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ABSTRACT

THE FORMATION AND EVOLUTION OF

GALAXIES

IN AN EXPANDING UNIVERSE

BY

DANIEL CEVERINO-RODRIGUEZ, B.S., M.S.

Doctor of Philosophy

New Mexico State University

Las Cruces, New Mexico, 2008

Dr. Anatoly A. Klypin, Chair

This PhD thesis is part of an ongoing effort in improving the theory of galaxy

formation in a ΛCDM Universe. We include more realistic models of radiative

cooling, star formation, and stellar feedback. A special attention has been given

to the role of supernova explosions and stellar winds in the galaxy assembly.

These processes happen at very small scales (parsecs), but they affect the inter-

stellar medium (ISM) at Kpc-scales and regulate the formation of a whole galaxy.
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Previous attempts of mimicking these effects in simulations of galaxy formation

use very simplified assumptions. We develop a much more realistic prescription

for modeling the feedback, which minimizes any ad hoc sub-grid physics. We start

with developing high resolution models of the ISM and formulate the conditions

required for its realistic functionality: formation of a multi-phase medium with

hot chimneys, super-bubbles, cold molecular phase, and very slow consumption

of gas. We find that this can be achieved only by doing what the real Universe

does: formation of dense (> 10 H atoms cm−3), cold (T ≈ 100 K) molecular

phase, where star formation happens, and which young stars disrupt. Another

important ingredient is the effect of runaway stars: massive binary stars ejected

from molecular clouds when one of the companions becomes a supernova. These

stars can move to 10-100 parsecs away from molecular clouds before exploding

themselves as supernovae. This greatly facilitates the feedback. Once those ef-

fects are implemented into cosmological simulations, galaxy formation proceeds

more realistically. For example, we do not have the overcooling problem. The

angular momentum problem (resulting in a too massive bulge) is also reduced

substantially: the rotation curves are nearly flat. The galaxy formation also be-

comes more violent. Just as often observed in absorption lines studies, there are

substantial outflows from forming and active galaxies. At high redshifts we rou-

tinely find gas with few hundred km s−1 and occasionally 1000−2000 km s−1. The

gas has high metallicity, which may exceed the solar metallicity. The temperature
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of the gas in the outflows and in chimneys can be very high: T = 107 − 108 K.

The density profile of dark matter is still consistent with a cuspy profile. The

simulations reproduce this picture only if the resolution is very high: better than

50 pc, which is 10 times better than the typical resolution in previous cosmological

simulations. Our simulations of galaxy formation reach a resolution of 35 pc.

At the time in which most of the mass is assembled into a galaxy, a big fraction

of the gas in the galactic disk has already been converted into stars. Therefore,

we can assume that the remaining gas does not affect the evolution of the stellar

distribution. In this approximation, all gasdynamical processes are neglected and

we treat a galaxy as a pure collisionless system. Then we use N-body-only models

to study the long-term evolution of an already formed stellar disk. During this

evolution, the disk develops a bar at the center through disk instabilities. We find

dynamical resonances between the bar and disk or halo material. These resonances

can capture stars near certain resonant orbits. As a result, resonances prevent the

evolution of the stars trapped around these orbits.
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1 INTRODUCTION

Since Charles Messier (1730-1817) published his Catalogue of Nebulae and

Star Clusters (1781), the origin of some of these “fuzzy” spiral nebulae has been
a mystery for many generations of astronomers. A key milestone on the nature of
these nebulae and the size of the Universe was dubbed The Great Debate (1920)
between Harlow Shapley (1885-1972) and Heber Curtis (1872-1942). In the tra-
ditional picture, supported by Shapley, these spirals were clouds of gas inside our
Galaxy: the Milky Way (MW). Therefore, our Galaxy was the entire Universe. In
contrast, Curtis supported the revolutionary idea that these nebulae were other
galaxies, similar to the Milky Way but at incredible distances. As a result, the
Universe was much larger than was previously thought and it contained countless
galaxies separated by large distances. The idea of these Island Universes finally
was confirmed with the measurements of their distances. Walter Baade (1893-
1960) and Edwin Hubble (1889-1953) identified variable stars in several spiral
nebulae, including the Andromeda Galaxy. Their estimated distances turned to
be much greater than the size of the MW in Shapley’s model.

Since then, our knowledge about galaxies has grown exponentially. Nearby
galaxies have been observed in detail. Their photometric properties, kinematics
and morphologies have been characterized and classified (de Jong & van der Kruit,
1994; Persic et al., 1994; Tully & Fisher, 1977; Courteau, 1997; Kennicutt et al.,
1994; Blanton et al., 2003, etc) Today, we know that galaxies consist of stars,
the interstellar medium (ISM), mainly composed of gas in different phases, and
dark matter. Evidence for the content of dark matter in galaxies comes from
observations of rotation curves at large galactocentric radii (Rubin et al., 1980).
At large distance the galaxy rotation predicted using the observed amount of
stars and gas should decline with radius. However, observed rotation curves do
not decline, indicating that there are large amounts of mass at large radii. Today it
is generally accepted that galaxies are embedded in halos of dark matter, although
the nature of this dark matter is still unknown. This current picture of galaxies
gives strong insights about the present conditions and the relevant physics of
present-day galaxies (z ∼ 0). Galaxies are well-evolved objects that started to
form several billions of years ago (Wood, 1992). As a result, we still need detailed
observations of very distant galaxies at high redshifts to look back in time into
the main epoch of galaxy formation (z > 2).

In spite of all the current knowledge about galaxies, fundamental questions
remain unanswered: How did galaxies form? How did they evolve to the galaxies
that we observe today? In order to address these questions from first principles,
a model for galaxy formation needs to start from the small fluctuations in density
in the early Universe, when the Universe was only a few million years old. Such
model needs to follow the growth of these fluctuations and their evolution until

1



they form galaxies. In other words, we need to follow the formation of galaxies
in a cosmological context. We should link galaxy formation with the evolution of
the Universe and the formation of cosmological structures.

In traditional models of the formation of cosmological structures, ordinary
matter (“baryons”), which emits and absorbs light, passively follows the evolu-
tion of the dark matter. This should be corrected, if we want to make a realistic
theory at the scales in which galaxies form. At these scales, the physics of baryons
becomes important. The modeling of astrophysical processes, such as star forma-
tion and stellar feedback becomes necessary. These processes happen at very
small scales (e.g. 1-10 pc), but they affect larger scales. For example, metals
synthesized in stars and ejected in supernova explosions enrich and modify the
conditions in the interstellar medium (Kpc scales) and in the intergalactic medium
(Mpc scales). There is a complex interplay between small-scale astrophysical pro-
cesses and large-scale cosmological processes (e.g., the motion of gas in cosmic
filaments). Predictions are much less certain even on large scales, and on the
scales of galaxies they become absolutely exciting but qualitatively uncertain. I
argue that a significant effort – comparable to what cosmology has done with the
gravitational dynamics – must be devoted to the theory of galaxy formation.
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2 THE FORMATION OF COSMOLOGICAL STRUCTURES IN AN

EXPANDING UNIVERSE

Here I present a brief overview of the current state of the part of cosmology that
deals with the formation of different structures in the hierarchical model. Modern
cosmology covers a vast range of physical phenomena and scales ranging from
large scales, which are dominated by gravitational dynamics, to scales interior to
galaxies, where the physics of baryons plays an important role.

Driven by both observations and theory, the gravitational dynamics has made
remarkable progress, giving rise to the notion of precision cosmology. I discuss
such characteristics as the power spectrum, mass function and halo concentration,
which are predicted by the theory with the accuracy of few percent. Finally, other
properties of the internal dynamics of dark matter halos: the angular momentum
and virial properties, are described at the end of the section. All these proper-
ties give the basis from which a successful theory of galaxy formation should be
developed.

2.1 The Field of Structure Formation

The current cosmological paradigm, the ΛCDM Universe, is remarkably suc-
cessful on scales larger than ∼Megaparsec. ΛCDM cosmology predicted the
amplitude and spectrum of fluctuations in the cosmic microwave background
(CMB) and the spectrum of large-scale fluctuations in the distribution of galaxies
(Bardeen et al., 1987; Holtzman, 1989). Those predictions were later verified by
observational measurements (Netterfield et al., 2002; Tegmark et al., 2004; Cole
et al., 2005; Spergel et al., 2007). The recent success of theoretical cosmology is
impressive, but one should not forget that the current model is the result of a
long process of selection and perfection of competing theoretical models. Many
models were not successful and were rejected. Historically, the ΛCDM model had
not been a favored model. The main objection to the model involves an ad-hoc
component – the cosmological constant, or the dark energy. The ΛCDM model
started to “win” well before the CMB measurements became available. A combi-
nation of the measurements of the Hubble constant (thus, the age of the Universe)
and the abundance of high redshift objects (clusters of galaxies in particular) left
a choice of either the ΛCDM model (a flat universe with low density of the dark
matter) or an open CDM model (a model with negative curvature). Then, the
first measurements of the position of the first acoustic peak in the CMB spectrum
(de Bernardis et al., 2000; Bond et al., 2000) eliminated the open CDM model.
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To a large degree, the theory is successful because it is based on well-understood
and simple physics: the growth of linear perturbations. We should not underes-
timate the effort put into making the physics “well-understood”: it took more
than 30 years (e.g., Lifshitz & Khalatnikov, 1963; Eisenstein & Hu, 1999) to bring
about this understanding. Still, if we compare this part of cosmology with other
fields of astronomy such as star formation or stellar evolution, it is clear that lin-
ear perturbations in cosmology deal with simple physics. This is why theoretical
predictions can be very accurate.

The field of structure formation (quasi-linear and strongly non-linear fluctu-
ations) is split into two almost independent parts: physics of clustering of the
dark matter and the theory of the galaxy formation. Gravitational dynamics is a
complicated field in comparison with the growth of linear perturbations. Yet it is
much simpler than galaxy formation. Thus, statistics and properties of structures
in the dark matter can be predicted with extraordinary accuracy. The gravita-
tional dynamics of the dark matter is actually a complicated field. The structures
in general are neither spherical nor stationary. There is substantial coupling of dif-
ferent modes (scales) with long waves substantially affecting small-scale dynamics.
The range of scales is astounding. For example, in modern computer simulations
it is not unusual to have a dynamic range of 100,000 or even more. Reducing this
dynamical range may result in incorrect results. These are the reasons why it is
very difficult to make analytical predictions in this field. Indeed, there are very
few useful analytical solutions.

There are two factors that dramatically simplify the theory. (1) In cosmol-
ogy we deal with collisionless dynamics. Mathematically this means solving the
Vlasov-Poisson system of equations for which the phase-space density is preserved
along the trajectory of each particle. Physically, this means that we do not have
complicated processes such as two-body scattering or the gravothermal catastro-
phe. (2) Long waves are only weakly affected by the short-scales: what happens
on small scales does not significantly affect perturbations on large scales. Because
of this weak coupling, one can simulate a relatively small volume and obtain rea-
sonably accurate results. How small? This depends on required accuracy and
particular properties studied. There is no a priori rule for how large the volume
should be. This is found only by comparing results from different volumes.

The theory of galaxy formation, which involves complicated physics of gas and
star formation, is still in a very preliminary stage. Here the situation is very
different compared to the dynamics of the dark matter. The accuracy of the
results is not much of an issue: one does not worry about the accuracy, when it
is not clear whether all the basic physics is included. So, the main thrust is to
identify and include the most important physical processes. The complexity of the
problem derives from the fact that small-scale phenomena affect large scales in a
very profound way. For example, the motions and metallicity of gas in a galactic
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halo (∼ 100 kpc scales) are affected by the energy released in regions of active
star formation in the galaxy itself (few parsecs scales). In turn, the physics on
parsec scales is affected by the star formation processes and by the environment,
which are on scales well below a parsec. In other words, the minimum scale is not
clear, but it must be included in the analysis to produce the correct treatment of
gas and stars on large scales. The situation may not be as hopeless as it looks:
there should be a minimum scale, which is sufficient for the accurate description
of the main physical processes responsible for the formation of galaxies and for
the large-scale dynamics of baryons inside galaxies.

Because of the complexities and uncertainties in galaxy formation, it is highly
unlikely that predictions of galaxy formation will be used to constrain the param-
eters of cosmological models. Fluctuations in the CMB, geometrical tests (such
as distances to SNI), and results from dark matter clustering are the main tools
for testing the global parameters of cosmological models.

The theory of non-linear structures has different components. (1) Numerical

simulations play an important role. Sophisticated codes were developed to simu-
late different aspects of the theory (e.g., ART - Kravtsov et al (1997); GADGET
- Springel et al. (2001) ; GASOLINE - Wadsley et al. (2004) ; Enzo - O’Shea et
al. (2004)). To a large degree, the progress in the field was driven by numerical
simulations. In turn, numerical effort is driven by observational needs and by
computer hardware. Numerical simulations have one limiting factor: they do not
provide explanations. For example, simulations predict that the density profiles
of dark matter halos are reasonably well fit by the Navarro-Frenk-White (NFW,
1997) approximation. Yet, the simulations do not tell us why this is the case.

(2) Analytics are important because they provide understanding of what occurs
in simulations. Unfortunately, analytical models are very difficult to construct.
There are two special cases: the halo mass function and the quasi-linear regime
of clustering. There has been a dramatic improvement in both statistics from
traditional-style approximations. In the case of quasi-linear clustering, one ex-
pands the fluctuations using perturbation theory and collects leading terms. The
calculations are tedious but tractable. Predictions were tested against N-body
simulations with impressive results (Crocce & Scoccimarro, 2007). In fact, some
simulations were not accurate enough and were re-done. The mass function is
estimated using a different type of approximation. Press & Schechter (1974) de-
rived the scaling law for the mass function, which is based on Gaussian statistics.
The scaling is then used with additional fitting factors to approximate the halo
mass function. Results depend on the particular choice (and ideas) for the extra
fitting factors (Sheth & Tormen, 1999; Jenkins et al., 2001).

(3) There is another type of prediction in cosmology, which is called semi-

analytics (e.g., Kauffmann et al., 1994; Somerville & Primack, 1999; Benson et
al., 2003). A semi-analytical model is not an approximation in the usual sense:
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It does not make an analytical approximation of any law of physics nor of any
equations. A semi-analytical model is a set of prescriptions, which guess the
outcome of complicated (and often poorly understood) processes. For example,
one assumption is that the collision of two spiral galaxies of comparable mass
(major merger) results in the formation of an elliptical galaxy. In reality, this
may not be true, but there is no way of testing it within the framework of the
semi-analytical models. Semi-analytical models have another limitation; they
cannot be used to learn about new physical phenomena. If the rules include only
spiral and elliptical galaxies, the results cannot address the existence of other
types of galaxies (e.g., lenticular or barred galaxies). Semi-analytical models are
often criticized for having too many free parameters: this is not right. It is an
ambitious prospect to explain the whole universe, and extra 200 free parameters
is a small price to pay. Semi-analytical models can be a powerful tool, if used
cautiously and in conjunction with numerical simulations. Semi-analytical models
are excellent tools for making mock catalogs for testing statistical effects or for
designing observational strategies.

Results of numerical simulations are the main goal of this review. Numerical
simulations in cosmology have a long history and numerous important applica-
tions. Such work began in the 60s (Aarseth, 1963) and 70s (Peebles, 1970) with
simple problems solved using N-body codes with a few hundred particles. Peebles
(1970) studied the collapse of a cloud of 300 particles as a model of cluster forma-
tion. After the collapse and virialization the system resembled a cluster of galaxies.
Those early simulations of cluster formation, though they produced cluster-like
objects, pointed the first problem – a simple model of an initially isolated cloud
(top-hat model) results in a density profile which is too steep (power-law slope -4)
as compared with real galaxy clusters (slope -3). Gunn & Gott (1972) introduced
the notion of secondary infall in an effort to solve that problem. Another keystone
work of those times was performed by White (1976), who studied the collapse of
700 particles with different masses. He showed that if one distributes the mass of
a cluster into individual galaxies, two-body scattering would result in mass segre-
gation not compatible with observed clusters. This was another manifestation of
the dark matter in clusters, demonstrating that inside a cluster the dark matter
cannot reside inside individual galaxies.

Survival of substructures in galaxy clusters was another problem addressed by
White (1976). It was found that lumps of dark matter, which in real life may
represent galaxies, do not survive in the dense environment of galaxy clusters.
White & Rees (1978) argued that the real galaxies survive inside clusters because
of energy dissipation by the baryonic component. That point of view was accepted
for almost 20 years. However, recently it was shown that energy dissipation does
not play a dominant role in the survival of galaxies and that dark matter halos
are not destroyed by tidal stripping and galaxy-galaxy collisions inside clusters
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(Klypin et al., 1999; Moore et al., 1999). The reason early simulations yielded
incorrect results was purely numerical: they did not have high enough resolution
and the integration of trajectories was not accurate enough. But 20 years ago, it
was physically impossible to perform a simulation with sufficient resolution; even
if at that time we had present-day codes, it would have taken about 600 years to
make one run.

Starting in the mid 1980s, the field of numerical simulations began to bloom:
new numerical techniques were invented, old ones were perfected. The number
of publications based on numerical modeling skyrocketed. To a large extent, this
has changed our way of doing cosmology. Instead of questionable assumptions
and handwaving arguments, we have tools for testing our hypotheses and models.
As an example, we mention two analytical approximations that were validated
by numerical simulations. The importance of both approximations is difficult to
overestimate. The first is the Zeldovich approximation, which paved the way for
understanding the large-scale structure of the galaxy distribution. The second is
the Press & Schechter (1974) approximation, which gives the number of objects
formed at different scales at different epochs. Both approximations cannot be
formally proved. The Zeldovich approximation is not applicable for hierarchical
clustering because it works only with smooth perturbations that have a trun-
cated spectrum. Nevertheless, numerical simulations have shown that even for
hierarchical clustering this approximation can be used with appropriate filtering
of the initial spectrum. The Press-Schechter approximation and its siblings are
also difficult to justify without numerical simulations. The approximation utilizes
the initial spectrum and linear theory, but then (a very long jump) it predicts
the number of objects at a very nonlinear stage. Because it is not based on any
realistic theory of nonlinear evolution, its justification is based solely on numerical
simulations.

2.2 Evolution of Density Perturbations

Figure 2.1 shows the evolution of the power spectrum of perturbations in a
large simulation of the ΛCDM model: 1Gpc box with 10243 particles. Longest
waves in the simulation have small amplitude and must grow according to the
linear theory. This indeed is the case, as seen in the bottom panel. Note that
a small dip ∼ −2% at k = 0.05 − 0.07h−1Mpc is what the quasi-linear theory
of perturbations predicts (Crocce & Scoccimarro, 2007). The plot also shows
the main tendency: in the non-linear stage the perturbations at the beginning
grow faster than the predictions of the linear theory (we neglect a possible small
negative growth extensively discussed by Crocce & Scoccimarro (2007)). At later
stages the growth slows down, which is seen as bending down of P (k) at high
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Figure 2.1 Growth of perturbations in the ΛCDM model. The top panel shows the

evolution of the power spectrum P (k) in the simulation (full curves) as compared

with the linear theory (dashed curves). From bottom to top the curves correspond

to decreasing redshifts: the lowest curve is for the initial conditions (z = 65) and

the top curve is for z = 0. The bottom panel shows deviations from the predictions

of the linear theory. Fluctuations on large scales (small k’s) grow according to the

linear theory. The dot-dashed (z = 7.7) and the long-dashed curves (z = 2.5) show

that non-linear evolution increases the power spectrum on all scales proceeding

from high k, where the non-linear effects are strongest, to low k, where the effects

are weakest. Vertical dotted line shows the Nyquist frequency of particles.
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frequencies (Peacock & Dodds, 1996). The deviation in the first harmonic (the
smallest k) is due to small statistics of the longest waves. Two strong spikes at
large k’s are above the Nyquist frequency: the N-body code does not “see” them.

Figure 2.2 shows the distribution of the dark matter in a ∼ 10h−1Mpc slice of a
10243 particles simulation. The simulation used a special technique – constrained
simulations – to set initial conditions, when long waves are taken for the distri-
bution of matter and velocities of galaxies in the real Universe, but small-scale
perturbations are from a realization of the ΛCDM model. Details can be found in
Klypin et al. (2003). Because the long waves are taken from the observations, the
simulation has large-scale features in the right places. In this figure our Galaxy (or
a candidate for MW) is in the middle in a relatively weak filament. Just above it
at a distance of about 10h−1Mpc is the “Virgo” cluster. Other well-known objects
are also marked in the plot. Dominating the field are dark matter halos, which
are seen as tight bright round knots in the figure. Yet, the whole distribution is a
complex web of filaments, voids, and halos.

2.3 Halo Mass Function and Halo Concentration

For a given set of cosmological parameters, the number of dark matter halos at
different redshifts is defined by the shape and amplitude of the initial density field,
making observational measurements of the mass function a powerful constraint on
cosmological parameters, primarily the matter density Ωm and the amplitude of
the power spectrum σ8 defined at scale the 8h−1Mpc (scale of galaxy clusters).
The evolution of cluster statistics with time is a primary method for measuring
the equation of state of dark energy w, a leading problem in observational cos-
mology and fundamental physics. Precise theoretical understanding of the mass
function and its dependence on cosmology and redshift are required by upcoming
programs that seek to use the abundance of clusters to constrain cosmology. In
addition to constraining cosmological parameters, dark matter halos are also the
key to our understanding of galaxies. Precise interpretation of observational data
requires precise theoretical predictions for the properties of dark matter halos:
their abundance, their bias, and their density profiles.

The standard for a precise determination of the mass function from simulations
was set by Jenkins et al. (2001), who improved on earlier analytic predictions
by Press & Schechter (1974); Lee & Shandarin (1998); Sheth & Tormen (1999).
The primary result of the Jenkins study was a fitting function accurate to ∼
(10−20)%. The authors also claimed that this function was universal for variations
in cosmology and redshift. Although encouraging, efforts to constrain dark energy
from galaxy clusters require theoretical uncertainty of order 5%, a level of precision
achieved by Warren et al. (2006) for a fixed cosmology at z = 0. Tinker et al.
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Figure 2.2 Distribution of the dark matter in simulations constrained by the dis-

tribution and motion of galaxies in the real Universe. An analog of our Galaxy is

a tight small halo in the center of the plot. The distribution of dark matter is a

hierarchy of filaments, voids, and halos
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(2008) use a large set of cosmological N-body simulations to estimate the halo
mass function with accuracy better than 5% over a mass range of five orders of
magnitude. Their simulation set spans six orders of magnitude in volume and has
different cosmologies and redshifts in the analysis.

