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1 Main goal

Order in the H-R Diagram!!
See Figure 1.

Motivation: Understanding the H-R Diagram
See Figure 2.

H-R Diagram (2)
See Figure 3.

H-R Diagram (3)
See Figure 4.

2 Structure of stars

Basic structure - highly non-linear solution
See Figure 5.

Massive-star nuclear burning
See Figure 6.

Topics: what does a star look like inside?

• Nuclear interactions

• Hydrogen burning, T dependence, neutrinos

• Equation of state (ideal gas, degenerate gas)

• Hydrostatic equilibrium
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Figure 1: The H-R diagram can be a powerful tool, but not when the wrong quantities are used.
What is the problem with this figure?

• Polytrope solutions to basic equations

• Transport: radiation, conduction, and convection

• Convectively stable and unstable regions

• Opacity

• MESA

What parameters are in play?

• Mass

• Composition (He + metals)

• Opacity calculations

• Mixing length of convection

• Overshoot of convection

• Chemical diffusion, radiative levitation

• Rotation (primordial, mixing, structure)

• Mass loss

• Magnetic fields (primordial vs. generated)
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Figure 2: The color-magnitude diagram (CMD) from Gaia observations of the solar neighborhood
(within 5 thousand light years). There are four million stars here. Understanding the details of
this is the motivation for the course. In principle, the calculation of stellar structure models and
their evolution gives the H-R diagram, in Teff and L. Atmospheric models, coupled with bandpass
information, are needed to generate a theoretical CMD where the axes become magnitudes and
colors. That is the crucial step connecting theory to observations, touched on in Sec 4.

Figure 3: Another HRD with some of your favorite stars labeled. Luminosity classes are also given.
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Figure 4: Several open clusters observed by Gaia in the second data release. The (PARSEC)
isochrones are computed from models, and our goal is to understand what ingredients are needed
in the models to match the data. From DOI 10.1051/0004-6361/201832843.
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Figure 5: A few interior properties as a function of radius for a stellar model that just began nuclear
fusion.
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14.2. LATE EVOLUTION STAGES OF MASSIVE STARS 197

Figure 14.3: Schematic illustration (not to scale) of the “onion-shell” structure in
the interior of a highly evolved massive star. Along the vertical radius and below the
horizontal radius some typical values of the mass, the temperature (in K) and the
density (in g cm−3) are indicated. (From Kippenhahn & Weigert 1990.)

The process has to stop when the iron group is reached, since further addition of 4He
requires energy (cf. Figure 14.2); the last reaction in the sequence of 4He capture is the
last of equations (14.6). Hence there is a tendency to convert the original composition
into predominantly 56Ni, although the precise equilibrium composition depends on tem-
perature. How far one gets towards this point depends on the time in which the silicon
burning proceeds, as well as on the temperature. Hence, when the central region has been
converted to 56Ni, regions further out have not reached that point yet, and still contain
a mixture of the elements produced earlier in the quasi-equilibrium. Outside this region,
of course, are shells resulting from earlier nuclear-burning stages, and the stellar envelope
has more or less the original composition from when the star was formed, apart from the
effect of possible dredge-up when the star passed through red-giant phases. The resulting
“onion-shell” structure is indicated schematically in Figure 14.3.

It is worth noting that the late stages of stellar evolution are very rapid, compared with
the hydrogen- and helium-burning phases. As illustrated in Figure 1.3, oxygen burning
only lasts of order 6 months, whereas “silicon burning” is over in about a day. Hence the
chances of observing a star while in these evolutionary phases are extremely small.

Figure 6: The interior structure of the core region of an evolved massive star. From Kippenhahn
& Weigert (1990).1.2. THE LIFE OF STARS 5

Figure 1.2: Schematic illustration of the evolution of a moderate-mass star. The ef-
fective temperature Teff is in K, and the luminosity Ls is measured in units of the solar
luminosity L⊙. The dashed line indicates the zero-age main sequence, corresponding
to the onset of hydrogen burning.

towards the left. The schematic evolution track in this diagram has been roughly modelled
on the results of detailed calculations for a 5M⊙ star.

