _ T M L jeps 6.8
CLS 8m*l€F S * (')

The procedure for the calculation should be clear. First, equations (6.2, 6.3) are solved self-

consistently forF;* at a certain value of/. Then calculate?;"* by projecting them out of these
equations. The bare scattering length, equation (6.4), is immediately found and then the effective
scattering amplitudes are computed using (6.5, 6.6, 6.8) to give the many-body #g<ultfi-

nally, since the point is to look at the magnetic field dependence of the scattering lengths, (6.1) is
used to go back and forth betwe&nand B by plugginga, from (6.4) into the LHS of (6.1) and

solving for B as a function ot/. Then one can compate(B) anda®// (B).

There are some important points to make about the algorithm described above. The first thing
to note is the presence of the effective massn the effective terms. It does not appear in the bare
terms, and in a many-body treatment of the interactions it should be somewhat important in the
strongly interacting regime. We assume for its form the Fermi liquid relationm = 1 + F} /3.

Another point is the appearance of the Fermi momemymSince the systems being studied
are quite dilute, away from the resonance this quantity plays a role. Fortunately, the experimental
values for it are easily added into the calculation.

Finally, | note that both positive and negative valueé¢/afieed to be considered when solving
the induced interaction equations. In the prior chapter we were only interested in repulsive inter-
actions. What is done here for attracti/eis to follow the paramagnetic solution for positite
(see Figure 4.3) into the negative side and use those solutions. So, whereas on the positive side
F; ~ UandF§ ~ —1/2 for largeU, the opposite occurs on the negative side Bpd- —1/2 and
F¢ ~ U/3. (The values actually deviate slightly from these since we are not strictly in the local

limit in this case.)
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6.3 RPA and scattering lengths

Another many-body approach that has proved worthy in many instances is the random phase
approximation (RPA). The RPA takes into account particle-hole scattering bubbles, consistent with
the direct term of the induced interaction model, and represented diagrammatically as in Figure
6.5. However, it is well known that the scattering amplitudes in the RPA are not properly antisym-

metrized, and thus leave out the crucial exchange fluctuations that dominate near the resonance.

amea = L+ O + OO +-

Figure 6.5 RPA scattering amplitude. The wiggly line is the bare scattering leffgthand the
bubbles are the particle-hole propagategs§;).

Consequently, the RPA predicts ground states that are spurious even before the Feshbach res-
onance is reached, on both sides. On the BEC side, RPA gives a ferromagnetic instability of the
Stoner type in a metal, and the scattering amplitude diverges well before reaching the resonance,
as will be seen below. On the BCS side, the result of RPA is phase separation of the particles and
there will therefore be no superfluid pairing at all.

First | examine how RPA compares with the mean-field bare result (@1).is antisymmetric
because it is just the solution to the two-body scattering problem: but we stress that it does not take
any quantum fluctuations into account. Figure 6.6 shows the typical behavior of these two quanti-
ties. For the purposes of this paper | only consider the BEC side, since it conveys all of the ideas
mentioned above. | will go over this first plot in detail. The scattering length is measured in Bohr
radii which is common in the literature, and the x-axis is presented as the distance from the Fes-
hbach resonancB,. Far away from the resonance (small&; the molecular bound state is very
strong, and two-body processes are the dominant scattering mechanisms in the system. Agreement
between the curves is both expected and observed, however, as the resonance is approached, the
RPA scattering length diverges well befarg™ does. Therefore, we conclude that the RPA is

insufficient in the vicinity of the resonance. In fact, a simple RPA approach to the study of the
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Figure 6.6 The RPA (dotted) and bare (dashed) scattering lengths as a function of magnetic field
on the BEC side. The Feshbach resonance is at B, = 0. The driving termU is labeled just to
point out that larger and larger values are needed to get nearer to the resonance.

collective modes in the system seems to come to the same conclusion in the strongly interacting
regime [78].