Figure 2.3 shows an example of the halo mass function of the so-called mil-
lennium simulation (Springel et al., 2005). This simulation was a benchmark at
that time. it contains ∼ 1010 dark matter particles in a box of 500 h−1 Mpc
on a side. As a result, the halo mass function extends from dwarf galaxy halos,
1010 M

�
, to super galaxy cluster halos, 1016 M

�
. Some features in this plot em-

phasize how hierarchical clustering works. Low-mass halos form first at very high
redshift and more massive structures form later from the clustering and merging
of smaller objects. The strongest evolution in the number density of dwarf halos
(M < 1011h−1M

�
) happens at z > 3. Even the number density of galaxy-size

halos (M < 1012h−1M
�

) evolve very little after z = 1.5. This has important im-
plications for galaxy formation. It shows that the main epoch for galaxy assembly
happened before z = 1.5.

Concentration is another important property of a dark matter halo. It is
defined as the ratio of the virial radius, rvir, to the radius rs, where the slope
of the density profiles is equal to −2 (core radius in the NFW approximation):
cvir = rvir/rs. The reference point for halo concentrations is the paper by Bullock
et al. (2001a), who parameterized the halo concentration as a function of mass
and redshift:

cvir(M, z) ∝ (1 + z)−1, for M=constant (2.1)

cvir(M, z = 0) ∝M−0.13, for distinct halos (2.2)

It predicts that halos of the same mass are less concentrated at higher redshifts
and that the median cvir of a population of distinct halos decreases with growing
mass (Figure 2.4).

2.4 Angular Momentum

It is convenient to characterize the rotation of a dark matter halo using a dimen-
sionless spin parameter λ:

λ =
J |E|1/2

GM5/2
, (2.3)

here J is the angular momentum, E is the total energy, and M is the mass of
a halo. The value of the spin parameter roughly corresponds to the ratio of the
angular momentum of an object to that needed for rotational support. Typical
values of the spin parameter of individual halos in simulations are in the range
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Figure 2.3 Halo mass function in the millennium simulation (Springel et al., 2005)

for different redshifts. The function n(M, z) gives the comoving number density

of halos less massive than M . ρ is the main density of the Universe. The vertical

dotted line shows the mass resolution limit. Solid lines are predictions from the

Jenkins et al. (2001) fit and dashed lines show the Press-Schechter approximation

at z = 10.07 and z = 0.
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Figure 2.4 Concentration versus mass for distinct halos at z=0 in Bullock et al.

(2001a). The thick solid curve shows the median value. The error bars show

the Poisson errors in each mass bin. The outer dot-dashed curves cover 68%

of the values. The inner dashed curves represent the intrinsic scatter in cvir,

after removing all random scatter. The central and outer thin solid lines are the

theoretical expectations.
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0.02 to 0.11 (e.g., Barnes & Efstathiou, 1987). The distribution of spin parameters
in N-body simulations is well described by the log-normal distribution:

p(λ)dλ =
1

σλ

√
2π

exp

(

− ln2(λ/λ̄)

2σ2
λ

)

dλ

λ
, (2.4)

where λ̄ = 0.037 and σλ = 0.51 (e.g., Bett et al., 2007). Figure 2.5 shows an ex-
ample for the simulations of Bullock et al. (2001b). However, there are indications
that the log-normal distribution underestimates the number of halos with small
spin parameters (Bett et al., 2007).

It is clear that the distribution of the spin parameter is very stable: it does
not depend on halo mass or redshift (Bullock et al., 2001b; Vitvitska et al., 2002;
Hahn et al., 2007). Spins of neighboring halos do not correlate (e.g., Hahn et al.,
2007): the source of the angular momentum (be it the tidal torques or satellite
accretion) does not have a long-distance memory. There are some correlations of
the halo spin. The direction of the spin tends to be parallel to the minor axis
of halo mass distribution (e.g., Bett et al., 2007), though the distribution of dis-
alignment angles is quite broad. Halos with larger spin are more clustered (Bett
et al., 2007).

In spite of the fact that the overall distribution of spins does not change
with time, each individual halo changes its angular momentum quite substan-
tially (Vitvitska et al., 2002; Hetznecker & Burkert, 2006; D’Onghia & Navarro,
2007). Figure 2.6 shows the evolution of spin parameters and masses for three
halos with mass ∼ 1012h−1M� at z = 0. The spin tends to increase to very large
values of λ = 0.05−0.1 when a large satellite is accreted. Figure 3 in D’Onghia &
Navarro (2007) gives two more examples of this process: λ increased by factor of
three, when either a major merger (mass ratio 1:3 of satellite to primary) or a 1:15
merger occurred. Interpretation of the subsequent evolution is still controversial.
Vitvitska et al. argued that the decline of the spin after merger is caused by ac-
cretion of satellites with small net angular momentum resulting in dilution of the
large initial angular momentum over bigger mass. D’Onghia & Navarro argue that
the decline “is due to the internal redistribution of mass and angular momentum
that occurs during virialization”. However, if a system does not grow and does not
interact with its environment, then its total energy, mass, and angular momentum
are preserved. Because the spin parameter depends only on those quantities, no
internal process (including virialization) can change it. The angular momentum
can be lost to immediate environment of a halo through tidal interactions. What-
ever is the explanation of the subsequent evolution of the angular momentum, all
the results agree that the angular momentum dramatically increases during the
merging process and it stays in the system for a long time. This may have an
effect on the angular momentum of gas during this merging process: if the gas
has large angular momentum, it will change the final angular momentum of the
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Figure 2.5 The distribution of spin parameters of the halos in the simulations of

Bullock et al. (2001b). The thin curve is a log-normal distribution with λ̄ = 0.035

and σλ = 0.50. However, there are indications that the log-normal distribution

underestimates the number of halos with small spin parameters (Bett et al., 2007).

Nevertheless, this distribution is very stable: it does not depend on halo mass or

redshift.
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Figure 2.6 Three examples of evolution tracks of Milky-Way galaxy-size halos in

N-body simulations from Vitvitska et al. (2002). All halos show fast mass growth

at high redshifts. At that epoch their spin parameters change very violently, but

subsequently they mostly decline as the mass growth slows down.

galaxy forming from the gas. If we further assume that large mergers produce
ellipticals, then ellipticals should have larger angular momentum.

2.5 Structure of Dark matter Halos

There are numerous aspects regarding the internal structure of dark matter ha-
los. Spherically averaged density profiles have probably the most well studied
statistics. The density profile is reasonably accurately approximated by the NFW
profile: ρ(r) = ρo/x(1 + x)2, where x = r/rs. Here ρ0 and rs are two free param-
eters, which can be replaced by, say, virial mass and concentration. The central
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Figure 2.7 Comparison of the NFW and the Einasto fits from Prada et al. (2007).

The thick full curve in the bottom panel shows the average density for halos with

mass < M >= 3 × 1011h−1M�. The Einasto fit is the dashed curve. The NFW

fit is presented by the thin full curve. The top panel shows the errors of the

fits. The full curve is for the NFW approximation, and the dashed curve is for

the Einasto fit. In outer regions r = (0.3 − 2)Rvir both fits have practically the

same accuracy. Both fits start to fail at larger distances. Overall, the Einasto

approximation provides a remarkable accurate fit.
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slope of the density profile is a very much debated characteristics. For the NFW
it is γ = −1. Recent simulations of Diemand et al. (2007) with ∼ 1/4 billion
particles give γ = −1 at 0.34% of rvir. The problem with the NFW is that on
average it overestimates by ∼ 20% the density in the region r ≈ rs. Figure 2.7
shows the average profile for halos with mass < M >= 3 × 1011h−1M� (Prada et
al., 2007). The NFW provides a reasonable fit over a wide range of radii. Still,
it is not accurate even on average. A more accurate fit is provided by the three
parameter Einasto profile (Navarro et al., 2004; Prada et al., 2007; Gao et al.,
2007):

ρ = ρs exp

(

− 2

α
[(
r

rs
)α − 1]

)

. (2.5)

On average the parameter α correlates with halo mass: the larger is the mass the
larger is α. Combining results presented by Prada et al. (2007) and by Gao et al.
(2007) we get the following approximation for α(M) for halos at z = 0:

α = 0.155 + 0.015 log(M/1012h−1M�). (2.6)

The steep increase in the density of the dark matter results in significant
tensions with observations of rotation curves of dwarf irregular galaxies (e.g., de
Blok et al., 2001). There are some cases where observed rotation curves measured
by the motion of neutral hydrogen, molecular gas (Simon et al., 2005), or Hα
emission (de Blok et al., 2001) fall below theoretical predictions and, if naively
interpreted, predict constant density core for the dark matter. This is the so called
cores vs. cusps problem. These contradictions with the theoretical predictions are
not universal: in a large fraction of measured galaxies the NFW profile gives a
match to observations (Hayashi et al., 2004; Simon et al., 2005).

So far the main contenders for the resolution of the problem are different effects
related with the motion of gas in the central regions of galaxies. Valenzuela et al.
(2007) argue that cold gas in the central regions of dwarf spheroids moves slower
than what would be naively expected. Additional support for the gas is provided
by a combination of few factors: small-scale non-circular motions and pressure
support due to low-level star formation (measured in these galaxies), and large-
scale distortions in the gravitational potential produced either by weak stellar bars
or non-spherical dark matter halos. Recently, Mashchenko et al. (2007) blamed
violent motions in the gas during early stages of galaxy formation for flattening
the dark matter cusp. It is a possibility, though it is not clear how efficient is the
process and how realistic are the processes leading to such violent gas motions.

Interestingly enough, it seems that dwarf spheroidal galaxies, which are typ-
ically smaller than dwarf irregulars, do not have much of the problem. Recent
extensive measurements of random velocities of stars in many dwarf spheroids in
the Local Group are coming along with the theoretical expectations of cuspy dark
matter profiles (Walker et al., 2007).
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Figure 2.8 illustrates the overall dynamical structure of dark matter halos (see
Cuesta et al. (2007) for details). All the curves were normalized to the virial values
for each halo. Therefore, we are looking at relative differences. The plots show
that massive halos are less concentrated than small halos (bottom panels). The
velocity dispersions (top panels) indicate that larger halos dynamically dominate
their environment: rms velocities in the environment of clusters are much smaller
than in their interiors. Dwarf halos are different in that respect: just outside their
formal radii the velocities start to increase.

Results in this figure give us an important lesson: There is nothing very special
about the virial radius. There are no discontinuities, there is no “truncation”
or a boundary of a halo, and halo properties smoothly change when we cross
the formal virial radius. Prada et al. (2007) and Cuesta et al. (2007) made a
detailed analysis of outer regions of halos with a conclusion that halos of small
mass (∼ 5×1012h−1M� and below) may extend 2-3 times beyond their formal virial
radius. They measure the average radial velocity of dark matter as a function of
distance. Figure 2.9 shows the profiles for halos of different mass. The cluster-size
halos behave as expected: just outside their virial radius there is a broad region
where matter falls into the central halo as indicated by negative radial velocities.
Dwarf halos gave a surprise: there is no infall region and on average the matter
does not fall.

It should be remembered that the formal virial radius is not estimated using
any obvious virial relations. One may think of using the virial ratio 2K/U − 1,
but it appears not to be very useful in practice. So, to large degree, the “virial
radius” in cosmology is mostly convention. This also explains why there are many
definitions of halo radii. Typically one uses some constant overdensity radius.
Early simulations indicated that the radius of overdensity 178 is close to the virial
radius. Thus, the radius of overdensity 200 (≈ 178) became the virial radius.
The reason why this was a good approximation is simply coincidental: the early
simulations were mostly done for cluster-size halos and, indeed, for those masses
the virial radius is close to the radius of overdensity 200. The early models were flat
models without the cosmological constant. Models with the cosmological constant
have produced significant confusion in the community. The top-hat model must
be modified to incorporate the changes due to the different rate of expansion and
due to the different rate of growth of perturbations. That path produced the so
called virial radius, which for the standard cosmological model gives the radius of
overdensity relative to matter of about 340. Still, a large group of cosmologists
uses the old overdensity 200 relative to the critical density even for the models
with the cosmological constant.

Cuesta et al. (2007) argue that the radius inside which the radial velocity is zero
– the static radius – is a better approximation for the virial radius. In the sense
of dynamics the static radius is the virial radius. Here the system is stationary
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Figure 2.8 Profiles for halos with different mass from Cuesta et al. (2007). The

profiles were obtained by averaging over hundreds of distinct halos on each mass

bin. Top left panel: radial velocity dispersion. Top right: 3D velocity dispersion.

Bottom left: density profile. Bottom right: Circular velocity profile. Full curves

are for dwarf with mass ∼ 1010h−1M�; long dash curves are for Milky Way-

type halos with ∼ 1012h−1M�. Short dash curves are for cluster-size halos with

∼ 1014h−1M�.
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(may not be relaxed) and stationary systems obey the virial theorem. The notion
of the static radius should be important for dynamics of environment of isolated
halo. For example, motion of satellites at 2 – 3 formal virial radii reflects the mass
distribution of the central object. For other tests, such as abundance of clusters of
galaxies at different redshifts, the distinction between true and convention virial
radii does not seem to be an issue. There is only one condition: We need to follow
the same definition in the theory and in observations.

There is another interesting result which follows from the analysis of outer
regions of halos. It appears that halos of small mass (such as our Milky Way) may
not have changed much in their density distribution since z = 1 − 2. Figure 2.10
shows the density profile of the halos in proper (physical) units. Within 400 kpc
the density of the halos was nearly the same at z = 1 as it is now.
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Figure 2.9 Average radial velocities for halos with different virial masses from

Cuesta et al. (2007). The full curves show results for isolated halos and the dot-

dashed curves are for distinct halos. The velocities are practically zero within

(2−3)Rvir for halos with mass smaller than 1012h−1M�. The situation is different

for group- and cluster- sized halos (two top panels). For these large halos there

are large in- fall velocities, which amplitude increases with halo mass.
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Figure 2.10 Evolution of dark matter density profile from Cuesta et al. (2007).

The evolution of the density profile from z = 2 to z = 0 for galactic-size halos.

There has been very little change in this profile from z = 1 up to the present

epoch. The vertical dotted lines marks the virial radii at z = 2 (left), z = 1

(middle) and z = 0 (right). Static radii are shown with vertical solid lines. The

growth of the static radius in Milky-Way size halos from z = 1 to z = 0 is not

due to accretion but virialization of the surrounding regions of the halo.
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3 GALAXY FORMATION

The classical picture of galaxy formation was outlined several decades ago.
Early analytical models showed the importance of gas-dynamical dissipative pro-
cesses in galaxy formation (Rees & Ostriker, 1977; Silk, 1977). The basic idea
is that gas falls into dark matter halos and it is shock heated at the virial ra-
dius. Then the gas looses its energy through dissipative processes and collapses
in self-gravitated objects inside dark matter halos (White & Rees, 1978). The
angular momentum is preserved in this collapse. Thus, cold gas settles in a thin
disk (Fall & Efstathiou, 1980). Inside the disk, the gas achieves high densities
and forms stars. Finally, these stars modify the surrounding gas through different
mechanisms of feedback, such as supernova explosions. This energy feedback can
affect the formation of the whole galaxy (Dekel & Silk, 1986).

Although the previous picture of galaxy formation may be qualitatively correct
at some degree, it depends on several important assumptions and simplifications.
As a result, it can only make gross predictions about the physical scales of galaxies
and it can miss important physical processes relevant for galaxy formation. Nev-
ertheless, this classical picture shows that radiative cooling, star formation and
stellar feedback are key processes in the assembly of baryons in galaxies. However,
there is a complex interplay between these processes and large-scale cosmological
processes. Galaxy formation is linked to the hierarchical formation of large-scale
structures. For example, baryons can flow from cosmological distances to the cen-
ter of dark matter halos along cold flows, which are not being shock heated at
the virial radius (Birnboim & Dekel, 2003; Kereš et al., 2005; Dekel & Birnboim ,
2006). Another example is the role of stellar feedback in galaxy formation. Stel-
lar feedback injects energy at parsecs scales but it produces galactic outflows that
reach Megaparsecs scales (Ceverino & Klypin, 2007). These outflows are routinely
detected in high redshift star-forming galaxies (Law et al., 2007).

In short, the current picture of galaxy formation is more complicated than the
classical paradigm. An interconnected set of processes with very different spatial
scales drives the galaxy assembly. In order to get more accurate predictions about
galaxy formation and evolution, it is necessary to follow the dynamics of the gas
and dark matter. This is why N-body + gasdynamical simulations have become
a very important method to model galaxy formation in a cosmological context.
They are able to simulate the internal gasdynamics of galaxies, as well as the gas
accretion from the cosmic web and the assembly of gas in galaxy disks.

3.1 Early Simulations of Galaxy Formation
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Early gasdynamical simulations started to appear in the last decade of the 20th
century (Lake & Carlberg, 1988; Navarro & Benz, 1991; Katz, 1992; Navarro &
White, 1994; Barnes & Hernquist, 1996; Quinn et al., 1996; Haehnelt et al., 1998;
Mac Low & Ferrara, 1999; Cen & Ostriker, 1999). These simulations faced two
main problems: the overcooling problem and the angular momentum catastrophe.
Even now, in 2008, these problems are not completely solved.

The Overcooling Problem
Because the radiative cooling is very efficient in low-mass halos at high red-

shift, the overcooling problem is an issue in the hierarchical clustering scenario
of galaxy formation (White & Rees, 1978; White & Frenk, 1991). If most of the
gas inside these galactic halos cools, collapses, and forms stars, almost all baryons
inside galactic halos should have been locked into stars well before the assembly
of present-day galaxies. However, the fraction of baryons found in galaxies at
low redshift is significantly smaller than the universal baryonic fraction (Fukugita
& Peebles, 2004). In addition, a large fraction of baryons (about 1/2), which is
naively expected to be inside galaxies such as our Milky Way, is not accounted
for (Klypin et al., 2002; Conroy et al., 2007) – they are not in stars and not in
the observed gas. It is clear that in order to produce realistic models, the the-
ory should include mechanisms that prevent catastrophic cooling of gas and its
conversion into stars.

It was quickly realized that stellar feedback can potentially solve the over-
cooling problem (White & Frenk, 1991; Navarro & Benz, 1991). However, the
modeling of stellar feedback and its efficiency in cosmological simulations turned
out to be a difficult task. Early attempts to introduce stellar feedback into sim-
ulations found the obstacle of strong radiative cooling. Katz (1992) is one of the
earliest attempts to include radiative cooling, star formation and stellar feedback
in gasdynamical simulations of galaxy formation. With only 4,000 gas particles,
the simulation resolved the formation of a galaxy with 3 components: a stellar
spheroid, a disk and a dark matter halo. However, one of the main results was that
most of the energy deposited by supernova explosions was radiated away without
any effect in the evolution of the simulated galaxy. Therefore, the overcooling
problem was still an issue.

The Angular Momentum Catastrophe
Early cosmological simulations of galaxy formation reported a catastrophic

loss of angular momentum during the galaxy assembly, resulting in too small and
concentrated galactic disks and very massive spheroids (Navarro & Benz, 1991;
Navarro & White, 1994; Navarro et al., 1995; Navarro & Steinmetz, 1997, 2000;
SommerLarsen et al., 1999).

Figure 3.1 shows an example from Navarro & Steinmetz (2000). At a given
galaxy rotational velocity, the specific angular momentum of observed disks ex-
ceeded that of numerical models by more than an order of magnitude. These
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Figure 3.1 Specific angular momentum versus circular velocity of simulated and

observed galaxies (Navarro & Steinmetz, 2000). The models have an order of

magnitude less specific angular momentum than observations. This is an exam-

ple of the angular momentum catastrophe in early numerical models of galaxy

formation
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models failed to reproduce the zero-point of the Tully-Fisher relation, although
its slope and scatter were well reproduced.

This angular momentum catastrophe has a double origin. A part of the prob-
lem is related to the overcooling problem. Clumps of too cold and dense gas lose
all angular momentum due to dynamical friction during the early infall or dur-
ing mergers at high redshifts (Navarro & Benz, 1991). As a result, most of the
angular momentum is transferred from disk material to the halo at high redshift.
A second origin is related to the resolution of these early simulations. Numerical
artifacts can cause a numerical loss of angular momentum if the simulations has
too low resolution to accurately solve for the gasdynamical equations at galactic
scales. This is specially a problem for SPH (smoothed particle hydrodynamics)
simulations, the most commonly used method for galaxy formation simulations
(Mayer et al., 2008).

One example of a numerical model which suffered from this angular momentum
problem was provided in Abadi et al. (2003). They performed simulations of
galaxy formation with a mass resolution of 1.8× 107M

�
for dark matter particles

and a force resolution of 0.5 Kpc. This was consider “high resolution” at that
time. They were able to study the properties of the galactic disks formed in the
simulations. Figure 3.2 shows the predicted circular and rotational velocity profiles
for a MW-type galaxy. It clearly shows that the model failed to reproduce a flat
rotation curve typical of massive disk galaxies. The stellar spheroid component
is very concentrated. A lot of angular momentum was lost into this slow-rotating
component. As a result, the stellar disk did not contribute much to the total mass
of the galaxy. They concluded that a better modeling of feedback was required to
inhibit the early collapse and cooling of gas at high redshifts.

3.2 Models of Stellar feedback

Simulations of galaxy formation lack the necessary resolution to follow cor-
rectly the effect of supernova explosions and stellar winds in the ISM (Thacker
& Couchman, 2000). Because of this lack of resolution, the modeling of stellar
feedback has relied on ad-hoc assumptions about complex gasdynamical processes
at scales unresolved by these simulations (0.2-1 Kpc). Currently, there are three
main “recipes” for stellar feedback.

The most common method is to artificially stop cooling when the stellar energy
is deposited (Gerritsen & Icke, 1997; Thacker & Couchman, 2000; Sommer-Larsen
et al., 2003; Kereš et al., 2005; Governato et al., 2007). This approach prolongs the
adiabatic phase of supernova explosion (the Sedov solution) to about 30 Myr. The
motivation behind this ad-hoc assumption is that the combination of blastwaves
from different supernova explosions and turbulent motions produces hot bubbles
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Figure 3.2 Circular velocity and rotational velocity of the gas in a MW-model at

z = 0 from Abadi et al. (2003). Different curves correspond to the contribution of

different galaxy components to the circular velocity. The velocity profiles are very

steep, because the spheroidal component with low angular momentum dominates

over the rotating disk
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much larger than individual supernova remnants and last longer. All these effects
are not resolved with the current resolution. These processes do not develop in
a self-consistent way. Thus, the delay in the cooling is introduced by hand. The
problem is that other effects can be missed at the same time due to a lack of
resolution and an inaccurate modeling of feedback.