Stars are born from a contracting cloud of interstellar matter. As the cloud contracts,
gravitational potential energy is released. Part of this energy is used to heat up the gas;
in this way the cloud becomes hotter than its surroundings and starts to radiate energy
away4. As long as there are no other sources of energy in the cloud, the energy that is
lost through radiation must be compensated by further release of gravitational potential
energy, i.e., through further contraction. The rate of contraction is determined by the rate
of energy loss. It is obvious that this phase occurs on something like the Kelvin-Helmholtz
timescale discussed above. Due to the contraction the surface radius of the star decreases;
since the luminosity is roughly constant during this phase, it follows from equation (1.9)
that Teff must increase, i.e., the star moves to the left in the HR diagram.

This contraction continues up to the point where the temperature in the core of the
star gets sufficiently high that nuclear reactions can take place, at a rate where the energy
generated balances the radiation from the stellar surface. The temperature required is
determined by the energy needed to penetrate the potential barrier established by the
Coulomb repulsion between different nuclei. Hence the first nuclei to react are those with
the lowest charge, i.e., hydrogen, starting when the temperature reaches a few million
degrees. At this point a number of reactions set in, the net effect of which is to fuse

4It is shown in section 4.4 that approximately half the energy liberated in the contraction goes to
heating the gas, the remainder being radiated away.

Figure 7: Evolution of a modest mass star in surface temperature and luminosity. The zero-age
main sequence is the dashed line. Clearly, the surface properties of a given star must change with
time, and so do the interior properties. From Christensen-Dalsgaard (2008).
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Figure 11.8: Variation in the surface luminosity and in properties at the cen-
tre during the evolution of a solar model. All variables have been normalized with
their value in the present Sun. The heavy lines show the surface luminosity Ls

( ), the central energy generation rate �c ( ), and the central
opacity κc ( ). The thin lines show the central density ρc ( ), the
central pressure Pc ( ), the central temperature Tc ( ), and the
central hydrogen abundance Xc ( ).

estimate suggests that this may be possible. To maintain equilibrium, there must be a
balance between the amount of heat received by the Earth from the Sun, and the amount
of heat radiated by the Earth (if we neglect the heat generated by radioactive processes in
the Earth’s interior). If we assume that the Earth absorbs all the energy it receives, that
the energy is redistributed evenly over the surface of the Earth (due to the rotation of the
Earth, and the effects of winds and ocean currents), and that the Earth radiates as a black
body with temperature TE, the equilibrium terrestrial temperature may be estimated as

TE =

�
L⊙

16πd2σ

�1/4

=

�
R⊙
2d

�1/2

Teff,⊙ , (11.3)

Figure 8: Evolution of the Sun’s properties over time, normalized to today’s values. Do these trends
with time make sense? From Christensen-Dalsgaard (2008).

3 Evolution of stars

Evolution - surface and interior changes
See Figure 7.

Solar properties over time
See Figure 8.

H-R diagram and mass
See Figure 9.

H-R diagram and isochrones
See Figure 10.

Topics: what changes take place in a star over time?

• Main sequence, homology relations

• Schönberg-Chandrasekhar limit, or core mass

• Subgiant and RGB properties

• Helium burning
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Figure 9: Theoretical models for post-main sequence evolution for many different initial masses
From Montalban et al. (2008).

• Horizontal branch, thermal pulses

• Nebulae, Supernovae

• Compact objects

• Instability strip

• MESA

4 Applications to observations

Connection to observables
See Figure 11.

Populations: Open clusters −→ ages
See Figure 12.

Populations: RGB luminosity bump modeled
See Figure 13.

Populations: bump measured (GC He abundance, etc.)
See Figure 14.
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Figure 10: Theoretical isochrones at 3 fixed ages, with metallicity varying across a wide range in
equal step sizes. From Bresson et al. (2012).