All three scattering lengths on the BEC side are shown in Figure 6.7. The effective one (solid
line), calculated with all of the tools of the induced interactions, and a charactésistitoes not
diverge at the resonance. It approaches a constant value as seen, and differs greatly from
Back away from resonance, the RPA and effective lengths converge as they should, again because
the fluctuations that the induced interactions calculate are greatly reduced in the dilute limit. The
divergence is thus suppressed, in a somewhat similar fashion to what happened in the last chapter,
i.e., when the induced term is turned off, a divergence appears. Turning off the induced term here
would give back the RPA result, ‘recovering’ the divergence.

The data of a typical scattering length experiment is plotted in Figure 6.8, along with the

theoretical bare and effective scattering lengths. Notice that both the BEC and the BCS sides are

explored, so that the negativésolutions of the induced interactions are used.
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Figure 6.9 Plot taken from [12] that demonstrates the finite density of molecules through a broad
Feshbach resonance‘ihi. The lines are described in the text.

It is clear that the experimental data as«fd’ do not diverge and agree quite well near reso-
nance, which is where this theory is most relevant. The magnitudes are similar, and the discrepancy
between them might be explained by other many-body effects that we are not able to calculate at

present. In fact, the experimental points have about 50% error bars [11].

6.4 Binding energy

In the last section it was shown that the effective and experimental scattering lengths remain
finite at resonance, whereas the bare scattering length diverges. This has important consequences
for the binding energy, of the singlet molecular bound state on the BEC side because they are
related, as mentioned before, By = —h?/ma?. Therefore, a non-divergent scattering length
implies a finite binding energy, which is relevant because recently it has been observed that there
are a finite number of molecules that persist throughout a broad Feshabach resonance, and even
survive shortly into the BCS side before exponentially disassociating [12].

To get a clear picture of this, the data is reproduced in Figure 6.9. The y-axis can be regarded as
the fraction or density of bound molecules in the system as a functighfafld. The resonance is

predicted to be aB ~ 850(G), and the vertical dashed lines mark the strongly interacting regime
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Figure 6.10 Binding energies in units shown. The experimental ones are calculated using the data
for the scattering length [11] and then plugged into the bare binding energy formula given in the
text.

(wherekg|a| > 1). A portion of the BCS side is shown, and one sees that the molecules do not
completely disappear right before the resonance on the BEC side. The dotted line is a theoretical
curve of an exact two-body calculation in a coupled channels model. It works well in the weak
regime, but predict®o molecules at resonance. The molecules ‘live’ right up to the resonance,
through it, and into the attractive side briefly.

Our theory predicts weakly bound molecules at the resonance since the scattering amplitude is
finite. Since there are molecules in the vicinity, we argue that they do not play an important role
in the physics. First of all, even though there is a finite density of molecules at resonance, it is a
very small number~ 10~° that is insufficient to alter the calculations appreciably. Therefore, the
dominant contributions in the scattering near the resonance are the fluctuations and exchange of
the fermions, which is all that is required to suppress the divergence. In the language of the atomic
physicists, the open channel dominates over the closed channel, and therefore a single channel

model is quite appropriate for the properties we are interested in.
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Finally, the effective binding energy from the theory is compared with the experimental data.
The effective binding energy equation is somewhat modified from the bare case to take into ac-
count the effective mass, i.e5// = —h2/m*a/7”. The results are shown in Figure 6.10. Near
resonance there is good agreement between the effective and experimental values since they are

both finite. Even away from resonance the slopes are very similar in magnitude.

6.5 Pairing and superfluidity on the BCS side

Recently, the apparent verification of superfluidity in the alkali atom gasdsi §79, 80, 81, 9]
and*’ K [82] has been achieved. Itis generally believed that a superfluid occuring on the BCS side
will pair in the s-wave singlet channel because of the diluteness of the systems. However, by the
same arguments used throughout this chapter, namely that the inclusion of many-body effects gives
more angular momentum channels for the fermions to sample, it follows that it is quite possible
that a p-wave triplet could be formed at some low temperature because of the fluctuation effects.