Another method is to introduce a sub-resolution model in which the energy
from supernova explosions is stored in an unresolved hot phase, which does not
cool and loses energy through the evaporation of cold clouds (Yepes et al., 1997;
Springel & Hernquist, 2003; Oppenheimer & Davé, 2006). In this model, the
only effect of stellar feedback is to regulate the star formation: the hot gas is
coupled with the cold phase through cloud formation and evaporation. As a
result, this high entropy gas is artificially trapped within the galactic disk. Thus,
galactic winds are introduced in a phenomenological way in order to reproduce
other natural effects of stellar feedback, such as galactic outflows. In this model,
each parcel of gas has a probability to rise from the disk according to its star
formation rate. In one of these events, the material is given a “kick” in a given
direction and the gasdynamical forces are temporally removed to allow the gas
to escape from the disk. This produces a galactic outflow which is crucial in this
model for matching the star formation rate density observed at high redshifts.

An alternative approach assumes kinetic feedback instead of thermal feedback
(Navarro & White, 1993; Abadi et al., 2003). In that case, the energy from
supernova explosions or stellar winds is transferred to the kinetic energy of the
surrounding medium. This energy is not dissipated directly by radiative cooling.
However, in order to resolve this effect accurately, simulations should be able to
resolve the expansion of individual supernova explosions or the stellar winds from
individual stars. Currently, this is not possible. At larger scales, the picture is
more complicated. Different blastwaves from different supernova explosions can
collide, dissipating their kinetic energy. The same dissipation of energy happens in
collisions of stellar winds in stellar clusters. So, it is commonly assumed that most
of the kinetic energy from stellar feedback is dissipated into thermal energy at the
smallest scales resolved by simulations. Nevertheless, this feedback-heated gas
can expand. As a result, thermal energy can be transferred to kinetic energy. The
net results are flows at large scales powered by the thermal feedback. However,
feedback heating should dominate over radiative cooling: only in this case are
those flows produced.

To summarize, the main problems of current simulations of galaxy formation
are the lack of the necessary resolution and too simplified models of the complex
gasdynamical processes in the multiphase ISM.
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3.3 Current Models of Galaxy Formation

Recent improvements in the resolution of the simulations and in the mod-
eling of the feedback have produced galaxies with more extended galactic disks
(Sommer-Larsen et al., 2003; Governato et al., 2004; Robertson et al., 2004; Brook
et al., 2004; Okamoto et al., 2005; Governato et al., 2007). Figure 3.3 from Gov-
ernato et al. (2008) shows the effects of the numerical resolution and the stellar
feedback in the growth of either an extended disk or a massive spheroid. The
galactic disk looks more extended and well defined in the simulation with 4× 106

particles, a mass resolution of 8 × 105M
�

and a force resolution of 0.3 Kpc.
(top-right panel). Runs with lower resolution show a more massive and extended
spheroidal component. At the same time, the bottom panels show the effect of
different models of stellar feedback in runs with the same resolution. The standard
thermal feedback model from Katz (1992) produces a more massive spheroid than
the “blastwave feedback” model in which radiative cooling is prevented where the
energy from supernovae is deposited.

High-resolution models also produce more realistic rotation curves. Figure 3.4
shows the circular velocity profiles, Vc = (M/r)−1/2, where M is the total mass in
stars, gas and dark matter inside a radius r, for models with a different resolution
and implementation of stellar feedback. The high-resolution case produces a less
pronounced peak and a more extended stellar distribution. As a result, higher res-
olution models are less centrally concentrated. The angular momentum problem
now is not as severe as it was before. However, it is still an issue.

These state-of-the-art cosmological gasdynamical simulations still have not
converged to resolution-independent results. A part of the problem is still related
with the artificial loss of angular momentum in SPH simulations (Kaufmann et
al., 2007; Naab et al., 2007). For example, Kaufmann et al. (2007) has tested an
SPH code in models of galaxy formation within isolated dark matter halos. They
are not cosmological models. Instead, they follow the formation of a galactic disk
starting from a spherical gas distribution within a preexisting dark matter halo.
Due to radiative processes the gas dissipates its energy and settles into a cold disk.
Neither star formation nor stellar feedback are included. Nevertheless, these very
simplified modes are good test grounds to check for numerical defects, particularly
artificial loss of angular momentum. Figure 3.5 shows an example of three face-on
views of galactic disks with different resolutions Kaufmann et al. (2007). It is clear
that the high-resolution case (HR) with 5× 105 gas particles, a mass resolution of
2× 105 M

�
and a force resolution of 0.5 kpc, forms a larger disk (leftmost panel).

However, the convergence in the final angular momentum of the disk is not
reached even with more than 105 gas particles (Figure 3.6). Their HR case has
∼ 13% more specific angular momentum than the IR case. The situation in the
central disk is worse: the material which ends up within 1 Kpc from the center
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Figure 3.3 Edge-on views of a MW model in the I-band for different models of

feedback and different numerical resolutions from Governato et al. (2007). Top

panels show simulations with the “blastwave feedback” model and high, medium

and low resolutions. Bottom panels show the medium resolution with blastwave

feedback, no feedback and normal thermal feedback. The models with feedback

and high resolution form galaxies with less concentrated spheroids and more ex-

tended disks.
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Hi Res, Blastwave Feedback

Average Res, Blastwave Feedback

Low Res, Blastwave Feedback 

Low Res, Thermal Feedback

Figure 3.4 The circular velocity profile, Vc = (M/r)−1/2, where M is the total

mass in stars, gas and dark matter inside a radius r from Governato et al. (2008).

Each large dot marks the radius that contains 85% of the stars in each model of

the same MW-type galaxy. The low-resolution cases produce a very steep curve

which is less pronounced in the high-resolution case. At the same time, the stellar

distribution is also more extended.
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Figure 3.5 Gas density distribution of a galactic disk formed in a isolated MW-

size halo after 5 Gyr from Kaufmann et al. (2007). Different panels show different

resolution runs. The upper-left panel is high-resolution (HR) run with 5×105 gas

particles. The upper-right panel has an intermediate resolution (IR) of 9 × 104

gas particles. Finally the bottom panel shows the low resolution case (LR) with

3 × 104 particles. It is clear that the disk is larger and better defined in the high

resolution case.
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Figure 3.6 Evolution of the specific angular momentum in the disk as a function

of resolution from Kaufmann et al. (2007). The HR case has ∼ 13% more specific

angular momentum than the IR case.

after 5 Gyr have lost ∼ 80% of their original angular momentum. A significant
fraction of this loss is due to numerical artifacts of the SPH implementation. A
more detailed discussion of these issues can be found in a recent review paper by
Mayer et al. (2008).

3.4 The Merger-driven Scenario for Galactic Disk Formation

Improvements in the resolution of simulations and in the modeling of stellar
feedback have produced a new scenario in which galactic disks are more robust that
it was previously thought. In the traditional picture for the evolution of galaxy
morphology, the merger of two spiral galaxies invariably produces an elliptical
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galaxy (Toomre & Toomre, 1972). However, new evidence suggests that a merger
of two gas-rich galaxies may produce a disk galaxy (Springel & Hernquist, 2005;
Robertson et al., 2006).

Springel & Hernquist (2005) showed an extreme example of a coplanar merger
of two pure-gas disks. A rotation-supported disk was formed from the leftover gas
that was not consumed during the merger. They used a multiphase subgrid model
of the ISM. As a result, star-formation regions are “pressurized” by feedback. This
delays the gas consumption. However, the mass decomposition showed that the
remnant was bulge-dominated: only 30% of the stars were actually in the disk.
The galaxy resembled a S0 galaxy, rather than a late-type spiral. Still, it is
remarkable how an extended disk can form after a violent merger without late gas
accretion.

Robertson et al. (2006) and Cox et al. (2006) extended the study of galaxy
mergers, considering other, less extreme, examples. Robertson et al. (2006) con-
cluded that only if more than half of the mass of the progenitors is gas at the
moment of the merger, the remnant exhibits a large disk. Otherwise, the remnant
resembles a disky elliptical galaxy (Cox et al., 2006). Figure 3.7 shows an example
of a merger of two gas-rich disks that produces a remnant disk from Robertson et
al. (2006). The progenitors disks are already distorted by tidal interactions after
the first passage (T=0.35 Gyr). After the merger (T=0.75 Gyr), the remaining
gas settles into a rotation-supported disk and forms and extended stellar disk. As
a result, a galactic disk can be formed right after a major merger, without waiting
for new material to be accreted.

This merger-driven scenario for disk formation implies that galactic disks
started to form at high-redshift, during the epoch of gas-rich mergers. Cosmolog-
ical simulations support this scenario (Brook et al., 2004; Governato et al., 2007).
The initial assembly of present day galactic disks occurred right after their last
major merger. Subsequent accretion of gas and star formation contributed to the
posterior disk growth until present. This early assembly produced kinematically
hot and thick disks (Brook et al., 2004). This may be consistent with the observed
thick disk components of nearby galaxies.

To conclude, the galaxy disks are more robust structures than early models had
predicted. The factors that determinate the morphology of nearby galaxies: disk
or spheroids, are tightly coupled with the details of their merger histories. Galaxies
with a late major merger between stellar-dominated objects may generally be
elliptical galaxies. These mergers are also called “dry” mergers. In contrast,
“wet” mergers between gas-rich galaxies may produce more disky-like galaxies.
Due to the fact that wet mergers were more common in the past, the number of
disk galaxies should overcomes the number of spheroidal galaxies at high redshifts
(z > 2), as some cosmological simulations start to indicate (Brook et al., 2004;
Governato et al., 2007).
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Figure 3.7 Merger of two gas-rich disks that produces a remnant disk from Robert-

son et al. (2006). The bottom sequence includes the effect of a supermassive black

hole feedback. Each panel is 140 Kpc × 140 Kpc.
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4 THE AIM OF THIS PhD

The main purpose of this PhD thesis is to reach a better understanding of
galaxy formation within the current cosmological paradigm, the ΛCDM Universe.
This cosmological model sets the framework from which a successful theory of
galaxy formation should be established. The ΛCDM model predicts a hierarchi-
cal clustering scenario for the formation of cosmic structures. In this picture,
galaxies form within dark matter halos, which grow through clustering and merg-
ing. The statistics and properties of these halos have been extensively studied
and have reached an excellent level of accuracy, thanks to N-body models. The
mass function is one example. The internal properties of dark matter halos are
consistent with the picture of virialized objects, not supported by rotation. How-
ever, tidal torques and mergers provide the angular momentum content, which is
necessary to produce rotation-supported galaxy disks. Therefore, the physics of
the clustering of dark matter is the starting point for modern theories of galaxy
formation. Our aim is to extend the ΛCDM paradigm and to include galaxies in
our model of the Universe.

Thanks to a better modeling of baryonic physics and a higher resolution, cur-
rent models of galaxy formation are able to resolve, to some degree, the physics
within galaxies. This yields the formation of extended galactic disks. However,
they are still too concentrated: state-of-the-art cosmological gasdynamical simula-
tions fail to reproduce rotation curves consistent with observations. The rotation
curves from galaxy models rise too fast at the center and tend to have a declining
shape, inconsistent with the typical, almost flat, rotation curve of observed disk
galaxies. This happens because current models still have too much material with
low angular momentum (van den Bosch et al., 2001). They cannot form galaxies
with the right distribution of disk and spheroid components: The latter is too
massive and concentrated. As a result, the current theory fails to reproduce the
right distribution of stars within galaxies. This means that both the overcooling
and the angular momentum problems are still not solved.

In summary, the theory of galaxy formation is far from complete. It is not
simply a case in which some details of the formation of galaxies are still missing.
Current models of galaxy formation use too simplistic models at small scales.
Any successful theory of galaxy formation should catch the relevant physics of the
interstellar medium (ISM) inside galaxies. It should resolve the multiphase nature
of the ISM: the cold and dense star-forming gas, the warm and diffuse medium
and the hot and dilute gas. The use of simplistic models that do not resolve the
thermodynamical conditions of the ISM can lead to erroneous results which lack
some important processes for galaxy formation, such as galactic-scale outflows
powered by the injection of energy from stars at small scales (Ceverino & Klypin,
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2007). These outflows can reach Mpc-scales and enrich the intergalactic medium
with the metals produced in the supernova explosions. This is an example of how
the physics at small scales has a significant impact on larger scales, from Kpc to
Mpc scales. As a result, it is crucial to resolve the thermodynamical state of the
star-forming regions. These conditions are determined by a competition between
cooling and heating processes. This balance should be resolved in order to account
for the right efficiency of stellar feedback (See §5). Otherwise, its effect can be
underpredicted (Katz, 1992) or overpredicted (Governato et al., 2007).

This PhD thesis describes our effort in improving the theory of galaxy forma-
tion by including more realistic models of radiative cooling (§6.2), star formation
(§6.3), stellar feedback (§7) and new effects not considered before, like runaway
stars (§7.2). Our approach is to minimize the typical ad hoc assumptions about
the complex gasdynamical processes at 10-pc scales. Instead, our simulations re-

solve these processes: the overheating regime (§5), a multiphase ISM (§8) and
galactic outflows (§9).

Our model has a metallicity-dependent cooling which takes into account cool-
ing from metal lines as well as molecular cooling. This allows us to model cold
(T ∼ 100 K) gas and to reproduce the physical conditions of the cold star-forming
phase of the gas. This is crucial for the efficiency of stellar feedback (§5). This
is an important step forward in comparison with other models which only has
cooling processes from hydrogen and helium (Governato et al., 2007; Springel
& Hernquist, 2003). These models can only cool to ∼ 104 K. This minimum
temperature is completely inappropriate for the thermodynamical conditions in
star-forming regions, such as molecular clouds.

A model for star formation should have higher efficiency in higher density re-
gions (Krumholz & Tan, 2007). Due to the limited resolution in previous models of
galaxy formation, these high density regions within galaxies were not resolved. As
a result, the star formation has usually been modeled with low efficiency through-
out the galaxy in order to mimic the slow consumption of gas into stars at galactic
scales (Governato et al., 2007; Springel & Hernquist, 2003). In our models, we can
resolve these high density peaks within galaxies: spiral arms and molecular clouds
complexes. As a result, we employ a model of star formation with high efficiency
but stars form only in these high density regions. Therefore, we also achieve a slow
consumption of gas when averaged throughout a whole galaxy (Tasker & Bryan,
2006). This realistic model of star formation has huge consequences for stellar
feedback. The efficiency of stellar feedback in heating the cold star-forming gas is
proportional to the star formation rate in the star forming region. A higher star
formation rate means a larger number of young and massive stars which inject
more energy back to the gas.

However, even at our highest resolution of 30 pc, we still cannot model individ-
ual supernova explosions in cosmological simulations. As a result, the modeling
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of stellar feedback still needs some assumptions. Basically, we assume that all
the kinetic energy released by stellar winds and supernova explosions in a small
stellar cluster is efficiently thermalized through shocks. As a result, the net effect
of stellar feedback is to heat the surrounding medium. This is an conservative
approach because it is possible that some fraction of this kinetic energy stays in
the gas, in the form of turbulent or expanding motions. In the future, we plan
to relax this assumption and include a fraction of kinetic feedback as Navarro &
White (1993).

The present work is part of an ongoing effort in the understanding of galaxy
formation using cosmological gasdynamical simulations. We start by asking our-
selves what are the conditions required for a correct behavior of the interstellar
medium within galaxies (§5) and then we build a model for galaxy formation that
is able to fulfill these conditions (§6-§7). We have performed simulations of a piece
of a galactic disk in order to check our model (§8). It successfully produces the
right conditions of the ISM: formation of a multi-phase medium with hot chim-
neys, super-bubbles, cold molecular phase, and very slow consumption of gas.
The critical step has been to check that this picture holds when the resolution is
degraded to the resolution that our cosmological simulations can achieve at high
redshift. Finally, we have performed cosmological simulations of galaxy formation
and studied the effect of stellar feedback in the galaxy growth at high redshifts
(§9) and its evolution at lower redshifts (§10).

Once the stellar disk is well formed, a large fraction of the gas in the disk has
already been converted into stars. Then, we can assume that the remaining gas
does not affect the evolution of the stellar distribution. In this approximation, all
gasdynamical processes are neglected and galaxies are treated as pure collisionless
systems. In this context, the long-term evolution of galaxies is driven by stellar
dynamics. The effects of the gas are secondary. Instead, other purely dynamical
effects with time-scales of Gyr start to play a role in the evolution of galaxies. We
have used N-body-only models of a stellar disk embedded in a dark matter halo
to study this long-term evolution of galaxies. Particularly, the project has been
focused on the role of dynamical resonances in stellar disks (§11).

4.1 Project Goals

In summary, this PhD work addresses the following questions:
Can we get extended disks at z ∼ 0?
What is the physics needed to avoid a too massive spheroid?
Can we solve (or reduce) the overcooling and angular momentum problems?
What is the role of stellar feedback in galaxy formation?
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Can our simulations achieve the minimum scale at which stellar feedback is
resolved with its full efficiency?

What is the role of dynamical resonances in the long-term evolution of galaxies?

4.2 PhD Thesis Outline

This PhD thesis is organized as follows. Section 5 describes the physics of
stellar feedback and the necessary conditions in which stellar feedback dominates
over radiative cooling. Section 6 describes the N-body/gasdynamical code used,
as well as the details of the implementation of the baryonic physics: radiative
cooling and star formation. Section 7 describes all details of the modeling of
stellar feedback. Section 8 is devoted to the effect of stellar feedback in the ISM.
Section 9 shows the effect of stellar feedback in galaxy formation at high redshift
using cosmological simulations of galaxy formation. Section 10 describes galaxy
evolution. Finally, Section 11 describes the role of dynamical resonances in the
long-term evolution of galaxies.
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5 PHYSICAL CONDITIONS FOR THE HEATING REGIME

The contents of this chapter will appear in the paper: The role of stellar feed-

back in the formation of galaxies, Ceverino, D., & Klypin, A. 2007, submitted for
publication.

The thermodynamical state of the gas depends on two competing processes:
heating from stellar feedback and cooling from radiative processes. They appear
as source and sink terms of internal energy in the equation of the first law of
thermodynamics:

du

dt
+ p∇ · v = Γ − Λ (5.1)

where u is the internal energy per unit volume, p is the pressure of the gas, and
v is its velocity. Parameter Γ is the heating rate due to stellar feedback, and Λ is
the net cooling rate from radiative processes.

The heating rate from stellar feedback can be expressed as the rate of energy
losses from a young and active single stellar population with a given density,
ρ∗,young :

Γ = ρ∗,youngΓ
′ (5.2)

where Γ′ is the specific rate of energy losses of the stellar population according to
its age. The cooling rate can be expressed as:

Λ = n2
HΛ′, (5.3)

where nH is the hydrogen number density.

5.1 Heating versus Radiative Cooling

Now, we can ask ourselves under which conditions the feedback heating dom-
inates over the radiative loses. Using the expression, nH = ρgas/(µHmH), where
ρgas is the gas density, µH is the molecular weight per hydrogen atom and mH is
the hydrogen mass, the condition for heating (Λ ≤ Γ) can be expressed as:

nHΛ′ ≤ ρ∗,young

ρgas

µHmHΓ′ (5.4)

Using typical values, we can rewrite the condition for the heating regime in the
following way:

( nH

0.1 cm−3

)

(

Λ′

10−22 erg s−1 cm−3

)

≤
(

ρ∗,young

ρgas

)

(

Γ′

1034 erg s−1 M−1
�

)

(5.5)
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The cooling rate, Λ′, is a strong function of gas temperature. So, the temperature
and the density of the gas are two key properties in establishing the cooling or
the heating regimes. The following two examples illustrate common situations.

At temperatures around 104 K, the cooling rate is close to its maximum value.
We use Λ′ = 10−22 erg s−1 cm3 as a fiducial value. In this case eq.(5.5) shows
that the heating overcomes the cooling only at very low densities nH ≤ 0.1 cm−3,
optimistically assuming that the ratio of densities, ρ∗,young/ρgas is about unity. As
a result, stellar feedback is not able to heat the gas beyond 104 K for densities
higher than 0.1 cm−3 and typical values of Γ′. This is the well known overcooling
problem for simulations, which allow cooling only up to a temperature of 104 K at
which the star formation is assumed to happen. The energy from stellar feedback
is radiated away very efficiently and the thermal feedback cannot play any role. In
this case one needs to invoke “subgrid physics” – a guess how the system should
react to the energy released by the stars.

The situation is completely different if the gas is allowed to cool to 100 K. The
cooling is very inefficient at that temperature: Λ′ = 10−25 erg s−1 cm3. So, stellar
feedback can produce the net gas heating even if the density is large: nH ≈ 100
cm−3 for ρ∗,young ≈ ρgas. Our conclusion is that simulations should include cooling
process below 104 K. The cold phase should be resolved in order to get a high
efficiency of stellar feedback.

However, heating to high temperatures is still problematic because as the gas
is heated, the cooling rate increases. So, the peak of the cooling rate at 104 K is
a bottle-neck for heating gas to higher temperatures. Nevertheless, temperatures
of diffuse gas as high as 106 − 107 K have been observed around star-forming
regions such as the Rosette nebulae (Townsley et al., 2003; Wang et al., 2007),
M17 (Townsley et al., 2003), and the Orion nebula (Feigelson et al., 2005; Guedel
et al., 2007). The main question is how young and massive stars can heat their
surrounding medium to these high temperatures, if the original medium, in which
they were born had high densities.

The answer likely depends on the distance from those young stellar clusters. At
small 1-2 pc distances it is likely to have the collisions of stellar winds (Townsley
et al., 2003; Feigelson et al., 2005). At larger distances the heating is related to the
formation of superbubbles: the cumulative effect of winds and shocks generated by
many young stars. One way or another, the density of gas around the young stellar
population decreases and the ratio ρ∗,young/ρgas increases as the over-pressured
bubble of gas expands. Once the density goes below 0.1 cm−3, eq.(5.5) can be
fulfilled even at 104 K. The net result is a heating regime, in which the surrounding
gas can be heated to very high temperatures. In other words, the process starts
with expanding bubbles at low temperatures and then proceeds to a runaway-
overheating regime.