1.4. TESTS OF STELLAR EVOLUTION CALCULATIONS 11

Figure 1.4: Schematic illustration of the relation between physics, stellar models
and observations. The physics is used as input to stellar model calculations. The
stellar models can be used to predict observable quantities, such as properties of stellar
clusters, pulsation periods or the flux of neutrinos from the Sun; the latter prediction
requires additional physical information about the properties of the neutrino. When
these predictions are compared with the observations, corrections may be required
to the input physics, the description of the neutrino or (in the case of programming
errors) to the numerical techniques. One may hope that this iteration process will
eventually converge!

of these neutrino types have recently become possible; when combined with the informa-
tion obtained from the analysis of the observed oscillation periods of the Sun stringent
constraints on the neutrino interactions have been obtained.

The computed stellar models evidently depend on the assumed physical properties of
matter, and on the assumptions about stellar structure, that went into the calculations.
Thus by comparing the results of the calculations with the different kinds of observations
we are effectively testing the underlying physics. Among many examples may be mentioned
that the observed solar pulsation periods are very sensitive to the details of the equation
of state and opacities used in the computation of solar models and hence offer a way of
inferring properties of plasmas under quite extreme conditions; and that the interaction
of neutrinos with matter can probably only be studied experimentally by comparing the
observed number of neutrinos with the number of neutrinos generated in the solar core,
assuming that conditions in the core can be determined from the pulsation periods. From
the point of view of basic physics this is probably the most important aspect of stellar
evolution theory; it is illustrated schematically in Figure 1.4.

Figure 11: The relation between models and observations. Stellar models can be used to predict
observations, from clusters to pulsators to neutrinos. From Christensen-Dalsgaard (2008).
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Figure 12: CMDs of mostly open clusters in the galaxy. Age is easily comparable among these
clusters. Of course knowing stellar ages helps understand galaxy formation scenarios.
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Figure 13: Stellar evolution models show a peculiar short-lived reversal on the RGB. As we’ll see,
the reason for this is the deeply penetrating surface convection zone and expansion of the H-burning
shell.
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– 10 –

Fig. 2.— LEFT: CMD of 47 Tuc in ACS data, with the color-magnitude selection contours
shown for the 2415 RG+RGBB stars and 545 RHB stars. The color of the RG branch at the
RGBB is 1.03. The mean brightness of the RHB stars is IRHB = 13.09. RIGHT: Magnitude
distribution of the RG+RGBB stars, IRGBB = 13.48± 0.01, EWRGBB = 0.32± 0.04.

Figure 14: HST photometry of the old globular cluster 47 Tuc, showing very clearly a concentration
of stars along the RGB, where the evolution stalls. As we’ll see, the location of the bump depends
strongly on metallicity, He content, and mass, thus can be an important tool for stellar populations.
From Nataf et al. (2013).
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Figure 15: The hypothetical relationship between rotation period, age and color (mass) extrapolated
(yellow) to greater ages from the color–period relations in young clusters using a particular P − t
relation, and assuming that the Sun (marked by the black solar symbol; ) resides on it. Earlier
ages are not useful as young cluster stars have a relatively random distribution of rotation periods.
From Meibom et al. (2015).

Rotation: ages (gyrochronology)
See Figure 15.

Asteroseismology: mass and radius
See Figure 16.
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• Consequence of our deep understanding of stellar structure

Asteroseismology: evolutionary state, age
See Figure 17.

Anomalies and other keys for astrophysics

• ZAHB/RGB luminosity at tip (cosmology)
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Figure 16: Light curve and power spectrum from an oscillating star. The features in the power
spectrum can be used to infer mass and radius using the given equations.

A&A 540, A143 (2012)

Fig. 3. Gravity-mode period spacing ΔΠ1 as a function of the pressure-mode large frequency spacing Δν. Long-cadence data (LC) have Δν ≤
20.4μHz. RGB stars are indicated by triangles; clump stars by diamonds; secondary clump stars by squares. Uncertainties in both parameters
are smaller than the symbol size. The seismic estimate of the mass is given by the color code. Small gray crosses indicate the bumped periods
ΔPobs measured by Mosser et al. (2011a). Dotted lines are ng isolines. The dashed line in the lower left corner indicates the formal frequency
resolution limit. The upper x-axis gives an estimate of the stellar radius for a star whose νmax is related to Δνaccording to the mean scaling relation
νmax = (Δν/ 0.28)1.33 (both frequencies in μHz). The solid colored lines correspond to a grid of stellar models with masses of 1, 1.2 and 1.4 M ,
from the ZAMS to the tip of the RGB.