This possibility can be quantitatively studied in the framework derived for the induced interac-
tions, and in a way we already have looked at the singlet pairing on the BCS side. We calculate
scattering amplitudes and subsequently pairing amplitudes and can also look at different channels
in the s-p approximation. The singlet scattering amplitude is given by (6.5), and the triplet one

similarly can be shown to be

AT = A5+ A2 — A3 — A% (6.9)

The solutions on the BCS side can again be generated to study the pairing amplitudes as a function
of the magnetic field, as in Figure 6.11. The plot shows the BCS side, where the y-axis is the Fermi
momentum times the appropriate scattering length, given in the legend. The triplet amplitude
(dotted line) is of course negative, attractive, and of the same order of magnitude as the singlet
amplitude. Therefore, at low enough temperature, a triplet superfluid and a singlet superfluid are
expected to compete. The critical temperature at which one might expect a superfluid transition in

the /! momentum channdl’ is given by the relation
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Figure 6.11 Scattering amplitudes in the singlet and triplet channels, and also the bare s-wave
scattering length for comparison.

4(20+1)

T x Tpe » | (6.10)

where)\, is the the pairing strength (scattering amplitude) ind¥iechannel. We find by carrying

out this quick calculation thak? ~ 0.77Tr andT! ~ 0.27 for the singlet and triplet respectively.

A recent experiment that studies radial breathing modes finds that there are two discontinuities
at two separate temperatures in the damping rates of the frequencies of these modes [80], which
the authors claim are transitions into the superfluid. The temperatures they measiire =re

0.8Tr andT,., ~ 0.3TF. It will take further experimental investigation to determine if these two
temperatures are in fact two separate superfluid transitions, and we are not claiming that this is the
case. Our prediction is that the p-wave could occur at an experimentally accessible temperature,

and should compete with the singlet superfluid.

6.6 A Levinson theorem

One final amusing result accidentally came out of the study of these systems in the induced

interaction model. It turns out that in the local limit 0 Fermi liquid parameters), one recovers
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Levinson’'s theorem. Levinson’s theorem connects the phase shift of the scattering event to the
number of bound states expectedKat 0) resulting from the scattering. It can be written for the

¢t" channel as

§'(k = 0) = mny, (6.11)

so thatn,, the number of bound states in tHé channel, can be determined from the calculation of
the phase shift. The phase shift in our case is wriitéh = (kra; — kra7), where thet denotes
immediately above or below the resonance (threshold) respectively (unitary limit).

In the local limit, this calculation can be done analytically. Starting from equation (6.8), one

can write

kpat!! = gAiff : (6.12)

since the effective mass is the same as the mass. In the local limit, the scattering amplitudes are
related trivially to the Fermi liquid parameters d§“ = F;*/(1 + Fy*) and from Pauli it is
true thatAy = —Ag. Therefore, A%/ = A5 — 343 = —4Ag. On the BEC side for infinité/,
F¢ — —1/2 and soA? — —1. Thus,A%/ = 4, and from (6.12), the 'phase’ on the BEC side is
/2.

On the BCS side, whed is infinite, F¢ — oo, A3 — 1, and thenA®// = —4. The phase on
this side is thus— 7/2. The phase shift is the difference of thesespso Levinson (6.11) says
there must be one bound state, which in fact there is on the BEC side. Some discussion of the

many-body implications of Levinson’s theorem are given in [83], and the results found above are

shown in Figure 6.12 upon approaching the resonance, from the numerical calculation.

6.7 Conclusions

In this chapter | presented a method in the induced interaction language for calculating the
scattering length and pairing amplitudes in atomic Fermi systems. It was found that the non-

divergence of the experimental scattering length is handled by the theory quite well. The theory
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also predicts a strong possibility of the existence of p-wave triplet superfluidity on the attractive
side of the resonance. These results are due to the inclusion of strong exchange fluctuation effects.
Future work includes a study of the collective modes (sound) of the systems using the same
general framework. The collective modes are important because they indicate phase transitions
and are currently under intense experimental investigation. Another calculation will be carried out
to determine the behavior of the specific heat across the resonance which is also being investigated

[81]. Many new predictions are expected to come from this theoretical approach.

k2, oL

Figure 6.12 The phase shift in the local limit of the induced interactions at the Feshbach resonance,
defined asra,.
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Appendix A: Newton-Rhapson method for solving multidimen-
sional nonlinear equations

| would like to give a brief synopsis of the method used to solve the coupled equations of the
mean field model from Chapter 3. The equations to be solved at finite temperature are (3.19) and
(3.20), and the zero temperature equations are (3.23) and (3.25). A formal account of this method is
given in section 9.6 of Prest al. [84], and the code used for this calculation is given in Appendix
B.