As an example, we consider a typical GMC with a mass of 105 M� and a size
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of 50 pc. These are the typical values found in recent catalogs of GMCs in M33
(Rosolowsky et al., 2007), M31 and the Milky way (Sheth et al., 2008). Therefore,
the mean density is nH = 50 cm−3. This value seems low compared with typical
observed densities of molecular clouds. However, GMCs are highly clumpy. High-
density clumps are usually embedded in a low density inter-clump medium. As a
result, the volume-averaged density inside clouds is much smaller than the typical
observed mass-weighted density (McKee, 1999).

Now, we consider an Orion-like stellar cluster formed at the center of the cloud.
The mass of the stellar cluster is 5 × 103 M

�
(Hillenbrand & Hartmann, 1998).

In a region of mass 104 M�, the stellar cluster has the ratio ρ∗,young/ρgas equal to
0.5, and the condition for heating, eq.(5.5), is fulfilled. This heating produces an
over-pressured hot bubble with a pressure 100 times higher than the surrounding
unperturbed medium. As a result, the bubble expands, the density decreases, and
the ratio ρ∗,young/ρgas increases. Then we get a runaway bubble, which proceeds
to blow away all gas (Kroupa et al., 2001).

Simulations should resolve the expansion of bubbles over-pressured by stellar
feedback. The density of young (and active) stars and the density of gas should
be comparable at the smallest scales resolved by the simulations. The minimum
value of the ratio ρ∗,young/ρgas depends on the gas density (eq. 5.5). For moderate
gas densities, nH = 10 − 100 cm−3, the above ratio should be around 0.1-1.

The above condition can be achieved if the star formation efficiency, the frac-
tion of the progenitor cloud consumed in stars is 10%-50% at the resolution scale.
This high efficiency is consistent with the observed value of 10%-40% found in
Galactic stellar clusters, (Greene & Young, 1992; Elmegreen et al., 2000; Kroupa
et al., 2001). Due to the fact that 80% of the Galactic star formation occurs in
stellar clusters (Lada & Lada, 2003), this high efficiency of star formation should
be considered in any star formation model which can resolve the sites where star
formation occurs.

5.2 Local Gravity versus Pressure Gradient

As we saw in the previous section, low densities are required in order to heat
the gas beyond the peak of the cooling curve. Stellar feedback should evacuate the
gas by creating an expanding bubble around young stellar clusters. However, the
over-pressured bubble expands only if the pressure gradient overcomes self-gravity.

If we consider an over-pressured bubble of radius R in a homogeneous medium
of density ρ, we can derive a Jeans-instability type of condition. As a result,
the bubble expands only if the difference in pressure with its surroundings, ∆P ,
satisfies the following relationship:

∆P/k ≥ 4π

3k
G(ρR)2 = 10−1(nHRpc)

2 (5.6)
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where k is the Boltzmann constant, G is the gravitational constant, and Rpc is the
radius in pc. The above equation sets the conditions for the bubble expansion.
For the Galactic plane the pressure is P/k ∼ 2 × 104 cm−3K (Cox, 2005). For
example, a region of 50 pc in radius and a density of 100 cm−3 will only expand
if the difference in pressure is bigger than 2 × 106 cm−3 K. This can be achieved
if the bubble is over-pressured by more than 100 times. Stellar feedback can
produce this overpressure just by raising the temperature from 100 K to 104 K.
The resulting over-pressured region will expand, and the density as well as the
cooling rate will decrease. So, the efficiency of stellar feedback increases, raising
the temperature and pressure further.

Eq. 5.6 also sets an upper limit on the resolution. Using the equation of
state of the ideal gas P = nkT , where n is the mean number density and T is
the temperature of the gas, the over-pressured bubble should be resolved with a
spatial resolution Xpc = Rpc/2, such that the expansion is resolved:

(

Xpc

75 pc

)2

≤
(

T

104 K

)

( nH

10 cm−3

)−1

(5.7)

As a result, for typical values of these over-pressured regions, the resolution should
be better than ∼ 70 pc. Otherwise, the bubble cannot overcome its self-gravity
and cannot expand.
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6 THE GASDYNAMICAL MODEL (I): Basic Equations and Physics

The numerical simulations were performed using the Eulerian gasdynamics +
N-body Adaptive Refinement Tree (ART) code (Kravtsov et al, 1997; Kravtsov,
1999). This code basically solves the equations of gasdynamics of an ideal fluid
plus the equations of motion for particles (dark matter and stars) on an adaptive
mesh.

In addition to the basic equations of dynamics, several astrophysical processes
relevant for galaxy formation are also taken into account (Kravtsov, 2003). These
include radiative cooling, star formation and stellar feedback. The first two pro-
cesses are described in detail in the following subsections. The modeling of stellar
feedback requires a separate section (§7), because of its complexity and relevance
for galaxy formation.

6.1 Basic Equations of Gasdynamics and N-body

The fundamental equations of gasdynamics are the continuity, momentum,
and energy equations, the Poisson equation and the equation of state of an ideal
gas:

∂ρgas

∂t
+ ∇ · (ρgasu) = Sρgas

, (6.1)

∂u

∂t
+ (u · ∇)u = −∇Φ − ∇P

ρgas

+ Su, (6.2)

∂E

∂t
+ ∇ · [(E + P )u] = −ρgasu · ∇Φ + (Γ − L) + SE, (6.3)

∇2Φ = 4πG(ρtot + 3Ptot/c
2) − Λ, (6.4)

ε =
1

γ − 1

P

ρgas

, (6.5)

where ρgas is the gas density, u is the gas velocity, P is the gas pressure, E =
ρgas(ε + u2/2) is the total gas energy density, and ε is the internal energy of the
gas per unit mass.

In the energy equation (eq. 6.3), Γ and L are the heating and cooling rates
per unit volume. They take into account radiative processes (§6.2) and thermal
feedback (§7.1). In the Poisson equation (eq. 6.4), Φ is the potential, ρtot is
the density of all the components of matter (gas, stars and dark matter), Ptot is
the total pressure in the universe, and Λ is the cosmological constant. For our
simulations, we assume that Ptot ≈ 0. In the equation of state (eq. 6.5), γ is
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the adiabatic index. In our case, the internal energy is simply the specific kinetic
energy of the gas particles. As a result, γ takes the value of an ideal monoatomic
gas, γ = 5/3. Finally, Sρgas

, Su, and SE are source/sink terms in the continuity,
moment and energy equations. These terms are coming from the processes of
star formation (§6.3) and stellar mass looses (§7.5), which modify the gas density,
momentum and energy. They will be described in the following sections.

In addition to the equations of gasdynamics, the code also includes the self-
consistent advection of metals produced in stars. These metals are released into
the gas by supernova explosions and stellar winds from massive stars (§7.4) and
evolved stars (§7.5):

∂ρZSNII

∂t
+ ∇ · (ρZSNII

u) = (6.6)

SZSNII ,feedback + SZSNII ,Stellar mass looses + SZSNII ,star formation

∂ρZSNIa

∂t
+ ∇ · (ρZSNIa

u) = (6.7)

SZSNIa,feedback + SZSNIa,Stellar mass looses + SZSNIa,star formation

where ρZSNII
and ρZSNIa

are the mass density of metals ejected in supernova-II
and supernova-Ia. The source terms will be described in §6.3, §7.4 and §7.5.

The gasdynamical equations are coupled to the equations of motion of dark
matter particles and stellar particles:

dr

dt
= v, (6.8)

dv

dt
= −∇Φ (6.9)

where r and v are the particles positions and velocities. Finally, the code also
tracks the mass fraction of metals locked into stars, X∗,SNII and X∗,SNIa. Each
stellar particle has the metallicity of its parent gas.

The differential equations of gasdynamics (eqs. 6.1-6.3) are integrated using
the gasdynamics solver described in (Khokhlov, 1998). It uses a second-order
Godunov solver (Godunov, 1959) that evaluates Eulerian fluxes by solving the
Riemann problem at every cell interface (Colella & Glaz, 1985). Left and right
states for the Riemann problem are obtained by piecewise linear interpolation
(van Leer, 1979). Finally, a small amount of artificial diffusion is added to the
numerical fluxes in order to avoid extreme discontinuities (Colella & Woodward,
1984).
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The global time step of integration is determined by the Courant-Friedrichs-
Lewy (CFL) condition:

∆t0 = cfl × ∆x0

vmax

(6.10)

where cfl is a constant smaller than unity, ∆x0 is the size of a 0-Level cell and
vmax is the maximum velocity component found in the simulation. In other words,
vmax is the maximum value of the field: cs + |ui|, where cs is the sound speed and
ui is the bulk velocity in the direction i=x,y,z.

Extensive tests show that this gasdynamics solver can resolve shocks up to the
resolution scale. One of the definitive tests is to reproduce the Sedov solution for
the propagation of a blastwave produced by a point explosion. More details about
the numerical integration and other tests of the gasdynamics solver can be found
in Kravtsov (1999).

6.2 Radiative Processes

The interaction between the “ordinary matter” and radiation is one of the main
differences with respect to the dark matter. The internal energy of the baryonic
gas can change due to these interactions. The gas loses internal energy (cools)
mainly due to inelastic collisions between electrons and other particles. At the
same time, the gas gains internal energy (heats) mainly through photoionization
heating from an external UV field. In this process, the new free electron has an
extra kinetic energy that is transferred to the thermal energy of the gas through
elastic collisions. Thus, the net radiative cooling rate is just the difference between
the cooling and heating rates.

We use the model of net radiative cooling described in Kravtsov (2003). The
model includes Compton heating/cooling, metal lines, hydrogen, helium and molec-
ular cooling plus a UV heating due to a cosmological ionizing background (Haardt
& Madau, 1996). The cooling and heating rates from radiative processes are tab-
ulated using the CLOUDY code (version 96b4; Ferland et al., 1998).

Cosmological Ionizing Background
The external ionizing field is assumed homogeneous. It is treated as a back-

ground produced by quasars, active galaxies and young stars. The spectral shape
is assumed to be independent of the origin of the radiation:

Jν = Jν0

(

ν

ν0

)−α

(6.11)

where Jν0
is the amplitude of the radiation, ν0 is the Lyman limit frequency

(λ=912 Ȧ) and α ∼ −1.8
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Figure 6.1 Redshift-dependence of the ionizing background amplitude, Jν0
(z)

The amplitude of the radiation depends on the redshift through the model of
Haardt & Madau (1996) for a cosmologically averaged UV background:

Jν0
(z) = J0(1 + z)B exp

(

−(z − zc)
2/S
)

(6.12)

The parameters, J0 = 2.5 × 10−22, B = 0.75, zc = 3.0, and S = 2.5 where chosen
to roughly approximate observational constraints (Scott et al., 2002). Figure 6.1
shows Jν0

(z) for this choice of parameters.
Cooling and Heating Rates: CLOUDY Tables
CLOUDY is a spectral synthesis code that simulates the steady-state condi-

tions within an astrophysical plasma exposed to an external radiation field (Fer-
land et al., 1998). These conditions are controlled by a large set of microphysical
processes. These processes set the ionization fractions of about 30 different el-
ements, the population of the excited levels of all existing ions and the kinetic
temperature of the free electrons.

The level of ionization is determined by balancing all ionization and recombina-
tion processes. Ionization processes include photoionization, Auger and collisional
ionization and charge transfer. Recombination processes include radiative, dielec-
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tronic and three-body recombination and charge transfer. The free electrons are
assumed to have a predominantly Maxwelian velocity distribution with a kinetic
temperature determined by the balance between heating and cooling processes.
In summary, the calculation of the cooling and heating rates takes into account
more than 104 different processes.

A normal setup in CLOUDY consists in an optically thick slab of plasma
illuminated from both sides with an ionizing background. The “cloud” is divided
into a large number of parallel pieces, so that the plasma conditions smoothly
change from one region to the next one. The cooling and heating rates at the
center of the slab are tabulated for different conditions of density, temperature
and metallicity of the plasma and different strength of the redshift-dependent UV
flux. In our case, the slab has a thickness of 1 Kpc, a typical galactic scale. These
tables are then used by the gasdynamical code to estimate the cooling and heating
rates from radiative processes according to the local conditions of the gas.

However, two caveats remain in these CLOUDY tables. The molecular cooling
is based on published cooling curves. It does not include the detailed microphysics
implemented for atomic cooling. As a result, the lowest temperature in which
radiation equilibrium is possible is around 4 × 103 K (Ferland et al., 1998). The
second caveat is that the effect of dust is marginally included.

6.3 A Model of Star Formation for Scales Below 100 pc

A successful model of star formation in simulations should take into account
the spatial resolution. For example, in typical cosmological simulations with a
resolution of ∼ 1 Kpc, the star formation is averaged over a large volume of ISM.
These simulations should have a star formation model with low star formation
efficiency in order to reproduce the global efficiencies found in nearby galaxies.
Observations of quiescent galactic disks show long gas consumption time-scales
averaged over a significant piece of a galaxy, τglobal = Σgas/ΣSFR ∼ 1 Gyr , where
ΣSFR is the star formation rate surface density an Σgas is the gas surface den-
sity (Kennicutt, 1998; Kennicutt et al., 2007). At the same time, for starburst
galaxies, the global gas consumption time-scale is much shorter, τglobal = 0.1 Gyr
(Kennicutt, 1998).

However, if the resolution is high enough to resolve the regions where star
formation mainly occurs (giant molecular clouds) the star formation efficiency
can be much higher: the time-scales for the formation of Galactic stellar clusters
are around few Myr and 10% - 40% of the gas is consumed (Greene & Young,
1992; Elmegreen et al., 2000). As a result, simulations which can resolve the sites
of star formation should have a high star formation efficiency only in the high-
density regions, where molecular clouds can form (Tasker & Bryan, 2006). In
practice, the maximum resolution that we can afford is between 30-70 pc. This
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Figure 6.2 Cooling rates (Blue curves) and heating rates (Red curves) from ra-

diative processes using CLOUDY. The rates are tabulated for different conditions

of density, temperature and metallicity of the plasma and different strength of

the redshift-dependent UV flux The different panels show different metallicities

at redshift z=0.
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Figure 6.3 Same as figure 6.2 but for redshift z=3
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Figure 6.4 Same as figure 6.2 but for redshift z=8
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limits the maximum density that our simulations can resolve. For example, if we
consider a typical giant molecular cloud of 105 M

�
(Rosolowsky et al., 2007), the

mean density averaged over 30-80 pc scales will be 10-200 cm−3. This gives an
idea of the typical densities where star formation occurs in our simulations.

In our code, star formation is allowed in a time step, dtSF, which is equal to the
time step of the 0-Level of resolution. This time step is controlled by the Courant
condition for hydrodynamics and in our cosmological simulations, dtSF = 1-2 Myr.
During this period of time, a stellar particle can form only where the density and
temperature reach a given threshold: ρgas > ρSF and Tgas < TSF. Even in these
cold and dense regions, each star formation event is treated as a random event
with a probability Pr to occur. We roughly approximate the fact that regions
with higher densities have a higher probability to host star formation events by
assuming a simplified formula:

Pr =
ρgas

100ρSF

(6.13)

In this way, the number of stellar particles remains at a value that is not computa-
tionally prohibited. In the formation of a single stellar particle, the star formation
rate is proportional to the gas density (Kravtsov, 2003):

dρ∗,young

dt
=

ρgas

τ
(6.14)

where ρ∗,young is the density of new stars, ρgas is the gas density and τ is a constant
star formation timescale. The density and temperature thresholds used are ρSF =
0.035 M

�
pc−3 (nH = 1 cm−3) and TSF = 104 K. In spite of the fact that we allow

star formation starting at 104 K, in practice the vast majority (> 90%) of “stars”
form at temperatures below 1000 K and more than half of the stars form below
300 K and densities larger than 10 cm−3.

As described in §5, the ratio ρ∗,young/ρgas should be ∼ 0.1-0.5 for typical condi-
tions of dense, star-forming gas. Only in this case thermal feedback can produce
over-pressured hot bubbles in the sites of star formation (eq. 5.5). Based on
equation 6.14, this ratio of densities can be expressed as

ρ∗,young

ρgas

=
dtSF

τ
(6.15)

As a result, thermal feedback is only efficient in dense, cold, star-forming gas if
dtSF/τ ∼ 0.1 − 0.5. This sets the value of τ , because dtSF is set by the conditions
of hydrodynamics, as explained before: dtSF = 1 − 2 Myr. Therefore, the value
of τ should be in the range 2-20 Myr, consistent with the gas consumption time-
scales during the formation of Galactic stellar clusters (Greene & Young, 1992;
Elmegreen et al., 2000). However, this high local efficiency of star formation in
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high-density regions produces the observed low global efficiency, τglobal = 0.1 − 1
Gyr, as discussed in §8.5.

Each newborn stellar particle can be treated as a single stellar population with
the same age and metallicity. Its internal evolution is controlled by the initial mass
function. The code uses the Miller & Scalo (1979) initial mass function with a
0.1-100 M

�
mass range:

ψ(m) =
C0

ln 10
m−1 exp

[

−C1(logm− C2)
2
]

(6.16)

where C1 and C2 take the commonly used values of C1 = 1.09 and C2 = −1.02.
C0 is just an arbitrary normalization factor.

The IMF controls the total number of core-collapsed supernovae (supernovae-
II) and supernovae-Ia that occurs in a single stellar particle. We assume that
supernova-II occurs for all stars with masses between 8 and 100 M

�
and super-

nova Ia occurs for 3-8 M
�

stars. Therefore, the integration of the IMF gives 1
supernova-II per 134 M

�
of stellar mass and 1 supernova-Ia per 90 M

�
. More

details about the process of stellar feedback are given in the next section.
The consumption of gas into stars also depletes the gas density, momentum

and total energy. As a result, the continuity, momentum and energy equations
(eq. 6.1-6.3) have sink terms where star formation occurs:

Sρgas ,Star formation = − ρgas

τ
(6.17)

Su,Star formation = − u

τ
(6.18)

SE,Star formation = − E

τ
(6.19)

At the same time, the formation of stars depletes the amount of metals in the gas.
This results in sink terms in the equations of metal advection (Eq. 6.6-6.7):

SZSNII ,Star formation = − ρZSNII

τ
(6.20)

SZSNIa,Star formation = − ρZSNIa

τ
. (6.21)
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7 THE GASDYNAMICAL MODEL (II): STELLAR FEEDBACK

We assume a model of thermal feedback for the injection of energy from stel-
lar winds and supernova explosions. The kinetic energy from these processes is
efficiently dissipated into thermal energy due to shocks at scales below the spatial
resolution.

The net thermal rate, heating rate minus cooling rate, is used to update the
internal energy in each step of the simulation. This approach is rather different
than the deposition of energy. Instead, the energy injection from stellar feedback
is treated in a self-consistent way along with the radiative loss.

7.1 Heating Rate from Stellar Feedback

The heating rate from stellar feedback in a given volume element is modeled
as the rate of energy loss from a set of single stellar populations present in that
volume:

Γ =
1

V

∑

i

MiΓ
′(ti), (7.1)

where Mi and ti are the mass and the age of each single stellar population.
The modeling of the specific release of energy over time, Γ′, is motivated by the

results from population synthesis codes, such as STARBURST99 (Leitherer et al.,
1999). Figure 7.1 shows different models of Γ′ and the results of a STARBURST99
computation with a Miller-Scalo IMF from 0.1 M� to 100 M�. Γ′ is dominated by
stellar winds from massive OB main-sequence stars and WR stars during the first
few Myr. Later, the energy is produced by core-collapse supernovae from stars
more massive than 8 M�. After 40 Myr, the release of energy comes from stellar
winds of AGB stars and other less powerful sources, and the injection rate drops
6 orders of magnitudes. Supernovae Ia dominate the feedback at much longer
time-scales. We assume a peak of the SNIa rate at 1 Gyr. However, this peak is
3 orders of magnitude lower than the contribution from core-collapse supernovae.
This is because the energy from a population of SNIa is diluted over a much longer
time scale than the energy from core-collapse supernovae.

We model Γ′ with a constant rate of 1.18 ×1034 erg s−1M−1
�

over 40 Myr. This
is equivalent to the injection of 2 × 1051 erg of energy from stellar winds and
supernova explosions per each massive star with M > 8 M� during its lifetime.
We assume a Miller-Scalo IMF in the mass range (0.1 − 100) M�. Note that this
constant heating rate is the sum of the contributions from all massive stars in
a single stellar population. We also consider a simpler model, which we call a
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Figure 7.1 Rate of energy losses per unit mass from a single stellar population.

The top panel shows the results from the STARBURST99 code, assuming a Miller-

Scalo IMF for a mass range (0.1−100) M�. The dotted line shows the contribution

of supernova explosions and the full line shows the total rate. Although supernova

explosions dominate the overall energy release, stellar winds are the only mecha-

nism of energy release during the first few Myr. Middle and bottom panels show

two different models: a constant feedback model and a model of stellar wind plus

core-collapse supernova. Although the total energy released is the same in both

models, the SN model is more elementary and takes into account the explosive

nature of core-collapse supernova.
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SN model. In this case, an energy of 1051 erg is injected at constant rate due to
stellar winds over 10 or 40 Myr. Then it follows a strong peak of energy release
due to the supernova explosion, in which 1051 ergs are released during 105 yrs –
the typical age of young supernova remnants. Although the total energy released
is the same in both models, the SN model takes into account the explosive nature
of core-collapse supernovae.

7.2 A Model of Runaway Stars

It is crucial to understand where and how the energy from massive stars is
released back to the ISM. While a large fraction of massive stars are found in
stellar clusters and OB associations, 10-30% are found in the field, away from any
molecular cloud or stellar cluster (Gies, 1987; Stone, 1991). This population has
peculiar kinematics. Their velocity dispersion is about 30 km s−1, much higher
than the velocity dispersion of the population of massive stars in clusters (10 km
s−1) (Stone, 1991). Some of these stars have large peculiar velocities, up to 200
km s−1 (Hoogerwerf et al., 2000). This is why they are called runaway stars. The
current scenario of the origin of runaway stars is the ejection of these massive
stars from stellar clusters. There are two possible mechanisms of this ejection.
One possibility is the ejection due to a supernova explosion in a close binary
system (Zwicky, 1957; Blaauw, 1961). The second mechanism is the ejection due
to dynamical encounters in the crowded regions of stellar clusters (Poveda et al.,
1967). In spite of the fact that a significant fraction of the stellar feedback occurs
far from star forming regions, no previous attention has been paid to its effect on
galaxy formation.