Table 1. Characteristic parameters of the red giants named in the paper.

KIC number Δν νmaxa ΔΠ1b q Rseisc Mseis
c Evolutionary

(μHz) (μHz) (s) (R ) (M ) statusd
2013502 5.72 61.2 232.20 ± 0.10 0.27 ± 0.03 10.12 1.87 2nd clump
3744043 9.90 110.9 75.98 ± 0.10 0.16 ± 0.03 6.24 1.32 RGB
4044238 4.07 33.7 296.35 ± 0.15 0.32 ± 0.05 clump
5000307 4.74 42.2 323.70 ± 0.30 0.26 ± 0.06 10.36 1.38 clump
6928997 10.06 120.0 77.21 ± 0.02 0.14 ± 0.04 6.36 1.44 RGB
8378462 7.27 90.3 238.30 ± 0.20 0.23 ± 0.05 9.39 2.42 2nd clump
9332840 4.39 41.4 298.9 ± 0.2–306.3 ± 0.2 0.20±0.05 11.67 1.69 clump
9882316 13.68 179.3 80.58 ± 0.02 0.15 ± 0.05 5.41 1.63 RGB

Notes. Asymptotic mixed-mode parameters of the red giant oscillation spectra shown in the paper. (a) νmax indicates the central frequency of the
oscillation power excess. (b) This uncertainty assumes that εg is fixed to 1/2. (c) Mseis and Rseis are the asteroseismic estimates of the stellar mass
and radius from scaling relations, using Teff from the Kepler Input Catalog (Brown et al. 2011). (d) The division between RGB and clump stars is
derived from Fig. 3; the limit between the primary and secondary (2nd clump) clump stars is set at 1.8 M . The complete table can be downloaded
at the CDS.

relation indicates that the expansion of the envelope is closely
related to the contraction of the core.

We compared the observed Δν – ΔΠ1 relation with the same
quantities obtained from a grid of stellar models with masses of
1, 1.2, and 1.4 M , from the zero age main sequence (ZAMS) to
the tip of the RGB. This range of mass corresponds to the ob-
served masses derived from the seismic estimates. These mod-
els were obtained using the stellar evolution code CESAM2k

(Morel & Lebreton 2008), assuming a gray Eddington approxi-
mation and the Böhm-Vitense mixing-length formalism for con-
vection with a mixing-length parameter α = 1.6. The initial
chemical composition follows Asplund et al. (2005), with a he-
lium mass fraction of 0.2485. The period spacing was computed
using Eq. (3), while the large separation was computed using the
asymptotic description Δν = (2 R

0 dr/ c)
−1, where c is the sound

speed.

A143, page 6 of 11

Figure 17: Mixed-mode period spacings vs. acoustic mode large frequency separation for a sample
of Kepler giants and subgiants. Triangles are RGB stars, diamonds are red-clump stars, and squares
are more massive red-clump stars that have not undergone a He flash. From Mosser et al. (2012).
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• Cepheid pulsations (cosmology)

• Binaries (CMD, mass)

• Blue stragglers (cluster TO, mergers, mass transfer)

• Blue horizontal branch stars in GCs (mass loss, metallicity, binarity?)

5 Overview of course

Things we probably won’t cover

• Star formation

• Rotation (angular momentum transport)

• Magnetic fields (dynamo)

• Mixing and diffusion

• Mass loss, stellar winds

• Binarity, mass transfer

• Pulsation driving

• Numerical techniques

Details

• Course homepage1

• Syllabus

• Canvas app (or using browser)

• MESA

1http://astronomy.nmsu.edu/jasonj/565/

http://astronomy.nmsu.edu/jasonj/565/
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Assignment

• Read the syllabus carefully

• Read the MESA overview, and see if you can get the code to run

• If you can’t get things going by tonight, send me an email!

• Complete first assignment for next week, Computer Problem 0
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