The basic problem is to find the zeroes of 2 nonlinear functions and two variables:

Fl(Mo,Ao) = 0
Fy (Mo, Ag) = 0, (A1)

where F; and F, are the two mean field equations, and the subscripts on the order parameters
denote the values which give the zeroes of the two functions. In general, this may not be a very
complex problem, but in our case there are 2 difficulties. One is that the same variables occur in
both equations, and thus need to be solved self-consistently. The other is that both of the equations
are integral equations (actually, in the zero temperature solution, there is another difficulty which
will be mentioned below).

Let the entire set of solutions be given by a vectowhich of course is not known initially.
Denoting also the functions; and F, by a vectorF, a Taylor expansion is computed about an

initial guessx, and one may write

F(x + 0x) = F(x) + J - 0x, (A.2)

where the quadratic corrections are ignored, &nglthe Jacobian given by

OF;
055]' '
So, for exampleJy; = 0F,/0OM, Ji» = OF,/OA, etc. To approach closer to the zeroes of the

Jij = (A.3)

functions, one setB(x + dx) = 0 and what remains is the matrix equatidnox = —F, which
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| solve by a simple matrix inversion to find th&. This solution is then added to the initial guess
Xnew = Xinitial + 0%, 10 find a value which is closer to the correct answer, and the process is
repeated withx,,.,, until convergence. The code given in the appendix follows this procedure.

| mentioned above that in the zero temperature case there is a small complexity that had to be
considered. It comes from the fact that in equation (3.25), the order parameters are not only in
the integrand, but also in the limits of integration (see also (3.22)). Thus, when calculating the
Jacobian partial derivatives, the limits come into play.

| owe the solution of this problem to Professor Andrzej Herczynski, who thankfully some-
where, in one of his old books, found an identity that | could use. The problem for this specific

caseis

Ph(M,A) \
F- / F(p, A)dPp, (A.3)
pp(M,A)

and we want to find the partial derivative, s&@y,/0A. The answer can be written as

OF . L Opf . ["FOf NP
an =~ TWR g T | gxdr = FR) g5 (A.5)

Pp

Thanks Andrzej.
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Appendix B: Code for solutions of M and A at finite tempera-
tures

The code that | have written and reproduced below gives solutions for the magnetization and
superconducting order parameters from reference [37], equations (6) and (7), given in this thesis
as (3.19) and (3.20). These are two coupled, nonlinear, integral equations that had to be solved
self-consistently at finite temperatures, with variations in the coupling consfaatel g. The
method used to do this is a variant of the Newton-Rhapson method which can be found in refer-
ence [84], and a short description is above in Appendix A. At very low temperatures, this code
encounters a divergence because of the Fermi functions, and there | use a zero temperature code.

The intermediate temperatures not handled by either code are found by extrapolation.
#include <iostream.h>

#include <iomanip.h>

#include <math.h>

#include <fstream.h>

ofstream outfleet ("piece-coex2.dat");

double const PI = acos(-1.0);

double const a = pow(10,-4);
double const b = pow(10,-2);
double const ¢ = pow(10,-2);

double delta; double m;
double J; double g;
double cutoff;

double T;

double sech(double y)
{
return 1.0/cosh(y);