The effect of runaway stars is implemented by adding a random velocity to a
fraction of stellar particles (10%-30%). This extra velocity has a random orienta-
tion and the value is taken from an exponential distribution with a characteristic
scale of 17 km s−1. This choice is motivated by Hipparcos data (Hoogerwerf et
al., 2000) and Monte-Carlo simulations (Dray et al., 2005). For comparison, a
Gaussian distribution is also used (Stone, 1991). However, the effect of runaway
stars in the ISM is not very sensitive to the details of this velocity distribution.

7.3 Feedback from Supernovae-Ia

We assume that supernovae Ia occur in evolved stars. As a result, supernovae
Ia dominate the injection of energy at much longer time-scales, several thousand
Myr after the formation of a single stellar population.
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The specific release of energy from SNIas of a single stellar population of age
t assumes a given rate of SNIas:

Γ′

SNIa(t) = ESNIa ×
dNSNIa

dtdM
(t) (7.2)

where, ESNIa = 1051 erg is the energy of an individual supernova explosion. This
rate is given by the following formula:

dNSNIa

dtdM
(t) =

fSNIa

1.75 tpeak

e−x2√
x, x =

tpeak

t
(7.3)

where fSNIa is the total number of SNIas per solar mass, given by the IMF (§6.3)
and tpeak is the age of the maximum peak in the rate of SNIas. We assume that
the peak happens at 1 Gyr. The factor 1.75 is a normalization factor, so that
the total amount of SNIa per solar masses is equal to fSNIa for a significant long
period of time.

Figure 7.2 shows the shape of Γ′

SNIa. It rises strongly at tpeak = 1 Gyr and then
gradually declines after the peak. However, this peak is 3 orders of magnitude
lower than the contribution from core-collapse supernovae. This is because the
energy from a population of SNIas is diluted over a much longer time scale than
the energy from core-collapse supernovae. In any case, this is the most powerful
energy source for an old stellar population, after that all SNIIs have already
exploded.

7.4 Metal Release

Another effect of supernova explosions is the enrichment of the ISM with
newly-synthesized metals. The metal enrichment from SNII and SNIa is treated
separately. This is because, both supernova populations have very different time-
scales and release metals with different abundance ratios.

Each stellar particle releases metals due to SNII in a constant rate over a period
in which the population remains active in SNII explosions, tSN = 40 Myr. The
total mass of heavy elements is FZM∗, where M∗ is the mass of the stellar popu-
lation and FZ is the metal mass fraction averaged over the IMF, ψ(m), between
a lower stellar mass, ml = 0.1 M

�
, and an upper stellar mass, mu = 100 M

�
:

FZ =

∫ mu

8
mψ(m)fZ(m)
∫ mu

ml

mψ(m)
(7.4)

where fZ(m) is the mass fraction in metals from a supernova explosion of a star
with mass m :

fZ(m) = min(0.2, 0.01 m− 0.06) (7.5)
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Figure 7.2 Contribution of supernovae-Ia to the rate of energy loss per unit mass

of a single stellar population of age t. The maximum contribution happens at

tpeak = 1 Gyr. This peak is 3 orders of magnitude lower than the contribution

from core-collapse supernovae. However, SNIa is the most powerful energy source

for an old stellar population, after that all SNIIs have already exploded.
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This model roughly approximates the results of (Woosley & Weaver, 1995). Fi-
nally, the source term for the density of SNII metals from a single stellar popula-
tion of density ρ∗ is just:

SZSNII ,feedback =
FZρ∗
tSN

(7.6)

The rate of metals ejected from a population of SNIas is just proportional to
the number of SNIa per unit time and mass (eq. 7.3) and the stellar mass of the
stellar particle:

SZSNIa,feedback = mZ
dNSNIa

dtdM
ρ∗ (7.7)

where mZ = 1.3 M
�

is the mass of metals ejected in a single SNIa.

7.5 Stellar Mass Loss

A stellar population can lose mass through supernova explosions and stellar
winds from WR stars, AGB stars, etc. These processes inject mass, momentum,
energy and metals back to the gas. The code uses a mass loss function, floss(tage)
for the fractional stellar loss from a single stellar population of an age tage. It uses
the fit provided by Jungwiert et al. (2001):

floss(tage) =
C0ml

tage + T0ml

(7.8)

where C0ml = 0.05 and T0ml = 5 Myr are the constants of the fit. Figure 7.3 shows
that 10% of the stellar mass is lost after 40 Myr, basically through SNII explosions
and stellar winds from massive stars. After 2 Gyr, 30% of the initial mass is lost,
basically due to supernovae-Ia and winds from AGB stars and other evolved stars.
Based on this model, the rate of mass loss of a single stellar population can be
expressed as:

dM∗(tage)

dt
= −floss(tage)M∗(tage = 0) (7.9)

where M∗(tage) is the stellar mass of a population of age tage. Finally, the source
term in the continuity equation coming from stellar loss (Eq. 6.1) can be expressed
as:

Sρgas,Stellar mass loss =
∑

i

ρ∗(tage,i = 0)floss(tage,i) (7.10)

where the sum includes all stellar particles (single stellar populations) inside a
given volume with an initial stellar density of ρ∗(tage,i = 0) and an age tage,i.
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Figure 7.3 Loss of stellar mass according to the fit of Jungwiert et al. (2001)
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Based on the above term, the source terms in the momentum, energy and
metals equations (Eq. 6.2-6.3 and 6.6-6.7) can be expressed as:

Su,Stellar mass loss =
Sρgas ,Stellar mass loss

ρgas

v̄, (7.11)

SE,Stellar mass loss = Sρgas ,Stellar mass loss

(

u · v̄ + u2/2
)

, (7.12)

SZSNII ,Stellar mass loss = Sρgas ,Stellar mass loss X∗,SNII, (7.13)

SZSNIa,Stellar mass loss = Sρgas ,Stellar mass loss X∗,SNIa, (7.14)

where ρgas is the gas density, v̄ is the velocity averaged over all stellar particles
inside that volume, u is the gas velocity, X∗,SNII and X∗,SNIa are the mass fractions
of metals locked into that stellar population.
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8 UNDERSTANDING THE EFFECT OF STELLAR FEEDBACK

IN THE INTERSTELLAR MEDIUM

The contents of this chapter will appear in the paper: The role of stellar

feedback in the formation of galaxies, Ceverino, D., & Klypin, A. 2007, submitted
for publication.

8.1 Introduction to the Interstellar Medium

Our first step in the understanding of stellar feedback in galaxies is to under-
stand its effect in the interstellar medium (ISM) at galactic scales. The galactic
ISM has a very wide range of densities and temperatures (for review see Cox, 2005;
Ferrière, 2001). Three distinct phases are distinguished: the dense cold gas (giant
molecular clouds (GMC), cold HI gas or diffuse clouds) with densities above 10
cm−3 and temperatures below 100 K, the warm component with densities between
0.1 and 1 cm−3 and temperatures of several thousand degrees, and the hot phase
with temperatures above 105 K and densities below 10−2 cm−3. This multiphase
medium is set by the competition of cooling and heating mechanism and the onset
of thermal instabilities. The hot ISM component (T > 105 K) is usually associated
with gas heated by shocks. They can be produced by turbulent motions driven
by gravitational and thermal instabilities. However, these turbulent driven shocks
can only heat the gas up to 106 K (Wada & Norman, 2001). Only supernova ex-
plosions and stellar winds can produce larger gas temperatures (McCray & Snow,
1979; Spitzer, 1990).

2D and 3D hydrodynamical simulations of the ISM have enough resolution
(parsecs) to resolve the multi-phase nature of the ISM and to explore complicated
effects of stellar feedback on different scales (Rosen & Bregman, 1995; Scalo et al.,
1998; Korpi et al., 1999; de Avillez, 2000; de Avillez & Breitschwerdt, 2004, 2007;
Wada & Norman, 2001, 2007; Slyz et al., 2005). There is much to learn from these
simulations. However, they typically focus on conditions in the solar neighbor-
hood, which are different from what one may expect during early stages of galaxy
formation. These simulations do not always follow the whole gas cycle: cooling,
star formation, and stellar feedback. For example, de Avillez & Breitschwerdt
(2004) include star formation but artificially restrict the rate of supernova explo-
sions around a fixed value. However, this rate could be much higher in large star
forming regions. As a result, the effect of stellar feedback is underestimated in
these regions. Nevertheless, the effect of the stellar feedback in the ISM, such as
the formation of hot bubbles and super-bubbles is resolved.
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8.2 ISM Runs

We perform simulations of a 4×4×4 Kpc3 piece of a galactic disk with 8-16 pc
resolution. These simulations fully resolve the effect of massive stars at galactic
scales, so resolution is not longer an issue.

We can use this ISM-scale simulation as a benchmark for the effect of stellar
feedback at galactic scales. Then, we can degrade the resolution to see which
model of feedback reproduces the same overall picture at lower resolution. These
simulations can then be used as testing grounds for these models at different
resolutions. They tell us what are the necessary ingredients to reproduce the
true effect of stellar feedback at the resolution that we can afford in cosmological
simulations of galaxy formation.

We want to see the effect of stellar feedback in the typical conditions of normal
disk galaxies with moderate gas surface densities, so we do not model starburst
galaxies with large amounts of gas and high star formation rates. This type of
study will be done in the future.

A 4 Kpc box of ISM represents a significant piece of a galactic disk. The
simulation resolves the dense galactic plane, where molecular clouds are formed.
This is important in order to follow star formation correctly. At the same time,
the simulation follows the gas at few Kpc above the galactic plane. This height
is similar to the scale-height of the diffuse warm phase of the ISM (Cox, 2005).

The simulation includes radiative cooling and UV heating from a uniform UV
field at redshift 0 as described in section 6.2. Star formation happens in the highest
density peaks with a density threshold of 100 cm−3. In each star formation event,
5 % of the mass in gas inside a volume element is converted into a stellar particle
with a mass of 88 M�within a time-step set by the Courant condition (∼ 2 ×103

yr). The supernova model is used for stellar feedback and SNIa is not included.
The metallicity is assumed solar and constant throughout the simulation.

8.3 Initial Conditions

The initial distribution of gas density is uniform in the x and y directions of
the box. In the z-direction, the density profile declines at both sides of the middle
plane, z = z0 = 2 Kpc. This plane defines the galactic plane for this ISM model:

nH = n0 cosh−2

(

z − z0

zd

)

(8.1)

where n0 is the gas density in that plane and zd is the scale-height.
The choice of parameters sets the conditions of a quiescent normal galactic

disk, n0 = 1 cm−3 and zd = 250 pc. Thus, the surface density is ,Σgas = 16 M
�
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Figure 8.1 Formation of a galactic chimney. Edge-on slice through the simulation

showing the gas density distribution perpendicular to the galactic plane. The

chimney outflow is not a homogeneous, coherent flow: it is turbulent and it has

dense and cold clumps embedded into the flow.
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Figure 8.2 Formation of a galactic chimney. Edge-on slice through the simulation

showing gas temperature. The core of the chimney reaches 107-108 K.
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Figure 8.3 Formation of a galactic chimney. Edge-on slice through the simulation

showing velocity in the vertical direction, perpendicular to the galactic plane.

Outflow velocities exceed 103 km s−1. This hot material is able to escape the disk

and it generates a galactic wind.
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Figure 8.4 Formation of a galactic chimney. Edge-on slice through the simulation

showing gas column density in arbitrary units.
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pc−2. The system is originally in hydrostatic equilibrium with a temperature of
104 K. No stars are present at the beginning of the simulation. The box has open
boundaries in the z-direction. So, all material that cross these boundaries escapes
the system.

The initial velocity field consists of a sum of plane-parallel velocity waves:

ux =
∑

i,j,k

Ax(i, j, k) sin(~k · ~r) exp−
(

z − z0

zd

)2

(8.2)

uy =
∑

i,j,k

Ay(i, j, k) sin(~k · ~r) exp−
(

z − z0

zd

)2

(8.3)

uz =
∑

i,j,k

Az(i, j, k) sin(~k · ~r) exp−
(

z − z0

zd

)2

(8.4)

The amplitudes are taken from a Gaussian field with a tilted power spectrum,
Pk ∝ k−3, where k is the wavenumber, k = 2π

L

√

i2 + j2 + k2. i,j and k are integers
running from -20 to 20 (excluding 0) and u0 = 20 km s−1. This is a typical spec-
trum of a compressible turbulent medium (Kraichnan, 1967; Vázquez-Semadeni
et al., 1995).

Ax(i, j, k) = u0

RGauss

(i2 + j2 + k2)3/2
(8.5)

Ay(i, j, k) = u0

RGauss

(i2 + j2 + k2)3/2
(8.6)

Az(i, j, k) = u0

RGauss

(i2 + j2 + k2)3/2
(8.7)

RGauss is a random number taken from a Gaussian distribution.

8.4 Galactic Chimney Formation

At the beginning of the simulation, the gas starts to move according to the
turbulent velocity field. As a result, the gas accumulates where different flows
converge and molecular clouds 1 naturally appear in the form of filaments and
shells. However, around 90% of the volume is filled with warm and diffuse gas
heated by the UV background. Star formation occurs in the cores of the cold
phase. Newly formed massive stars inject energy and a cavity filled with hot
and very diffuse gas is formed. This over-pressured material expands and the net
result is the formation of super-bubbles. This hot gas cannot stay in the plane

1cold and dense phase with nH ≥ 30 cm−3 and T ≤ 300K
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Figure 8.5 Top panel: Star formation rate surface density of the whole simulation.

The value shown is also averaged over a period of ∼ 2 ×105 yr (100 time-steps).

After an initial burst, the star formation rate surface density is consistent with

the Kennicutt et al. (2007) empirical fit (horizontal line). Bottom panel: Fraction

of volume filled with each gas phase over time. The volume occupied by the

warm and the hot phase oscillates. The hot phase dominates after a burst of star

formation and the warm phase dominates when the gas is cooled down. The cold

phase covers a small volume, which remains constant after an initial collapse.
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of the disk. As a result the bubble expands faster in the direction perpendicular
to the disk because the density declines in that direction. The bubble develops
into a galactic chimney (Norman & Ikeuchi, 1989). The chimney outflow does not
appear as a homogeneous, coherent flow. Instead, the chimney is turbulent and
has dense and cold clumps embedded into the flow. Eventually, the gas expands
in the halo and cools (Figures 8.1-8.4).

Another interesting feature seen in this model is a population of isolated bub-
bles in the warm medium. These are the results of individual supernova explosions
of runaway stars

8.5 Star Formation Rate

After an initial burst of star formation, the star formation rate is nearly
constant for the rest of the evolution (Figure 8.5). We found a low star formation
rate surface density, ΣSFR = 3× 10−3 M

�
yr−1 Kpc−2, temporally averaged over a

period of 2 × 105 yr (100 time-steps). This value is consistent with the expected
value from the correlation between the star formation rate surface density and the
gas surface density found in nearby galaxies (Kennicutt, 1998; Kennicutt et al.,
2007). For a gas surface density of Σ = 12 M

�
pc−2 at t=90 Myr, the expected

value from the Kennicutt et al. (2007) fit is ΣSFR = 2×10−3 M
�

yr−1 Kpc−2. This
is very close to our results.

As observers usually do, we also calculate the gas consumption time-scale, τ =
MGMC/SFR, in the simulated molecular clouds, assuming that gas with a density
higher than 30 cm−3 is mainly within GMCs. In our simulations, the amount of
gas in molecular clouds is MGMC= 8 × 106 M

�
at t=90 Myr. The star formation

rate at that time is SFR = 4.8× 10−2 M
�

yr−1. As a result, the gas consumption
time-scale in the simulated clouds is τ ≈ 170 Myr. This is quite long compared
with the typical free-fall time-scale inside molecular clouds, tff = (3π/32Gρ)1/2 ≈ 4
Myr for nH = 100 cm−3.

In our simulations, the star formation efficiency over a free-fall time-scale, the
fraction of gas consumed in stars during a free-fall time-scale, is only 2.5%. This
value is consistent with observations (Zuckerman & Evans, 1974). Krumholz &
Tan (2007) report a range of 0.6%-2.6% for the whole population of GMCs of
the Milky-Way. Our value is also consistent with an efficiency of ∼ 3% found in
simulations of GMCs (Vázquez-Semadeni et al., 2003; Clark et al., 2005). Finally,
our results also agree with the model of a turbulent-dominated GMC, described
in Krumholz & McKee (2005). They give an efficiency per free-fall time-scale of
1.5%-3% for typical values of their model.

After 100 Myr, only 10% of the gas in the simulation has been converted into
stars. Our simulations still have plenty of cold (T ≤ 103 K) gas after 100 Myr.
The surface density of this cold gas is ∼ 5 M

�
pc−2. This value agrees with the
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Figure 8.6 Snapshot of the model after 113 Myr, showing the density in cm−3.

The left panel shows a face-on view of the galactic plane (z = z0) and the right

panel shows an edge-on view perpendicular to that plane. The three phases of the

ISM are clearly visible: dense clouds, a diffuse medium and low densities bubbles.
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Figure 8.7 Snapshot of the model after 113 Myr, showing gas temperature in

Kelvin degrees. The left panel shows a face-on view of the galactic plane (z = z0)

and the right panel shows an edge-on view perpendicular to that plane. The three

phases of the ISM are visible: cold clouds, a warm medium and hot bubbles.
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Figure 8.8 Snapshot of the model after 113 Myr, showing gas velocity in the z-

direction. The left panel shows a face-on view of the galactic plane (z = z0) and

the right panel shows an edge-on view perpendicular to that plane. Velocities

exceeding 300 km s−1 can be seen in outflows at both sides of the galactic plane.
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Figure 8.9 Snapshot of the model after 113 Myr, showing gas surface density in

arbitrary units. The left panel shows a face-on view of the galactic plane (z = z0)

and the right panel shows an edge-on view perpendicular to that plane.
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surface density of molecular and atomic hydrogen of ∼ 6 M
�

pc−2 found at the
solar radius (Ferrière, 2001). However, the surface density of molecular gas is low,
∼ 0.5 M

�
pc−2, compared with the observed value of ∼ 2.5 M

�
pc−2 (Ferrière,

2001). This partially explains why our star formation efficiency over a free-fall
time-scale is in the higher end of the observed range.

To conclude, stellar feedback is able to regulate star formation on galactic
scales because it regulates the amount of gas available for star formation. Stellar
feedback heats and disperses the cold and dense gas after a star formation event.
In a single star formation event, a stellar particle of ∼ 90 M

�
is created. This

implies the formation of a single high-mass star embedded in a small stellar cluster.
Due to the resolution limit, our simulation can not follow the details of the star
formation process below ∼ 10 pc scales, only the overall net effect. This effect is
the formation of a small stellar cluster with an efficiency of 5%. As we pointed in
section 5, the star formation efficiency of Galactic stellar clusters is high, regardless
the details of their formation. However, although the star formation efficiency is
high, subsequent feedback processes produce a low average star formation.

8.6 Volume Filling Factors in the ISM

Figure 8.5 also shows that the net effect of stellar feedback is to produce the
hot phase of the ISM. After the initial strong burst of star formation, this phase
can cover up to 80% of the total volume. This represents almost the entire volume
above a height of 400 pc from the galactic plane. However, pockets of warm gas
are embedded in this hot flow even at 2 Kpc away from the plane. It has the
same inhomogeneous structure seen in the galactic fountain of figure 8.1. After
100 Myr, ∼ 25% of the gas is able to escape the computational volume.

Most of the hot gas is lost or cooled down after 100 Myr. As a result, the
volume of hot gas decreases because the star formation is low and the injection
of energy is lower than in the initial burst. The simulation settles into a more
quiescent regime in which the volume occupied by the warm and hot phases os-
cillates in a self-regulated gas cycle. In this cycle, bursts of star formation (much
smaller than the initial one) produce super-bubbles and galactic chimneys of hot
gas. Therefore, the volume of hot gas increases. As the star formation fades,
the bubbles cool down and the fraction of hot gas decreases until the next stellar
burst. This pattern reflects the star formation history. The particular fraction of
hot and warm phases at any moment does depend to the particular star formation
history, 10-40 Myr before that moment.
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Figure 8.10 Distribution of the gas temperature at 113 Myr. The distribution has

three different peaks corresponding to three different gas phases of the ISM: cold,

warm and hot. Two vertical lines show the temperature cuts used throughout the

paper at T = 103 K and T = 104 K.

8.7 Late Stages of Evolution

The latter stages of the simulation offer a more representative view of the ISM.
The effect of the initial conditions is gone. So, we can study the characteristics of
this feedback-driven ISM. We select a snapshot at 113 Myr after the second burst
of star formation. At that moment, the warm phase covers ∼ 60% of the volume
and the hot phase filled ∼ 40%. X-ray emitting gas with temperatures above 105.5

K occupies ∼ 20% of the volume inside a height of 250 pc above the galactic plane.
This is roughly consistent with ISM simulations with a 1-pc resolution (de Avillez
& Breitschwerdt, 2004), Galactic ISM models and observations (Ferrière, 1998).

Figures 8.6-8.9 show representative slices of the box. The medium is very
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Figure 8.11 Density distribution at 113 Myr and the contribution of the three

phases. The dotted curve shows the cold phase (T < 103 K), the dashed curve

shows the hot phase (T > 104 K), and the dash-dotted curve shows the warm phase

(103 K < T < 104 K). The distribution is clearly bimodal. The peaks correspond

to the hot and warm phases. The cold phase dominates the high-density tail.
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inhomogeneous at different scales. Large bubbles of low density coexist with long
filamentary structures of dense clouds. Overall, the medium covers more than 6
orders of magnitude in density and temperature. The cold phase forms dense and
cold clouds near the galactic plane. The warm phase fills old cooled bubbles and
low-density clouds. Finally, the hot phase is present in the form of hot bubbles a
few hundred pc wide and Kpc-scale chimneys. The gas in these chimneys is flowing
away from the plane with velocities exceeding ±300 km s−1. These bubbles even
break the dense plane in hot spots surrounded by cold and dense shells. All of
these phenomena associated with the hot phase are driven by stellar feedback. As
a result, one effect of stellar feedback is to sustain a three-phase ISM.