}

double Ealpha(double p) //this is beta Ealpha / 2
{

return (4.0%PI*PIxaxJ*m + sqrt((p*p-1.0)*(p*p-1.0)+bxb*delta*delta))*0.5/c/T;
}
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double Ebeta(double p) //this is beta Ebeta / 2
{

return (4.0*PIxPIxa*xJ*m - sqrt((p*p-1.0)*(p*p-1.0)+b*b*deltaxdelta))*0.5/c/T;
}

double com(double p) //this is what appears inside the root

{
double x = (p*p-1.0)*(p*p-1.0) + bxbxdelta*delta;
return pow(x, -0.5);

}

[ /3o sk ok kok ok sk sk sk sk sk sk ok sk sk okokok ok sk sk sk sk sk ok ok sk ok
//these are the functions that occur from the various terms in the jacobian
//the partial derivatives of the 2 F’s with respect to M and DELTA skksxkkskskkskskokkskokkkokkkk

double f1(double p)
{

return p*p*(sech(Ealpha(p))*sech(Ealpha(p)) + sech(Ebeta(p))*sech(Ebeta(p)));
}

double f2(double p)
{

return p*xp*(sech(Ebeta(p))*sech(Ebeta(p)) - sech(Ealpha(p))*sech(Ealpha(p)))*com(p);
}

double f3(double p)
{

return p*p*(tanh(Ealpha(p)) - tanh(Ebeta(p)))*com(p);
}

double f4(double p)
{

return pxp*(sech(Ealpha(p))*sech(Ealpha(p)) + sech(Ebeta(p))*sech(Ebeta(p)))*com(p)*cc
}

double f5(double p)
{

return pxp*(tanh(Ealpha(p)) - tanh(Ebeta(p)))*com(p)*com(p)*com(p);
}

double f6(double p)
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{
return p*p*(tanh(Ealpha(p)) + tanh(Ebeta(p)));
}

//x*kkxxkkxkx  END of the 6 >Tunctions’ sskskskskskokskskskokskskokskskkoksk ok ok k% ok ok sk ok k% ok ok

// Jacobian elements ##t##H#H####HHH#H#HHHHHHHAHHHHFHHHHBEHHEEEHHEHEEHEEEHEEE R

double dF1_dm(double valuel)

{
return 1.0 - J*x0.25/c/T*valuel;

3

double dF1_ddelta(double value2)
{

return b*xbxdelta/16.0/PI/PI/a/c/T*xvalue?2;
}

double dF2_dm(double value2)
{

return 5.0*g*xdeltaxa*xJ/c/T*value2;
}

double dF2_ddelta(double value3, double valued4, double valueb)
{
return 1.0 - 2.5%g/PI/PIxvalue3 - 1.25%gxb*bxdeltaxdelta/pow(PI,2)/c/T*valued
+ 2.5*xgxb*bxdeltaxdelta/pow(PI,2)*valueb;

// End Jacobian elements######Ht##H - HH#HHHHHHHHEHHEHHEHHHEHHEHEEHHEEHHE AR

// Integration VOoids kkskkskkskkkkokkokkokkokkokkokkokkokkokkokkokkokdokkokkok ok kokkok ok kok ok ok ko ko ko ok ook ok ok

void integrall(double *valuel)
{
100000;

const int n
= O+cutoff - (1.0-cutoff))/(n+1.0);

double dp = (
double z = 0.
0.

1.
0;
double p = 0;

1.0 - cutoff;
1/3%£1(p) + 4/3*f1(p+dp) + 1/3*f1(p+2*dp);

%
z



102

for (int k=1; k<=n; k++)

{
P=Pp+dp;
z =z + 1/3xf1(p) + 4/3*f1(p+tdp) + 1/3*f1(p+2*dp);
z = z*dp;

*valuel = z;
// cout<<z<<endl;

void integral2(double *value2)
{
const int n
double dp =
double z =
double p

100000;

(1.0+cutoff - (1.0-cutoff))/(n+1.0);

1.
0.0;
0.0;

P 1.0 - cutoff;
z = 1/3%£2(p) + 4/3xf2(p+dp) + 1/3%f2(p+2*dp);
for (int k=1; k<=n; k++)

p + dp;
z + 1/3%f2(p) + 4/3*%f2(p+dp) + 1/3*£2(p+2*dp);

P

z

z = zx*dp;

*value2 = z;
// cout<<z<<endl;

void integral3(double *value3)

{

100000;

.O+cutoff - (1.0-cutoff))/(n+1.0);

const int n

= (1
0;
0

double dp
double z =
double p

(
0.
0.0;

b

P 1.0 - cutoff;
z 1/3x£3(p) + 4/3*£3(p+dp) + 1/3*£3(p+2xdp);
for (int k=1; k<=n; k++)



}

p =p + dp;
z =z + 1/3%£3(p) + 4/3*x£3(p+dp) + 1/3*x£3(p+2*dp);
z = zx*dp;

*valued = z;
// cout<<z<<endl;

void integral4(double *value4)

{

const int n = 100000;
double dp = (1.0+cutoff - (1.0-cutoff))/(n+1.0);
double z = 0.0;

0.0;

double p =
p = 1.0 - cutoff;
z = 1/3%f4(p) + 4/3*%f4(p+dp) + 1/3*f4(p+2x*dp);
for (int k=1; k<=n; k++)
{

p=p* dp;

z =z + 1/3%xf4(p) + 4/3xf4(p+dp) + 1/3*f4(p+2xdp);
z = z*dp;

*valued = z;
// cout<<z<<endl;

void integralb5(double *valueb)

{

100000;
.O+cutoff - (1.0-cutoff))/(n+1.0);

const int n =
double dp = (
double z =
double p

1
0.0
0.0

I
3

p = 1.0 - cutoff;
z = 1/3x£5(p) + 4/3*%f5(p+dp) + 1/3*£5(p+2*dp);
for (int k=1; k<=n; k++)

p + dp;
z + 1/3%xf65(p) + 4/3*%£5(p+dp) + 1/3*£5(p+2*dp);

P
z
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z = zxdp;

*valueb = z;
// cout<<z<<endl;

}

void integral6(double *value6)
{
100000;

const int n
= .O+cutoff - (1.0-cutoff))/(n+1.0);

double dp = (
double z = 0.

1
0
double p = 0.0

p = 1.0 - cutoff;
z = 1/3%x£6(p) + 4/3*%f6(p+dp) + 1/3*£6(p+2*dp);
for (int k=1; k<=n; k++)

{

P
z

p + dp;
z + 1/3%£6(p) + 4/3*%f6(p+dp) + 1/3*£6(p+2*dp);

z = zxdp;

*valueb = z;
// cout<<z<<endl;

by

// End integration Voids #xkkskkskkkkkkokkokkokkokkokkokkokkokkokkokkokkokkokkokkok ok ok kok ok ok kok ko ko ok ook ook 4ok

// O ] 1]S AR A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A AAAAAA~AAAAAA~AAAAA~AAAAAAAAAAAAA~AAAAAAA~AAA~AA~AAA

void EvaluationF(double F[2], double *value3, double *value6)
{
F[0]
F[1]

m - 1/8.0/a/pow(PI,2)**value6;
1.0*delta - 2.5*xgxdelta/pow(PI,2)**value3;

}

void Jacobian(double Jac[2][2], double *valuel, double *value2, double *value3, double *
double *valueb5) //the jacobian from newton’s method
{
Jac [0] [0]
Jac[0] [1]
Jac[1] [0]

dF1_dm(*valuel);
dF1_ddelta(*value2);
dF2_dm(*value?2) ;
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Jac[1] [1] = dF2_ddelta(*value3, *value4, *valueb);

}
void JacobianInverse(double Jac[2] [2], double JacInv([2][2])
{
double det = Jac[0] [0]l*Jac[1][1] - Jac[0] [1]1*Jac[1][0];
JacInv[0] [0] = Jac[1][1]/det;
JacInv[0] [1] = -1.0%Jac[0] [1]/det;
JacInv[1][0] = -1.0xJac[1] [0]/det;
JacInv[1] [1] = Jac[0] [0]/det;
}
// End other voids ™~ " " Tttt N N A A N N N A A N N A S A A A A A A A AN A A A AN A A A A A A ns

int main()