The distribution of temperature clearly shows the three main peaks of the three
phases of the ISM (Figure 8.10). The two local minima correspond to thermally
unstable gas. The minimum around 103 K, between the peaks of the cold and
warm phases, is produced by the competition of UV heating and radiative cooling.
This corresponds to the unstable regime of the classical two-phase model of the
ISM in thermal equilibrium (Cox, 2005). The dip between 104 and 105 K results
from the peak of the cooling curve. The gas cools very fast at these temperatures.
As a result, it usually appears at the interface between hot and warm gas. As an
exception, old bubbles at these temperatures are present in the simulation with
very low densities and far away from the plane. So, their cooling time is very long.
This temperature distribution supports the temperature cuts used throughout the
paper to distinguish the three phases: 103 K for the cut between cold and warm
phases and 104 for the warm-hot cut. To summarize, this model of the ISM
reproduces the main properties of the temperature distribution of the ISM (Cox,
2005) and predicts that gas with very high temperatures 107 − 108 K exists in the
cores of galactic chimneys. This gas occupies only 5 % of the total volume and
have a very small surface density of 4 ×10−6M

�
pc−2.

These three phases of the ISM are also clearly visible in the density distribution
(Figure 8.11). We use the temperature cuts defined before to see the contribution
of the different phases. Thus, the hot phase dominates the low-density range,
below 10−3 cm−3. The warm phase covers intermediate densities, and the cold
phase dominates the high density tail above 1 cm−3. The density distribution of
any of the three phases cannot be described by a single lognormal distribution, as
claimed in Wada & Norman (2001). Instead, a combination of several lognormal
distributions may give a better approximation (Robertson & Kravtsov, 2007).

The distribution of velocities (Figure 8.12) shows two distinct features. The
warm phase contributes to a strong peak around 30 km s−1. The hot phase dom-
inates the high velocity tail. It has velocities as higher as 2000 km s−1. The
gas with velocities in this tail can easily escape the system. This gas forms hot
outflows and galactic chimneys.

Finally, figure 8.13 shows the distribution of the Mach number, M=u/c, where
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Figure 8.12 Distribution of gas velocity at 113 Myr. The curves represent the

3 gas phases as in figure 8.11. Cold and warm phases have moderate velocities,

mostly below 100 km s−1. The hot phase dominates the high velocity tail of the

distribution with velocities up to 2000 km s−1. These are outflows of gas which

escape the system.
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Figure 8.13 Distribution of the Mach number (u/c). The curves represent the 3

gas phases as in figure 8.11. 80% of the gas has supersonic motions. Only half of

the hot phase has subsonic motions
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u is the gas velocity and c is the sound speed. The distribution shows that 80%
of the volume has supersonic motions. Almost all of the warm phase, half of the
hot phase and all of the cold phase are supersonic flows. The subsonic range is
dominated by the hot phase, In conclusion, the ISM can contain high supersonic
motions, driven by stellar feedback.

8.8 Degrading Resolution

The resolution in cosmological simulations of galaxy formation is much lower
than the simulations of the ISM presented before, so we can wonder if this picture
of stellar feedback will hold if the resolution is degraded. Therefore, the same ISM
models have been performed with high resolution (14 pc) and with low resolution
(60 pc). The fraction of volume filled with each gas phase is used as a proxi to
check the global effect of stellar feedback in the ISM (Figure 8.14). The left panels
show that the hot phase covers a significant volume.

At low resolution and without runaway stars (top right panel), the hot gas
is almost absent from the simulation. Small filaments are not resolved and the
subsequent star formation is suppressed in these areas which can be easily broken
by stellar feedback. As a result, star formation is concentrated at the center of
big clumps of gas. Stars inject energy in high density regions, so this energy is
radiated away without any thermodynamical effect in the medium.

However, if the model of runaway stars is included, the hot phase is recovered
at low resolution. Stars can now migrate away from high density regions, so the
injection of energy is more efficient in forming hot gas. As a result, the model with
runaway stars can reproduce the effect of stellar feedback even at a resolution of
60 pc.

8.9 The Expansion of a Hot Bubble

As an example of the conditions of the overheating regime discussed in section
5, now we can ask how a hot bubble develops in the first place. Figure 8.15
shows the physical conditions of a single volume element over 10 Myr. This
volume develops a hot and dilute medium starting from a cold and dense phase.
The gradients are computed using a 3-point finite differences expression using the
adjacent cells.

At the beginning, there are no stars present inside that volume, so there is
no feedback heating. At the same time, the density is high enough so that the
radiative cooling dominates over the UV background heating. As a result, the
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Figure 8.14 The panels show the evolution of the volume occupied by each phase

of the gas in four different models. The curves represent the 3 gas phases as in

figure 8.5. The hot phase is almost lost for the low resolution run without runaway

stars (top right panel). If runaway stars are included, the hot phase is recovered

at low resolution. As a result, a fraction of runaway stars produces an effect on

the global ISM and its more evident in low resolution runs.
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Figure 8.15 Evolution of the properties of a single volume element (Temperature,

density, gradients of pressure and gravity, and the mass in young stars) in a run

with 8 pc resolution. It shows an over-pressured volume that expands due to

stellar feedback and produces a hot cavity filled with low-density gas.
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Figure 8.16 Same as figure 8.15 but with a resolution of 30 pc. It shows how the

hot bubble cannot develop when the gradients of pressure do not dominate over

gravity.
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medium stays at the floor temperature of 300 K. The medium is also in hydrostatic
equilibrium.

The situation drastically changes when young stars appear. They are not born
inside that particular volume. Instead, they are drifting slowly from adjacent
cells. The result is that this young population injects energy into the medium,
so heating dominates over cooling initially. The system responds by increasing
the temperature. As a result, the cooling rate increases and the medium reaches
a balance between cooling and heating rates in a very short time-scale. This
is because the cooling time is very short in those conditions. The net result is a
medium slightly hotter than its surroundings so this over-pressured region expands
and the density inside that volume decreases.

Around 104 K, the cooling curve is a very steep function of temperature, so
the temperature increases very slowly. But, at the same time, the density drops
faster. As a result, the cooling rate decreases. This expansion is fueled by a
roughly constant injection of energy from massive stars.

When the conditions of eq. 5.5 are fulfilled, the medium can pass through the
peak of the cooling curve, somewhere between 104 − 105 K. After that, the gas
has a low density and a temperature of few millions degrees. As a result, heating
dominates over cooling and a hot cavity is formed.

Figure 8.16 shows a different situation. The volume is selected to be the high-
density core of a molecular cloud formed in the low-resolution run shown in the
top-right panel of figure 8.14. Stellar feedback from the stars formed in that core
are able to heat the gas only to 104 K. The gradients of pressure do not overcome
gravity. The condition of bubble expansion is not fulfilled , eq. (5.7). As a result,
the density remains high and a hot bubble can not develop.

8.10 Summary and Conclusions

Heating from stellar feedback has an effect in the ISM only when it dominates
over radiative cooling. Section 5 shows the necessary conditions for this heating
regime (eq.(5.5-5.7)). We find that a model of cooling below 104 K is a key in-
gredient to fulfill these conditions. Thus, by resolving the conditions of molecular
clouds (T ≈ 100 K and nH > 10 cm−3), we resolve the conditions in which stellar
feedback is more efficient in the ISM on galactic scales.

We perform parsec-resolution simulations of a piece of a galactic disk in order
to see the effects of stellar feedback and to test our models. When we use a
realistic feedback and high resolution, the system has a low star formation rate
and it forms hot super-bubbles of 100-pc scales and Kpc-scale galactic chimneys.
We found that the cores of these chimneys reach temperatures of 107−108 K, very
low densities (nH < 10−4 cm−3), and outflow velocities exceeding 103 km s−1.
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We then degrade the resolution to see if this picture of multi-phase ISM holds
at a resolution that we can achieve in cosmological simulations. We find that
runaway stars help to spread the effect of stellar feedback. They usually explode
as supernovae in low-density regions, few 100 pc away from their natal molecular
cloud. This is an effect found in nature (Stone, 1991) which enhances the feedback,
so it needs to be included in any realistic model of stellar feedback.

Thermal feedback from young stars is able to produce long timescales of gas
consumption by dissipating the star-forming gas. As a result, although this gas
has high star formation efficiency, subsequent feedback processes produce a low
star formation rate, averaged over all cold and dense gas. For example, the gas
with a density above the density threshold for star formation can form stars with
high efficiency. However, the average star formation efficiency in the simulated
clouds is roughly 2.5% over a free-fall time-scale (§8.5). This is roughly consistent
with estimations of the star formation efficiency in molecular clouds (Zuckerman
& Evans, 1974; Krumholz & McKee, 2005; Krumholz & Tan, 2007).
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9 THE ROLE OF STELLAR FEEDBACK IN GALAXY FORMA-

TION

The contents of this chapter will appear in the paper: The role of stellar

feedback in the formation of galaxies, Ceverino, D., & Klypin, A. 2007, submitted
for publication.

In previous sections, we have shown that our models of stellar feedback follow
the effect of supernova explosions and stellar winds in the ISM with a resolution of
about 50 pc. The result is the formation of super-bubbles and galactic chimneys,
both filled with hot and dilute gas. The net result is a multi-phase ISM and
galactic outflows with large velocities.

We can now study the effect of stellar feedback in galaxy formation. We apply
these feedback models in cosmological hydrodynamics simulations with a similar
resolution of 35-70 pc. The simulations follows the formation of a MW-type galaxy
starting from primordial density fluctuations in the early Universe.

The computational volume is a 10 h−1 Mpc commoving box. We apply a
zooming technique (Klypin et al., 2001) to select a Lagrangian volume of 3 virial
radius centered in a MW-size halo at redshift z = 0. Then, we resimulate that
volume with higher resolution. The region has a radius of about 1.5 h−1 comoving
Mpc. The simulation has about 5 million dark matter particles. They have three
different masses. The high-resolution region is resolved with 3.4 million dark
matter particles with a 7.5 × 105 M� mass per particle. The high-resolution
volume is resolved with about 17 million volume elements at different levels of
resolution. The maximum resolution is always between 35 and 70 pc. A short
summary of the details of the simulations is given in table 9.1. The cosmological
model assumed throughout the paper has Ωm = 0.3, ΩΛ = 0.7, h=0.7 and σ8 = 0.9.

Figure 9.1 shows a slice through the box at an early moment, redshift z=5.
The slice shows the density of the gas in units of Hydrogen atoms per cm3. The
high-resolution area at the center shows a cosmic web of filaments. Galaxies
are forming at the nodes of this web. They accrete material mainly from the
filaments. At these scales of several Mpc, the distribution of gas follows the
distribution of dark matter. This is because the cosmological baryonic fraction,
the ratio between the mass in gas and the total mass (gas and dark matter) is only
0.15. As a result, the gravity from dark matter dominates the total gravitational
field at cosmological distances. However, at galactic scales, the gas decouples
from the dark matter because other astrophysical processes: radiative cooling,
star formation and stellar feedback, start to play an important role.
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Figure 9.1 Slice through the cosmological box showing the gas density at z=5 in

units of Hydrogen atoms per cm3. It shows a fraction of 6 h−1 Mpc from a box

of 10 h−1 Mpc. The area with more detail at the center is the high resolution

region in which galaxies are forming. This area shows a cosmic web of filaments.

Galaxies are forming at the nodes of this web.
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Figure 9.2 Gas density of a MW progenitor at redshift 3. The top panel shows

the overcooling case. The distribution has a very concentrated and dense center.

Young stars appear as points. The bottom panel shows the heating regime case.

The center is less concentrated and the distribution looks clumpy. This is the case

of a multi-phase ISM. The size of the images is 30 Kpc in both cases.
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9.1 Heating Regime versus Overcooling Regime

We compare two cosmological simulations with the same spatial resolution
but different regimes. Table 9.1 shows a summary of the two simulations. The
over-cooling model has low star formation efficiency. In addition, a cosmological
UV background according to Haardt & Madau (1996) is present over the whole
evolution. Finally, a constant model of stellar feedback is used.

In the second simulation the heating regime develops. It has a high efficiency
of star formation and the UV background is limited to its value at redshift 8. The
supernova model of stellar feedback is used in this case. We use a model of star
formation in which each star formation event is treated as a random process (see
§6.3). In this way, we keep a moderate galactic star formation rate of ∼ 10 M

�

yr−1 inside the main galaxy at redshift 3.
The simulation in the cooling regime has a cold galactic ISM with temperature

close to 104 K. The simulation in the heating regime develops a 3-phase ISM. Hot
bubbles develop naturally. They produce galactic chimneys that combine in a
galactic wind. As a result, galactic winds are the natural outcome from stellar
feedback.

Figure 9.2 shows the main MW progenitor at redshift 3 for both simulations.
The cooling model has a smooth density distribution with a small enhancement
due to a pattern of spiral arms. In contrast, the multi-phase model develops a
clumpy medium of dense clouds surrounded by low-density bubbles. This is a
multi-phase medium.

9.2 Comparison of Circular Velocity Profiles

We can see now the effect of this multiphase medium in the galaxy assembly.
We use the profile of circular velocity as a proxy of the mass distribution, Vc =
√

GM/R, where G is the gravitational constant and M is the mass inside a radius
R. Figure 9.3 shows the profile of the circular velocity for the same galaxy in the
two cases. The simulation with the overcooling problem shows a strong peak
in the baryonic component of the circular velocity. Both gas and stars are very
concentrated in the first Kpc. In contrast, the simulation with multiphase medium
has a more shallow circular velocity profile. This indicates a less concentrated
galaxy with less baryons. At the virial radius, Rvir =16 Kpc, the virial mass at
z=5 is 3.1 ×1010 M

�
. A large fraction of this mass is dark matter, Mdm = 2.7

×1010 M
�
. The mass in gas is Mgas = 0.24 ×1010 M

�
and the baryons locked

into stars accounts for only 0.14 ×1010 M
�
.
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Figure 9.3 Circular velocity profile of the main progenitor of a MW-type galaxy

at redshift 5. The top panel shows the results of an inefficient stellar feedback.

The galaxy is too concentrated and has a too massive spheroidal component.

By contrast, the bottom panel shows a regime in which stellar feedback is more

efficient and it can regulate the growth of the galaxy. The maximum resolution

in both cases is 70 pc.
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Figure 9.4 Distribution of velocities at the highest levels of the resolution for two

models. The dashed curve represents the hot phase with T > 104 K and the

dash-dotted curve represents gas with temperatures bellow 104 K. The bottom

panel shows a longer tail of high-velocities. These are galactic outflows which can

reach velocities exceeding 103 km s−1.
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Table 9.1. Parameters of cosmological models.

Parameter Models

Comoving box size 14.28 Mpc

Number of DM particles 5.4 × 106

DM particle mass 7.5 × 105
M�

Number of cells 17.5 × 106

Max. resolution (proper) 35-70 pc

Max. number of stars 3.7 × 106

Min. mass of stellar particle 104M
�

Model name Overcooling Multi-phase

UV flux H& M96 H& M96 but constant after z = 8

Star formation time scale τ 4 × 107 yrs 4 × 106 yrs

Model for stellar energy release Constant SN model

Runaway stars not included included
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Figure 9.5 This panel shows a galaxy at redshift 3.4 with a resolution of 45 pc. The

figures show slices of 600 Kpc on a side of gas density (top left), temperature (top

right), velocity in the horizontal direction (bottom left), and metallicity (bottom

right). There are inflows of low-metallicity gas in cold filaments, as well as outflows

of hot, metal-rich gas produced by chimneys in a multi-phase interstellar medium.

Outflow velocities exceeds 300 km s−1. The virial radius is 70 Kpc and the total

virial mass is 1011 solar masses.
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Figure 9.6 The same as in figure 9.5, but now the size of the images is 50 Kpc.

It shows a multi-phase ISM of cold and dense clouds surrounded by bubbles of

hot and dilute gas. Inflow and outflow velocities can reach 300 km s−1. The

outflows are galactic chimneys powered by core-collapse supernova. Therefore,

they are rich in α-elements. In contrast, the inflow of gas has almost primordial

composition.
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9.3 Galactic Winds and Multiphase Medium

The hot bubbles in the multi-phase medium develop galactic fountains that
produce hot outflows with very high velocities: larger than 103 km s−1. These out-
flows are not produced in the cooling model. The Figure 9.4 shows the difference
in the distribution function of velocities for both cases. We take all cells at the
highest levels of refinement. Therefore, we select a volume close to the galaxies
in the simulations. The multi-phase model has a bigger fraction of hot gas with
much larger velocities than in the cooling model. These outflows contribute to
the high-velocity tail of the distribution. In the cooling model, the distribution
drops at 300 km s−1, while in the hot case the tail extends beyond 103 km s−1.

These galactic-scale outflows can be seen in figure 9.5. It shows a slice of
the simulation through the main MW-progenitor at redshift z = 3.4. At that
redshift, its virial radius is 70 Kpc and the total virial mass is 1011 M�. The gas
density panel shows the galaxy embedded in a cosmological web of filaments. The
galaxy at the center is blowing a galactic wind of hot and dilute gas with outflows
velocities exceeding 300 km s−1. The wind is rich in α-elements and other products
of the ejecta of core-collapse supernova. These metal-rich outflows can contribute
to the enrichment of the halo and the inter-galactic medium. These outflows can
reach even higher velocities and can escape the galactic halo and enrich the inter-
galactic medium. The galactic wind is produced by the combination of different
galactic chimneys anchored in the multi-phase ISM of the galaxy.

Figure 9.6 shows this multi-phase ISM. Cold and dense clouds coexist with
low-density bubbles of very hot gas. Warm gas with intermediate densities and
temperatures fills areas of low star formation and inflows of gas with almost pri-
mordial composition.

9.4 Density Profile Consistent with a Cuspy Profile

Figure 9.7 shows the inner profile of density of the different components of
the galaxy: dark matter, gas and stars at redshift 5. The density slope of the
dark matter profile is consistent with a cuspy profile. In contrast, Mashchenko
et al. (2007) reported the formation of a core rather than a cusp in the central
∼ 300 pc of a much smaller galaxy at high redshift ( ∼ 109 M

�
at z=6) in a

SPH cosmological simulation. In their case, the mechanism that removes the cusp
is gravitational heating from large fluctuations in the gravitational field. These
fluctuations are produced by bulk motions of gas clumps driven by stellar feedback
(Mashchenko et al., 2006). These motions remove episodically 90% of the mass
from the central 100 pc after each burst of star formation.

However, these gas clumps can be overproduced in simulations if the local
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Figure 9.7 Density profile of a galactic halo at redshift 5. The dark matter distri-

bution is consistent with a cusp. The diagonal line shows a slope of -1.
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Jeans length is not resolved (Truelove et al., 1997). This produces an artificial gas
fragmentation and big clumps of stars. An excessive clumpiness can artificially
increase the efficiency of this gravitational heating. In our simulations, we pre-
vent this artificial fragmentation by the implementation of a pressure floor that
increases the effective Jeans length at the resolution limit (Robertson & Kravtsov,
2007). However, a direct comparison between our results and Mashchenko et al.
(2007) is difficult because we follow the formation of a much bigger galaxy (∼
1010 M

�
at z=5), in which the effect of this gravitational heating driven by stellar

feedback is less important. Therefore, the gravitational heating driven by stellar
feedback can not be ruled out in low-mass and gas-rich starburst galaxies.

9.5 Summary and Conclusions

We study the role of supernova explosions and stellar winds in the formation
of galaxies. Our approach is to model these processes without the ad-hoc assump-
tions typically used on stellar feedback. Unlike many currently used prescriptions,
we do not stop cooling in regions where the energy from stellar feedback is released
(Thacker & Couchman, 2000; Brook et al., 2004; Kereš et al., 2005; Governato
et al., 2007). Moreover, instead of using a sub-resolution model of a multi-phase
medium (Springel & Hernquist, 2003; Cox et al., 2006), we resolve that multi-
phase medium. This is a more straightforward way to model stellar feedback.
It eliminates many ad-hoc assumptions. This approach also produces naturally
the outcomes usually associated to stellar feedback: hot bubbles, chimneys and
galactic winds.

In our simulations, star formation proceeds in a way consistent with obser-
vations of star-forming galaxies (Gao & Solomon, 2004; Kennicutt, 1998). We
find a moderate galaxy star formation rate, SFR = 10 M

�
yr−1, and a significant

amount of cold and dense star-forming gas, Mdense gas = 109 M
�

inside a 5 Kpc
star-forming disk at redshift 3. These values are consistent with observations of
nearby starburst galaxies. Using the observed relation between the star forma-
tion rate and the amount of star-forming gas of Gao & Solomon (2004), the star
formation rate expected for 109 M

�
of cold and dense gas is 20 M

�
yr−1. This

is close to the value found in our simulations. Moreover, the galactic gas con-
sumption time-scale of dense gas, Mdense gas/SFR is ∼ 100 Myr. This is consistent
with observed values in local starburst galaxies which are usually used as analogs
of star-forming galaxies at high redshift (Kennicutt, 1998). From the numbers
given above, the gas surface density of the star-forming disk of 5 Kpc radius at
redshift 3 is Σgas = 13 M

�
pc−2. Using the Kennicutt fit for nearby star-forming

galaxies (Kennicutt, 1998), the expected value for the star formation rate surface
density is ΣSFR = 10−2 M

�
yr−1 Kpc−2. The measured value from the simulations

is ΣSFR = 1.3×10−1 M
�

yr−1 Kpc−2. Although this value is an order of magnitude
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higher than the expected value from the fit, it is still within the intrinsic spread
found in observations. As a result, our simulated high-redshift galaxy seems more
compact than the average star-forming galaxy at low-redshift.

Our cosmological simulations with this model of stellar feedback do not have
the overcooling problem. The fraction of cold baryons (stars and gas with a tem-
perature bellow 104 K) inside the virial radius at z=5 is 0.6 times the cosmological
value ( fcosmo=0.15). This is consistent with galaxy mass models (Klypin et al.,
2002). Instead of a cold disk, we produce a multi-phase ISM with the same fea-
tures seen in the simulations of the ISM described in section 8: cold clouds, hot
super-bubbles and galactic chimneys. The angular momentum problem is also
reduced. Instead of a compact object with a strong peak in the rotation curve, we
produce more extended galaxies with nearly flat rotation curves. Baryons are less
concentrated when stellar feedback plays a role in the formation of galaxies. At
the same time, the density profile of dark matter is still consistent with a cuspy
profile.

In this picture, galactic chimneys powered by stellar feedback combine into a
galactic wind. So, galactic winds appear as the natural outcome of stellar feedback
in starburst galaxies at high redshifts. We found typical outflow velocities of 300
km s−1 with some exceptional examples of outflows exceeding 1000-2000 km s−1.
This is consistent with observation of outflows at high redshift (Law et al., 2007).
From a sample of ≈ 100 galaxies at redshift 1.9 < z < 2.6, Steidel et al. (2008)
find a mean outflow velocity of 445 km s−1. Some cases have velocities of 1000
km s−1.

This picture is only reproduced if the resolution is high enough to resolve
the physical conditions of densities and temperatures of molecular clouds. Our
cosmological simulations reach a resolution of 35 pc, which is 10 times better than
the typical resolution in previous cosmological simulations (Sommer-Larsen et al.,
2003; Abadi et al., 2003; Robertson et al., 2004; Brook et al., 2004; Okamoto et
al., 2005; Governato et al., 2007).
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10 GALAXY EVOLUTION AT LOW REDSHIFTS

Up to this point, I have only discussed results of galaxy formation up to redshift
z ∼ 3, 2 Gyr after the Big Bang. This is roughly the period when the first cosmic
structures and protogalaxies formed. However, this is only a ∼ 1/6 of the age
of the Universe. The problem is that a maximum proper resolution of ∼ 30
pc at lower redshifts is computationally too expensive. Basically, the comoving
resolution is fixed. As a result, the proper resolution decreases for lower redshifts:
400 × (1 + z)−1 pc. This has the effect of decreasing the efficiency of thermal
feedback, as discussed in §5. In this section I present results at lower redshifts in
order to explore the different regimes for galaxy formation up to redshift z ∼ 0.16
(11.4 Gyr after the Big Bang). This is roughly 4/5 of the age of the Universe
(tU = 13.5 Gyr).

Figure 10.1 shows the evolution of the MW-type galaxy as the Universe evolves.
These slices show gas temperature at redshifts z = 2.5, 1.5, 0.8 at a fixed size of 100
proper Kpc. At redshift z = 2.5, a galactic disk is barely seen. The protogalaxy
is very small: a few Kpc. The galactic halo, surrounding the protogalaxy, is also
small. It has a mass of 2× 1011M

�
, mostly dark matter, and a virial radius of 50

Kpc. The main features at this scale are flows of cold (T ∼ 104 K) gas. They can
be seen as narrow cold filaments which are coming from Mpc distances and reach
the center of the halo. This is the cold mode of accretion, which dominates the
gas accretion in low-mass galaxies (Kereš et al., 2005; Birnboim & Dekel, 2003;
Dekel & Birnboim , 2006). Halos of this mass can not hold an accretion shock
that would heat the gas to high temperatures (Birnboim & Dekel, 2003). As a
result, the gas accreted into the galaxy is coming from these cold flows (Kereš et
al., 2005).

The opposite regime, the hot mode of accretion, is typical in massive galaxies
that build a massive and virialized hot corona. As a result, an accretion shock
heats the gas at roughly the virial radius and the galaxy grows by the accretion of
hot gas that “rains down” to the disk (Kaufmann et al., 2006). At redshift z = 1.5
the halo is in an intermediate regime between the hot and the cold accretion. The
halo is more massive: 4 × 1011 M

�
inside a virial radius of 100 Kpc. As the halo

grows, the cold flows are moving out. This enables the formation of an extended
disk. A disk of cold gas can be seen edge-on at z=1.5. At the same time, the halo
of hot gas is more prominent than before. Finally, at redshift, z = 0.8, the cold
flows have been broken into a set of infalling clouds and the hot gas dominates
the halo. At this moment, the halo has 1012 M

�
inside a virial radius of 200 Kpc.

The galaxy settles into the hot mode of accretion.
Figure 10.2 shows slices of density and temperature of the galaxy at z = 0.8.

The temperature plot is the same as in figure 10.1 but the color palette is different.
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Figure 10.1 Temperature distribution of the galaxy at redshift 2.5 (bottom-left),

redshift 1.5 (top-left) and redshift 0.8 (bottom-right). The size is always 100

proper Kpc at any redshift.
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It clearly shows a thin gaseous disk, seen edge-on, with a radius of roughly 4 Kpc.
At the same time, the halo has a population of cold clouds which resemble the
population of high velocity clouds in our galaxy. These cold clouds are embedded
in a hot gas corona. However, the importance of these cold clouds in the late
accretion of gas is not clear. How massive are they? Are they forming from
the hot halo due to thermal instabilities (Kaufmann et al., 2006) or are they
coming from cosmological distances and somehow survive the accretion shock?
Only future analysis will clarify these issues.

In the same figure 10.2 the stellar disk is overplotted. These are stars younger
than 2 Gyr. They form an extended stellar disk. Figure 10.3 shows the edge-on
and face-on views of the young stellar disk and the edge-on view of the whole
stellar component. We conclude that an inner stellar disk of 4 Kpc is already
in place at redshift z ∼ 1. it is formed by the late accretion of gas in the hot
accretion mode. On the other hand, the old stellar population forms a spheroidal
component. This population was created at early times, when the cold flows and
mergers dominate the accretion of material into the protogalaxy.

Extended galactic disks are formed at these late stages of galaxy formation.
Figure 10.4 shows two examples of spiral galaxies at z = 0.6. The size of both
disks is roughly 20 Kpc. In both cases, the gas distribution shows a pattern of
spiral arms, typical for these types of low-mass spiral galaxies.

As a final result of our numerical models, the metals originally ejected in super-
novae enriches the galactic outflows. As a result, after several Gyr of evolution,
a significant amount of metals has reached cosmological distances. Figure 10.5
shows an example of a slice of 3 Mpc of a side centered in the main galaxy of
the simulations. We conclude that SN-driven outflows can be responsible for the
metal enrichment of the intergalactic medium.
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Figure 10.2 Edge-on slices of a galaxy at z = 0.8 showing gas density (top) and

temperature (bottom). The size in both cases is 100 proper Kpc. A gas disk of 4

Kpc radius is seen edge-on, as well as, an approximately symmetric distribution of

cold and dense clouds embedded in a hot gas corona. Young stars are overplotted

as points in the temperature plot. They form an extended stellar disk.
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Figure 10.3 Stellar distribution of the system at redshift 1. Top panels show the

edge-on view (bottom-left) and face-on view (top-left) of stellar particles younger

than 2 Gyr. The bottom-right panel shows all the stellar populations. Blue and

white points are stellar particles younger than 2 Gyr and yellow or red are older

populations. The size of all panels is 8 proper Kpc.
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Figure 10.4 Two different low-mass spiral galaxies, progenitors of a MW-size

galaxy at redshift z = 0.6. Only the gas density is shown. The size of these

galactic disks is roughly 20 Kpc.
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Figure 10.5 Slice at z = 0.8 showing metals originally ejected in core-collapsed

supernovae in units of solar abundance. The size is 3 Mpc. SN-driven galactic

outflows can release a significant amount of metals into the intergalactic medium.
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11 SECULAR EVOLUTION IN GALACTIC DISKS: The Role of

Resonances

The contents of this chapter were published in the paper: Resonances in Barred

Galaxies, Ceverino, D., & Klypin, A. 2007, MNRAS, 379, 1155.

We can now distinguish the processes that drive the evolution of galactic disks
from the processes of disk formation. This is just a simplification because in reality
galaxy formation is an ongoing process. However, after a violent epoch of mass
assembly into galaxies, the process continues with a slower rate. In this quiescent
evolution, slow physical processes start to play a role. This slow evolution is
usually called secular evolution. The time scales of these processes are much
longer than the dynamical time scale of the system (Kormendy & Kennicutt,
2004) The secular processes relevant for galaxy evolution are the interactions of
stars and gas with collective structures, such as bars, spiral arms or triaxial dark
matter halos and the interactions between them. Among these processes, secular
evolution driven by bars and ovals distortions is the most important component
because the forces involved are stronger than in other non-axisymetric features.

11.1 Introduction

It is often assumed that the stellar disk in spiral galaxies can be modeled
as an axisymmetric system. Departures from this symmetry are usually treated
as weak non-axisymmetric perturbations, like spiral arms (Binney & Tremaine,
1987). However, many spiral galaxies show strong non-axisymmetric features such
as central bars. In fact, galaxies with strong bars are very common objects in the
Universe. They account for 65 per cent of bright spiral galaxies (Eskridge et
al., 2000). Barred galaxies can not be modeled as nearly axisymmetric systems
because the dynamics of these galaxies is dominated by a strong bar which rotates
around the center. The bar interacts with galactic material and distorts galactic
orbits. In particular, some galactic orbits experience dynamical resonances with
the bar. The motion in these orbits is coupled with the rotation of the bar:
resonant orbits are closed orbits in the reference frame which rotates with the bar.
In this frame, the bar is stationary and a resonant orbit can periodically reach
the same position with respect to the bar. A resonant orbit is therefore a periodic
orbit in this reference frame and its dynamical frequencies are commensurable
(Lichtenberg & Lieberman, 1983).

The motion of a star in a galaxy could be described by oscillations in three
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dimensions: radial oscillation, an oscillation perpendicular to the galactic plane,
and an angular oscillation or rotation around the galactic center. In general,
these oscillations could be described by three instantaneous orbital frequencies: a
radial frequency κ, a vertical frequency ν and angular frequency Ω. The case of a
nearly circular orbit in an axisymmetric potential is especially easy to understand
and to study analytically using the epicycle approximation (Binney & Tremaine,
1987). However, a general orbit in the gravitational potential of a galaxy is not a
nearly circular orbit. This is especially true for barred galaxies where the radial
oscillations are not small and orbits can be very elongated. In barred galaxies
orbital frequencies may differ significantly from the frequencies in the epicycle
approximation.

A resonance happens if the dynamical frequencies of an orbit and the angular
frequency of the rotation of the bar, ΩB, satisfy the following relationship of
commensurability:

l · Ω = mBΩB (11.1)

where l=(l, m, n) is a vector of integers, Ω is a vector of frequencies, Ω = (κ,Ω, ν)
and mB is also a integer. We mostly will be interested in cases with mB = m
and in motions close to the galactic plane: n = 0. So, the resonant condition is
reduced to

lκ +m(Ω − ΩB) = 0 (11.2)

Thus, each planar resonance is described by a pair of integers, (l:m). A resonant
(l:m) orbit is closed after l revolutions around the center and m radial oscillations
in the reference frame which rotates with the bar. Table 11.1 summarizes several
examples of these resonances.

One important example is the corotation resonance (CR), Ω = ΩB . A star in
a resonant orbit of CR rotates around the galaxy center with a speed equal to the
rotation speed of the bar. Thus, it does not move in the rotating frame. Other
important resonances are the inner and outer Lindblad resonances. As it seems
from the rotating frame, a star in one of these resonant orbits makes two radial
oscillations during one angular revolution. The resonant orbit has therefore an
ellipsoidal shape. The inner Lindblad resonance (ILR) corresponds to the (-1,2)
resonance. In this case, the star rotates faster than the bar, Ω > ΩB. The opposite
case, Ω < ΩB, corresponds to the (1:2) resonance, which is the outer Lindblad
resonance (OLR).

Significant effort has been made to study motions near resonances in astrophys-
ical systems as well as in plasma physics and in Solar system dynamics (Chirikov,
1960; Lynden-Bell & Kalnajs, 1972; Tremaine & Weinberg, 1984; Weinberg, 2004;
Weinberg & Katz, 2007a). One important and difficult problem is that of small di-
visors or small denominators. Suppose we impose a small perturbation and study
the effect of this perturbation. In the case of barred galaxies, the unperturbed
case is an axisymmetric model and the perturbation is a weak bar. One may try
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Table 11.1 Examples of resonances

Name l m n Ω−ΩB

κ

CR 0 1 0 0

ILR -1 2 0 0.5

OLR 1 2 0 -0.5

UHR -1 4 0 -0.25

to find a solution to this problem using perturbation series. When this is done,
the solution typically has terms with denominator l · Ω −mBΩB, which goes to
zero at resonance. The reason for this divergence is the breakdown of the assump-
tion that the solution can be written as a perturbation series. It appears that the
correct behavior of the solution cannot be obtained in any order of the pertur-
bation theory (Lichtenberg & Lieberman, 1983, Sec.2.2b). One may think that
perturbation theory gives qualitatively correct answer (e.g., predicts large changes
in energy and angular momentum), but it fails to estimate the magnitude of the
effect. Unfortunately, this is not the case: it gives wrong qualitative answers.
Binney & Tremaine (1987, Chapter 3, eqs. (3-123)-(3-129)) give an example of
treatment of orbits around a stable corotation resonance (Lagrange points L4 and
L5). In this case the perturbation expansion gives a divergent amplitude (the
solution linearly grows) and the correct treatment in Binney & Tremaine (1987)
does not show any growth (see also Byrd, Freeman & Buta).

It is important to formulate the situation clearly because this can produce
significant confusion. In mathematics the problem is often stated as the problem
of perturbations: how orbits change when a perturbation is imposed. In this case
one compares perturbed orbits with the same orbits before the perturbation was
imposed. Significant deviations are expected to happen for unperturbed trajec-
tories in regions of overlapping resonances of the unperturbed system (Chirikov,
1960). But this is not the problem which we deal with in barred galaxies. In this
case we study only perturbed orbits: how they change with time and how they
behave close to resonances of the perturbed system. In other words, we do not
compare perturbed orbits with the unperturbed trajectories. By itself it is a very
interesting problem: formation of bars. At this time we focus exclusively on the
evolution under the forces of bars.

This is significantly easier problem. We also simplify the situation by consid-
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ering bars which do not change with time. First, we start with orbits at exact
resonances: ~l · ~Ω = mBΩB. How do they evolve? The answer is simple: they do
not (Lynden-Bell & Kalnajs, 1972). Orbits at exact resonances are closed in the
phase-space: after some time they come to exactly the same position in space and
have exactly the same velocities. Thus, they have the same angular momentum
and the same energy.

Close to the resonances the situation is complex. Lynden-Bell & Kalnajs
(1972) argued that there should be significant growth of perturbations in this
area. Yet, this argument was based on the perturbation expansion, which is
not valid near resonances. We distinguish two types of resonances: elliptic and
hyperbolic (Arnold & Avez, 1968). Lagrange points L4 and L5 are examples
of elliptic resonances: orbits oscillate and librate around those resonances and
have the structure of a simple pendulum (Lichtenberg & Lieberman 1983, Sec.
2.4, Murray & Dermott 1999, Sec. 8). Hyperbolic resonances are points on
the intersection of separatrixes dividing domains of elliptical resonances (e.g.,
Lagrange points L1 and L2). In this paper we are mostly interested in elliptical
resonances.

There is no evolution at resonant orbits for a stationary perturbation and
there are no singularities at resonances. Therefore, the small divisor problem can
lead to a wrong interpretation of the secular evolution near resonances and their
role in barred galaxies. A more careful treatment of the motions in near-resonant
orbits reveals that the Hamiltonian near a resonance can be approximated by the
Hamiltonian of the one dimensional pendulum in a variable which change slowly
near the resonance (Lichtenberg & Lieberman, 1983). So, the motions near every
resonance can be approximated by motions of libration, separatrix and rotation
around a resonant orbit. Examples of these motions near CR and ILR can be found
in section 11.9. Circulating pendulum solutions near CR are also given by Byrd
(Freeman & Buta). In general, each fixed point of the pendulum corresponds
to an exactly resonant orbit. As the result, each resonance has formally two
different types of resonant orbits. One corresponds to the stable or elliptic fixed
point, around which the near-resonant orbits librate. The other corresponds to the
unstable or hyperbolic fixed point, where the separatrices intersect. In the region
around the separatrix, this pendulum approximation fails. The phase-space near
the separatrix is more complex that in the case of a pendulum (Voglis, Tsoutsis &
Efthymiopoulos). This area may be filled with irregular or chaotic orbits and high-
order resonances (l > 1). This is usually called the resonance layer (Lichtenberg
& Lieberman, 1983). As a result of all this complexity, perturbation theory is not
valid at any order near resonances. Small divisors can be removed from one order
in the perturbation series, but other small divisors appear in a higher order. So,
the right behavior near resonances can only be studied by solving for the exact
solution of the equations of motions near resonances.
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The phase-space near resonances is mainly populated by trapped orbits in
libration around stable resonant orbits. Their exact trajectories are commonly
computed in orbit theory (Contopoulos & Grosbøl, 1989; Skokøs et al., 2002).
In this field, the potential of a barred galaxy is modeled by a combination of
different analytical potentials, like an axisymmetric disk plus a prolate ellipsoid.
Then, galactic orbits are computed numerically using this galactic model. In this
way, the galactic orbital structure can be studied in detail. Resonant orbits in
this case are periodic orbits in a given non-axisymmetric potential. Each stable
periodic orbit is the parent of a family of non-closed orbits which remain near to
this orbit at any moment (Binney & Tremaine, 1987). The dynamical frequencies
of these trapped orbits oscillate around the frequencies of the resonant orbit.
Therefore, their average frequencies over time should be close to the frequencies
of the resonant or parent orbit.

However, orbit studies have some limitations. They can not follow the self-
consistent evolution of barred galaxies. The underlying potential is fixed and does
not change due to the redistribution of the orbits. In contrast, N-body models
can follow the orbits and the secular evolution of barred galaxies at the same
time. However, Weinberg & Katz (2007a) have derived the necessary number of
particles in an N-body model which could accurately resolve the dynamics near
resonances. These required numbers are well beyond the numbers used in current
state-of-the-art models. So, do we have any hope to see the effects of resonances in
N-body models? We argue that current N-body models can resolve the dynamics
of resonances in the regime relevant for observed barred galaxies. They have
strong non-axisymmetric features. In contrast, the particle number criteria of
Weinberg & Katz (2007a) were derived in the regime of weak perturbations.

N-body models have been already used to study the resonant interaction be-
tween the bar and the halo of dark matter (Holley-Bockelmann et al., 2005; Coĺın
et al., 2006; Athanassoula, 2002, 2003; Martinez-Valpuesta et al., 2006; Wein-
berg & Katz, 2007b). N-body models open the possibility to sample individual
trajectories over time and extract their dynamical frequencies. This allows a bet-
ter determination of resonant orbits and their dynamics. This has been done in
restricted N-body experiments with a frozen non-axisymmetric potential (Holley-
Bockelmann et al., 2001; Athanassoula, 2002, 2003; Martinez-Valpuesta et al.,
2006). In Athanassoula (2002), the orbital frequencies were estimated using a
random population of particles taken from the disk and the halo of a N-body sim-
ulation. A frozen barred potential equal to the potential of the simulation was set
to rotate with the pattern speed measured in the simulation at a given moment.
Each orbit was computed in this stationary potential. Finally, the dynamical fre-
quencies of each orbit were estimated using a spectral analysis. Some of the orbits
were trapped near resonant orbits in the disk and in the halo. The slowdown of
the bar was linked to the loss of angular momentum of nearly resonant orbits in
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the inner disk. At the same time, the gain of angular momentum of the halo was
linked to the gain of angular momentum of near-resonant orbits in the halo.

However, little work has been published on the detection of resonances in a
fully self-consistent N-body model of a barred galaxy. The purpose of this study
was to detect and characterize the resonances present in barred galaxies. This
study may also find new insights into the dynamics near resonances and their
role in barred galaxies. This section is organized as follows. §11.2 - §11.4 present
the N-body models analyzed in this paper. §11.5 describes the methods used to
measure the dynamical frequencies of the particles. §11.6 - §11.7 describe the main
results of resonances in the disk and in the halo. §11.8 describes the capture at
corotation as an example of resonant capture. §11.9 - §11.10 compare these results
with an analytical galactic model. Finally, §11.11 is devoted to the discussion and
§11.12 is the summary and conclusion.

11.2 Initial Conditions

The initial conditions of the N-body models are described in detail in Valen-
zuela & Klypin (2003). The generation of the models follows the method of
Hernquist (1993). The model initially has only a stellar exponential disk and a
dark matter halo. No bar is initially present in the model but the system is un-
stable and forms a bar. The density of the stellar disk in cylindrical coordinates
is approximated by the following expression:

ρd(R, z) =
Md

4πz0R2
d

e
−

R

Rd sech2(z/z0), (11.3)

where z0 is the scale height of the disk, Rd is the exponential length and Md is
the mass of the disk. The scale height is assumed to be initially constant through
the disk. The vertical velocity dispersion σz is given by the scale height and the
surface stellar density Σ:

σ2
z(R) = πGz0Σ(R), (11.4)

where G is the gravitational constant. The radial velocity dispersion σR is also
related to the surface density:

σR(R) = Q
3.36GΣ(R)

κ(R)
, (11.5)

where κ(R) is the epicycle frequency at a given radius and Q is the Toomre
stability parameter, assumed constant through the disk. The rotational velocity
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Figure 11.1 Face-on views of the three N-body models of barred galaxies. The

contours show levels of equal surface density. Their scale is logarithmic with a

step of 0.5 dex. The scale is the same for all figures. The circles represent the

corotation radius for each model. The model Khb develops a larger and slower bar

than the model Dhs. The model C has a strong and massive bar.
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Table 11.2 Initial parameters of models

Parameter Dhs Khb C

Disk Mass (1010M
�

) 5.0 5.0 4.8

Total Mass (1012M
�

) 1.43 1.43 1.0

Disk exponential length (kpc) 2.57 3.86 2.9

Disk exponential height (kpc) 0.20 0.20 0.14

Stability parameter Q 1.8 1.8 1.2

Halo concentration C 17 10 19

Total number of particles (105) 38.0 27.2 97.7

Number of disk particles (105) 4.60 2.33 12.9

Particle mass (105M
�

) 1.07 2.14 0.37

Maximum resolution (pc) 22 22 100.

Time Step (104yrs) 1.48 0.95 12.

115



Vφ and its dispersion σφ are computed using the asymmetric drift approximation
and the epicycle approximation,

V 2
φ (R) = V 2

c (R) − σ2
R(R)

(

2R

Rd
+

κ2(R)

4Ω2(R)
− 1

)

, (11.6)

σ2
φ(R) = σ2

R(R)
κ2(R)

4Ω2(R)
, (11.7)

where Vc is the circular velocity at a given radius and Ω is the angular frequency
in the epicycle approximation.