{

double valuel;
double value2;
double value3;
double value4;
double valueb;
double value6;
double F[2];

double Jac[2][2];
double JacInv[2][2];
double x[2];

double y[2];

double dT;

double dJ;

double dg;

double error = 0.0001;

J =1.001;

g = 2.95;
cutoff = 0.15;
T= 0.07;

dT = 0.01;

dJ = 0.001;
dg = 0.05;



double initmag = 10.0;
double initdelta = 1.0;

x[0] = initmag; //m
x[1] = initdelta; //delta
while (T<=22.37)
{
cout<<"m= "<<x[0]<<" delta= "<<x[1]<<" T= "<<T<"
g= "<<Lg<<" cut= "<<cutoff<<endl;

for (int k=1; k<=1000; k++)

x[0];
x[1];

m
delta

integrall (&valuel);

integral2(&value?2);

integral3(&value3);

integral4 (&value4) ;

integralb (&valueb) ;

integral6 (&value6) ;

EvaluationF(F, &value3, &value6);

Jacobian(Jac, &valuel, &value2, &value3, &valued, &valueb);
JacobianInverse(Jac, JacInv);

y[0] = -1.0x(JacInv[0] [0]*F[0] + JacInv[0][1]1*F[1]);

y[1] = -1.0x(JacInv[1] [0]*F[0] + JacInv[1][1]1*F[1]);

x[0] = x[0] + y[O];

x[1] = x[1] + y[1];

cout<<"m= "<<x[0]<<" delta= "<<x[1]<<" T= "<<T<<
n J= ||<<J<<Il g= I|<<g<<end1,

I

if (x[1]<0.0) x[1]
if (x[0]<0.0) x[0]

b

0.0
0.0

if (sqrt(y[0]*y[0] + y[1]*y[1]) < error) break;

J=

"<<J<L

COUT KK M sokskskokskokskoskok ok skok ok ok skok sk ok ok skskok ok skskok ok skokok ok skokoksokskokokkok ok ' <<end1 ;
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outfleet<<T<<" "<<x[1]<<" "<<x[0]<<" "<<tinkham<<" "

<<deltazero<<endl;

// J =7+ dJ; //choose which parameter needs to be incremented:T,J, or g.
T =T + dT;

// g =g + dg;
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Appendix C: Analytical derivation of the specific heat

In this appendix | would like to go through in some detail the relatively simple calculation
which leads to equation (3.33). | will follow the general procedure of the calculation found in
Tinkham [46] on pages 64-65, however, there is an added feature because of the magnetism.

As given by (3.32), the electronic specific heat is

ds

C = Tﬁ (C.1)

In this case, there are two species of quasipartieleand fermions), and the entropy can be

given in a general way by

S =—kp Z [noInng + (1 —nd)In(l —ng) + ng lnng (1—n )ln(l — nﬁ)] (C.2)

p

As a reminder, note that

1 JM
a,B . a,B 2 2
n, _—65 TEENY E,p =5 ﬂ:@/fp—l—A . (C.3)

After plugging everything into (C.1) and regrouping terms, we have

dnfj nﬂ
TZ dﬁ dﬁplnl_np], (C.4)

which follows the first line of equation (3.56) in [46]. I will now define the temperature derivatives
of the distribution functions since there are many terms within them that we have to treat carefully.

The tricky terms are

.8 dESP
dneP ePEv ( ’ T ) 1 dnoB dE~s
ny _ p Qdﬁ _ Ty e Ea,ﬁ +B P : (C5)
dp (757 1) “Gams a3

IPlease do not be confused by the somewhat contradictory notation with the 8isk génerally just denotes the
one species of quasiparticle as a superscript, but it also may mean inverse temperaturd,/&s; T in the equations
above. It should be obvious from the context which is which.
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where the last term can be rewritten as

dEp? _JdM 1 dA?
3 2dB  2E, dB’

(C.6)

A valid approximation one can make is to ignore the temperature-dependence of the magnetization
near the superconducting critical temperature, which is evident from Figure 3.8(c). However, it
turns out that later in the calculation, thi&//d terms are cancelled anyway, so | will set them to
zero here. Another relation | will use which re-expresseslthierms in (C.4) is simply

noB

In - _pnaﬂ = —BE. (C.7)
P

Using (C.5, C.6, and C.7), the full coexistent specific heat from (C.4) can be written as

dn® 2 dn? 2
" po (Ea+ b_da ) + e o (EM iﬂ) (C.8)

dee * \"" 2B, dp ) T apl P \'" ' 2E, 4B

Csc—rm = —% Z
p

We have arrived at the last line of (3.56) in Tinkham’s book. Now to determine the jump in the
specific heat, we need to look at the behavior right aligwend right belowl ., whereT, refers to

the superconducting transition, not the magnetic one.
Cl T=T;

At this temperature, the system is in the normal ferromagnetic state wherelA?/d3 = 0

andEgﬁ = JM/2 £ |¢,|. The normal state specific heat is given by

__1 dng TIM , 2 dng JM_ 2 N
e ?zp: d(%ﬂa)( 2 W') U(%_m)( 2 |5|) - (9

Changing the sum overto an integral over energy, and working out the derivative in the integrand,

this becomes

Oy = w/dﬁ lﬁx“(L + 5x—265—x_2 : (C.10)

T eﬁx+ + 1)2 (eﬁx_ + 1)
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wherez® = JM/2 + |¢| and N (0) = m*pr/72. Multiplying top and bottom by @ and making
a change of variables to" = 3z* = z, we get two identical integrals which gives a factor2of

when added, and the final integral is

2N(0) /+°° 2%e*
Cy = dz——. C.11
N 2T ) Z<€Z I 1)2 ( )

The value of this integral is? /3, so that the final normal state specific heat'is = %N(O)k%T,

which is equation (3.57) of [46]. | must note that the 'normal’ state here actually has back-
ground ferromagnetism, and at temperatures near zero, the density of states expression changes
(see eq.(28) in ref.[37]). Nedr. however, the effects of the magnetization are buried in the effec-

tive mass since the gap is nearly zero.
C2 T=1T;

At temperatures right belo®,, A — 0, but nowdA?/d3 # 0, and this term is partly what
gives rise to the specific heat jump. We can now work with the change in specific heat upon
going through the transition given asC' = Cs¢c — Cy, Where again it is understood that the
magnetization is finite, and important. Keeping in mind the limits and subtracting the normal state

contribution (C.9) from (C.8), it follows that

B dA® ztdny oz dny
AC = C.12
“or a5 2 |t e (€12
One observes than /dz* = dng /d|¢] anddng/dx* = —dnf /d|¢|. Now the integral form can

be used once again, and several of the terms can be calculated right away to give

3 dA? AN(0) d¢ dn®
AC = —EWJM{ o, +N(0)/5 (dg +d—€)]. (C.13)

The first term of this equation is the BCS specific heat jump, given in Tinkham by equation (3.58).
Therefore, the rest must be due to the magnetization which is unique to this coexistent model. Let
us for the moment only consider the terms within the parentheses.To cast these terms into a more

tractable form, the first step is to note that
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dn®? eB(JM/2£E)
= q:ﬂ 2"
d& (@/B(JM/QZE@ + 1)

The next step is to then to get a common denominator of the fraction by multiplying the denomi-

(C.14)

nators in (C.14) together. The result is somewhat messy, but the trick is to note that in the mess, a
simple relation is used, e.qg.,
€)1 1 = 5(%¢) (5(%75) n e%(%f)) , (C.15)

This simplifies everything into hyperbolic functions and what remains of the terms in parentheses

is

1cosh® 8 (8L — &) — cosh® £ (4L + 1 M 1 M
_COS 22ﬁ( iM g) C08252 (J]a[ g) :_sech2é (J_+§> ——860h2é <J__§> )
4 cosh® £ (DL +¢) -cosh® 2 (L2 —¢) 4 2\ 2 4 2\ 2

(C.16)

Plugging this result into (C.13) and rearranging a bit gives equation (3.33) that we set out to derive.