The density profile of a cosmological motivated dark matter halo is initially
well approximated by the NFW profile (Navarro et al., 1997),

ρdm(r) =
ρs

x(1 + x)2
, x = r/rs, (11.8)

Mvir = 4πρsr
3
s

[

ln(1 + C) − C

1 + C

]

, C =
rvir

rs
, (11.9)

where Mvir and C are the virial mass and the concentration of the halo. The radial
velocity dispersion of dark matter particles is related with the mass profile of the
system, M(R),

σ2
R,dm =

1

ρdm

∫

∞

R

ρdm

GM(R)

R2
dR. (11.10)

Finally, the other two components of the velocity dispersion of dark matter are
equal to σ2

r,dm, assuming an isotropic velocity distribution. This assumption re-
mains valid in the central parts of dark matter halos (Coĺın et al., 2000).

11.3 Description of the Models

We analyze two of the N-body models of barred galaxies described in Coĺın et
al. (2006). We also include the model C of Valenzuela & Klypin (2003). These
three models are consistent with normal high surface brightness galaxies. The dark
matter does not dominate in the models in the first two scale lengths, R ≤ 2Rd

(Klypin et al., 2002). The parameters of the models are presented in Table 11.2.
These models do not cover a large range of parameters. This is done in Coĺın
et al. (2006). Instead, we have selected three models with very different initial
conditions. Dhs has a more concentrated halo and a shorter disk length than Khb.
For example, the dark matter contribution to the initial circular velocity is equal
to the contribution of the disk at 7 Kpc in the model Dhs and 10 Kpc in the
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model Khb. As a result, Dhs is initially more centrally concentrated than Khb.
The disk is hot, Q ≈ 1.8, in these two models. In contrast, the model C has a
cold disk, Q ≈ 1.2. In addition, the halo of this model has a higher concentration
than the models from Coĺın et al. (2006) but its exponential length is in between
the values of the other two models. As a result, 6.5 Kpc is the radius in which
the contribution of the halo and the disk to the initial circular velocity are equal.
All these differences are reflected in the bar evolution and therefore, they are also
reflected in the resonant structure. All three models develop a relatively strong
bar (Fig. 11.1). However, the bar in the model Dhs is shorter and rotates faster
than the bar in the model Khb. This affects strongly the resonant structure. All
three models show a slow evolution in the pattern speed of the bar, ΩB , so it could
be considered nearly constant over a period of 1-2 Gyr (Coĺın et al., 2006). This is
a suitable situation for the analysis of resonances because the resonant structure
is stable if ΩB is constant.

11.4 The Code

These simulations were performed with the Adaptive Refinement Tree (ART)
N-body code (Kravtsov et al, 1997; Kravtsov, 1999). The code computes the
density and gravitational potential in each cell of a uniform grid. If the number of
particles in a cell exceeds a given threshold, the cell is split in 8 smaller cells. This
creates the next level of a refinement mesh. The procedure is recursive. The result
is a refined mesh which accurately matches high density regions with arbitrary
geometry. This spatial refinement is followed by a temporal refinement. More
refined regions have a shorter time step. This is necessary to follow accurately
the trajectory of particles. The code was extensively tested. Additional tests on
the long-term stability of equilibrium systems were performed in Valenzuela &
Klypin (2003). These tests are important to study the secular evolution in barred
galaxies. The results showed that the effect of two-body scattering is negligible.
The relaxation time scale was roughly equal to 4.5 × 104 Gyr for a system with
3.5 million particles.

11.5 Measurement of Orbital Frequencies

We measure the orbital frequencies of all particles over a given period of time.
This time average is an estimate of the instantaneous orbital frequencies used in
the resonant condition (Eq. 11.2). The measurements are done using the trajec-
tories of all particles. In the models Khb and Dhs, each trajectory is sampled with
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Figure 11.2 Example of a measurement of a radial frequency, κ, of a particle using

the Fourier spectrum of its radial oscillations. The top panel shows the radius of

a particle as a function of time for Khb and the bottom panel presents the Fourier

decomposition of its radial trajectory, where P is the power spectrum. The radial

frequency is measured as the maximum peak of the spectrum, κ = 126 Km s−1

Kpc−1.
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Figure 11.3 Example of a angular frequency measurement of a particle using its

angular position along its trajectory. The Figure shows the angular positions over

time for a particle selected in Khb. The straight line has a slope equal to the

measured angular frequency, Ω = 88 Km s−1 Kpc−1.
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Nt = 250 discrete points per Gyr. Therefore, two consecutive points are separated
by 4 × 106 yr. Each trajectory during a single sampling step is integrated with
more than 270 time steps. The trajectories are recorded in cylindrical coordinates.
The orbital frequencies are estimated by tracking the radius and the azimuthal
angle as functions of time.

The radial frequency, κ, is measured from the Fourier analysis of the radial os-
cillations. Fig. 11.2 shows an example of the radial oscillations for one trajectory.
We subtract the average radius from the signal and perform a discrete Fourier
analysis. The result is the power spectrum of the orbit (Pk). It is based on the
harmonics amplitudes, Ak and Bk, in the Fourier decomposition:

Ak =
1

Nt

∑

i

Ri cos(ωkti), Bk =
1

Nt

∑

i

Ri sin(ωkti) (11.11)

Pk =
√

A2
k +B2

k. (11.12)

where Ri is the value of the radius at a given time ti and ωk is a discrete frequency
in the Fourier space. We use 1200 discrete frequencies to sample the Fourier space
from zero to a maximum frequency of 600 Km s−1 Kpc−1 for Dhs. This maximum
frequency is well below the Nyquist frequency. In our case, the Nyquist frequency
(κN = π/∆) is 770 Km s−1 Kpc−1, where ∆ is the interval of 4 × 106 yr between
snapshots. In that way, we avoid aliasing problems that arise close to the Nyquist
frequency. The bottom panel of the Fig. 11.2 shows an example of the spectrum of
the trajectory. The radial frequency is measured as the frequency of the maximum
peak in the Fourier spectrum.

However, the gravitational potential is slowly evolving during the period in
which the frequencies are measured. This introduces radial modes of low frequency
at the top of the orbital oscillations. As a result, 5 per cent of the particles
have radial oscillations modulated by an oscillation of low frequency. For these
particles, we need to remove these low frequency modes to be able to extract the
orbital oscillations. In order to remove these modes from the signal, we define a
low cutoff frequency of 12 Km s−1 Kpc−1. If the frequency of the maximum peak
of the spectrum is below this cutoff, the corresponding mode is subtracted from
the radial oscillation. Then, we repeat the Fourier analysis. The procedure ends
when the maximum of the spectrum lies beyond the cutoff frequency or when
we remove all the significant peaks of the spectrum. In the last case, we reject
the particle because its trajectory does not have significant radial oscillations.
However, this technique prevents us from detecting radial frequencies lower than
the cutoff frequency. These radial oscillations would correspond to trajectories in
the edge of the disk, where the effect of the bar is very small. So, these trajectories
are not useful for study resonances.

The spectral analysis used for radial frequencies was proved less reliable for
angular frequencies (Athanassoula, 2002). In contrast with radial oscillations,
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the azimuthal angle does not oscillate around a mean value. The angle sweeps
periodically all values between 0 and 2π. As a result, the angular frequency is
measured using the average period of the angular revolutions in that interval of
time. Each angular period is defined as the time that the particle takes to complete
one angular revolution starting from a given point of the trajectory. Fig. 11.3
shows an example of the angular positions of one trajectory and the computed
angular frequency.

We performed an orbital frequency analysis of all particles in the three models.
The following orbits were rejected from a further study: Retrograde orbits, orbits
with radial frequencies higher than a maximum frequency of 600 Km s−1 Kpc−1

and orbits with no significant radial oscillations (κ ≤ 12 Km s−1 Kpc−1). In total,
we rejected only 10 per cent of the particles in Khb and 30 per cent of the particles
in Dhs. The higher fraction in Dhs is due to a higher concentration of particles
at the center. One half of the rejected particles in Dhs have very high frequencies
and almost radial orbits. They spend all their time very close to the center, so
they are not involved in global motions with the bar. As a result, we selected only
particles with well defined orbital frequencies during a given interval of time.

11.6 Detection of the Main Resonances

Once the orbital frequencies are measured in our three models, their main
resonances become evident using frequency maps. They are commonly used to
study resonances between planetary orbits in the Solar system (Laskar, 1990) and
in orbital studies of elliptical galaxies (Holley-Bockelmann et al., 2001). In our
case, a frequency map displays angular frequencies along the horizontal axis and
radial frequencies in the vertical axis. This is a clear way to display the resonant
structure of a model in the space of its orbital frequencies. Each point in this
space represents the mean orbital frequencies of an individual particle over a fixed
period of time. In a frequency map, all the orbits near a particular resonance lie
along a line defined by the resonant condition (Eq. 11.2). ΩB is computed as
the average pattern speed in this period of time (Coĺın et al., 2006). Any set of
integers defines a line in the frequency map. As a result, points along a given
resonant line correspond to particles close to the resonance by definition.

Fig. 11.4 shows the frequency map of the model Dhs for 1 Gyr. We can
clearly see a concentration of particles near resonances. In particular, a narrow
line of points is clearly visible along the ILR. This resonance covers a big range
of angular and radial frequencies. The concentration of orbits near the CR is
also specially strong. These particles are forced by the bar to rotate with the bar
pattern speed. Other resonances are also visible. For example, the ultra-harmonic
(-1:4) resonance (UHR) can be seen as a small cloud of points which intersects
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Figure 11.4 Frequency map for Dhs. The horizontal axis shows angular frequencies

(Ω) and the vertical axis shows radial frequencies (κ). Each point represents the

average frequencies of a particle over 1 Gyr. Clustering of points along straight

lines with certain slopes indicates the presence of resonances. The lines are com-

puted using the resonant condition (eq. 11.2). ΩB is computed as the average

pattern speed in this period of time. The main resonances are labeled. In addition,

the dash lines correspond the CR, ILR and OLR of another non-axisymmetric pat-

tern with a different pattern speed. The grey curve (magenta in the color version)

is the result of the epicycle approximation which breaks down inside the corotation

radius, where the orbits are very elongated.
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Figure 11.5 Frequency map for Khb (massive bar) for a period of 0.5 Gyr. As

in Fig. 11.4, lines indicate the main resonances and the grey curve (magenta in

the color version) represents the epicycle approximation. The resonant structure

shows a strong clustering of points along the ILR line. This is an indication of a

large number of particles trapped near ILR orbits.
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Figure 11.6 Distribution of the ratio (Ω − ΩB)/κ for Dhs for a period of 1 Gyr.

The vertical axis shows the fraction of particles per unit of bin in the frequency

ratio. Vertical lines represent low order resonances (±1:m) and CR. The peaks

show a strong indication of trapping resonances. The error-bar at the upper-left

corner is the 1σ error using Poisson noise.
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Figure 11.7 Distribution of the ratio (Ω − ΩB)/κ for Khb for a period of 2 Gyr.

The vertical axis shows the fraction of particles per unit bin in the frequency ratio.

The error-bar on the left is the 1σ error using Poisson noise. Strong peaks at CR

and ILR are clearly present. The dash line shows the distribution for a period of

0.5 Gyr before the formation of the bar. No peaks are found before the formation

of the bar. The formation of these resonant peaks is linked to the capture of

particles near resonant orbits.
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Figure 11.8 Distribution of the ratio (Ω − ΩB)/κ for particles in the halo chosen

to stay close to the disk of Khb. The lines show resonances as Fig. 11.6 and 11.7.

The CR and ILR are clearly present in the halo. The error-bar is the 1σ error

using Poisson noise.
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the line corresponding to the UHR. The OLR is very prominent. It intersects a
line of constant angular frequency, Ω = 27 Km s−1 Kpc−1. This may be the CR
of another non-axisymmetric pattern. This is supported by the fact that both
OLR and ILR are also present for this second pattern. The OLR line is specially
well populated. As a result, the model Dhs may exhibit an overlap of resonances
corresponding to two different non-axisymmetric features.

As another example, Fig. 11.5 shows the frequency map for the model Khb

for a period of 0.5 Gyr. This model has a more massive bar which also rotates
slower than in the model Dhs discussed before. As a result, the resonant structure
appears more compressed in this model. Its points extend over a smaller fraction
of the frequency space. In addition, the corotation radius is larger. So, resonances
beyond corotation, Ω < ΩB, extend over the outer disk and they have less available
material to capture. Therefore, OLR is not even present in this model. On the
other hand, ILR is much stronger. It has more points clustered along the ILR line.
This is the effect of a massive bar. The clustering of points near resonant lines in
the frequency maps is a signature of trapped particles near resonant orbits.

However, the majority of the points lies on a region spread diagonally across
the frequency map. This feature is formed by particles at resonance, as well as
particles out of resonance. It can be approximated by the epicycle approximation
up to CR. We use the rotation curve of each model to estimate the epicycle
frequencies. This approximation deviates from the dynamical frequencies inside
the corotation radius. Orbits inside the corotation radius are elongated and their
frequencies are higher than the expected values of nearly circular orbits. This is
the region dominated by non-circular motions.

It is difficult to identify other resonances which lie on the crowded areas of
a frequency map. As a result, we use the distribution of the ratio (Ω − ΩB)/κ
(Athanassoula, 2002) to detect the resonances of low order in l (±1 : m). Each of
these resonances has a unique value of this ratio. Fig. 11.6 shows the histogram
of (Ω−ΩB)/κ for the model Dhs for a period of 1 Gyr. The distribution has peaks
at the values of different resonances. We found 5 of them: OLR, (1:5), CR, (-1:4)
and ILR. Fig. 11.7 shows the distribution of (Ω − ΩB)/κ in Khb for a period of 2
Gyr. As we expected from the frequency map, the peak corresponding to the ILR
is stronger than in Dhs. This is a common feature of systems with large bars.

In these histograms, there is an underlying distribution of particles which do
not contribute to any resonant peak. They do not participate in any resonant
motion with the bar. Thus, this background of particles should be present even
before the formation of the bar. We performed a frequency analysis of the model
Khb during the first 0.5 Gyr, before the bar formation. The distribution is shown
in Fig. 11.7 as a dashed curve. There are no significant peaks because there is
no bar which captures particles near resonant orbits at this early stage of the
simulation. As the simulation evolves, the bar forms and the distribution of
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Figure 11.9 Spatial distributions of the particles at different resonances in Dhs.

Each plot is labeled with the corresponding resonance. All resonances form rings

except the ILR. This resonance is not localized at a given radius. A circle marks

the corotation radius.
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(Ω−ΩB)/κ changes dramatically. The tail of high frequencies and high values of
(Ω−ΩB)/κ grows. This is produced by particles that are sinking into the centre.
However, the most dramatic change is the formation of the resonant peaks. Some
particles are captured by the bar near some specific resonant orbits. This produces
a clustering of particles near specific dynamical frequencies and the formation of
the resonant peaks in the distribution of (Ω − ΩB)/κ. This clustering causes the
surrounding areas outside the resonances to be depopulated. This is reflected in
gaps in the distribution of (Ω − ΩB)/κ at both sides of a resonance. These gaps
are very clear for CR and ILR of Khb but they are also visible for the (-1:5) and
(1:4) resonances of Dhs.

We apply the same technique to find resonances in the halo. We select particles
with a height from the plane lower than 3 pc, so that the particles are close to
the disk. We also reject retrograde orbits. Fig. 11.8 shows the distribution of
(Ω − ΩB)/κ for the halo of Khb for a period of 2 Gyr. The pattern of resonances
in the halo is very similar than the resonances in the disk. In particular, CR and
ILR are clearly present.

11.7 Spatial Distribution of Particles at Resonances

We have seen the clustering of particles near resonances in the space of dy-
namical frequencies. But, what is their distribution in the coordinate space? Are
they localized around a specific radius or are they spread over a broad region of
the system? Fig. 11.9 shows the spatial distribution of the particles at the main
resonances in Dhs. These are the disk particles which form the main peaks in the
Fig. 11.6. They are confined into broad areas. Thus, particles near resonances
populate a broad region of space. For example, particles trapped at CR stay at
a broad ring around the corotation radius. However, the distribution is not uni-
form along the ring. There are fewer particles near the ends of the bar and more
particles at both sides of the bar. This asymmetry is related to the position of
the Lagrange points of the system, as we will see in §11.8. Other rings are also
formed at UHR and OLR.

However, particles at ILR do not form a ring. The ILR is not localized around
a given radius. Fig. 11.10 shows the particles near ILR for the model Khb. They
are concentrated in an elongated structure that resembles the bar. Particles at
ILR can pass very close to the centre and they have very elongated orbits. As a
result, they span a wide range of radii. This result implies that ILR extends over a
broad range of energies. This fact was outlined in different papers. Athanassoula
(2003) pointed out the fact that the ILR resonant orbits are in fact the members
of the x1 family of closed orbits. Athanassoula (1992) studied the energy range in
which these resonant orbits are stable so they are able to capture orbits around
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Figure 11.10 Spatial distribution of the particles at ILR in Khb. The bottom

panel shows a face-on view. The distribution resembles the bar. ILR particles

can pass very close to the centre and span a wide range of radii. A circle marks

the corotation radius. the top panel shows the vertical distribution. This edge-on

view has a clear rectangular shape.
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them. They found that ILR orbits are stable over a significant range of values of
the Jacobi energy. Weinberg & Katz (2007a) also found that ILR orbits extend
to very small radii.

In general, the vertical distribution near these resonances is very flat. This
is expected because we are focusing on planar resonances, so we do not expect
resonant motions in the vertical direction. However, ILR is a clear exception. Its
edge-on view has a clear rectangular shape (Fig. 11.10). This distribution again
resembles the bar. Edge-on views of N-body bars show the same rectangular shape
(Athanassoula & Misiriotis, 2002). A frequency analysis of motions in the vertical
direction shows some particles trapped in the vertical ILR with the same values
of their radial and vertical frequencies. The trajectories of these particles have
their radial and vertical oscillations coupled.

11.8 Corotation Capture

In previous sections, we saw that resonances can capture particles with specific
frequency ratios. Now we are going to focus on the details of this capture mecha-
nism and to describe what happens with the particles after being trapped near a
resonance. We take CR, Ω = ΩB, as an example, because it is easy to visualize.
We use the model C of Valenzuela & Klypin (2003) to study the particles near
CR. Particles which stay near CR during a period of 1 Gyr centred at 3.5 Gyr are
selected. Fig. 11.11 and 11.12 show their spatial distribution and their density
profiles at different moments. At 0.1 Gyr, just before bar formation, the particles
are spread in an axisymmetric and extended distribution around the centre. This
distribution is strongly affected by the formation of the bar. They gain angular
momentum and evolve in to a ring at the corotation radius. As a result, these
particles evolve when they are being trapped at CR during the formation of the
bar. After that, the distribution is stable for more than 4 Gyr or 20 bar rotations.
As we discussed in §11.7, the ring is not uniform. It shows a stronger concen-
tration of particles in two broad areas 90◦ away from the major axis of the bar.
In addition, the surface density profile of these particles shows a stationary peak
close to the corotation radius (Fig. 11.12). These particles are still trapped near
CR several Gyr after the formation of the bar. Therefore, CR prevents a secular
evolution in the trajectories of the particles trapped around it.

We can now study in detail how CR prevents the secular evolution of trapped
particles in an almost stationary model, in which ΩB is almost constant. We start
with the spatial distribution of the change in angular momentum of particles in the
disk. We compute the change of angular momentum of each particle between two
different moments. That change contributes to the average angular momentum
change at the position of the particle in an intermediate moment. The result is
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a field of angular momentum change. If these two moments are very close, that
field is a good approximation to the instantaneous change of angular momentum
in the disk. In other words, we are measuring the torque field produced by the
bar and the spiral arms (Fig. 11.13). This torque has a similar shape of a torque
from an elongated structure in rotation. It shows a 180◦ symmetry. The bar is
rotating in anti-clockwise direction. Therefore, the particles which are close to
the bar and moving ahead of the bar, are being pushed backwards by the bar
and they lose angular momentum (black areas in Fig. 11.13). At the same time,
particles which are moving behind the bar, are being pushed forwards. Therefore
they gain angular momentum (dark grey areas in Fig. 11.13).

However, small changes in angular momentum over short periods of time can
accumulate over a longer period. This can produce a much stronger change in
angular momentum over a long period of time. Fig. 11.14 shows only the areas
with the largest variations in angular momentum over a much longer interval of
time than in Fig. 11.13. The selected interval is nearly one period of the bar, 150
Myr. The choice of different intervals produces similar results. The largest change
of angular momentum lays mainly near the corotation radius and away from the
major and minor axes of the bar. The two areas of positive change of angular
momentum do not cover the same area. One is bigger than the other. However,
this asymmetry is not permanent. It oscillates slowly with time. As a result, the
net effect of this asymmetry is averaged out. Other peaks are also found inside the
bar, a region dominated by ILR orbits. Finally, other peaks beyond the corotation
radius could be attributed to the OLR.

Near the corotation radius, particles which are moving behind the bar for a
significant interval of time accumulate small increments of angular momentum
over that interval. The net effect is a significant increase in their angular mo-
mentum. The opposite is true for particles which stay ahead of the bar for a
long period of time. They lose a significant amount of angular momentum. The
main question is now how this change in angular momentum affects the evolution
of these particles. The näıve idea is that a particle that increases its angular
momentum evolves strongly. However, a particle initially in one of the areas of
maximum positive change in angular momentum near CR (grey/red areas in Fig.
11.13) gains angular momentum and moves outward. As a result, the particle
rotates slower than the bar, Ω < ΩB. It lags the bar and starts to move to the
area of negative angular momentum change (black/blue areas in Fig. 11.13). In
that area, the particle loses the angular momentum gained previously and moves
inwards. As a result, it starts to rotate faster than the bar, Ω > ΩB , and to move
towards the area of positive change of angular momentum. In that area, the par-
ticle gains angular momentum and the cycle starts again. As a result, the changes
in angular momentum are compensated along the trajectory of each particle near
CR. These oscillations of angular momentum produces no net torque over a long
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Figure 11.11 Spatial distribution of the particles selected for being near CR at 3.5

Gyr at 4 different moments. The particles are taken from the model C. At 0.1

Gyr, the bar is still not formed. After, bar formation, the distribution of these

particles is stationary for more than 4 Gyr. Particles trapped near CR stay there

for a long time. The circle represents the corotation radius.
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Figure 11.12 Evolution of the surface density profile of particles selected for being

near CR at 3.5 Gyr for model C. The full curve corresponds to the distribution

of the particles at 3.5 Gyr. The dotted curve shows the same particles at 0.1

Gyr, before the bar formation. The dashed line is for 4.5 Gyr, 1 Gyr after the

moment in which the particles are selected for being at CR. As the bar forms,

some particles get trapped near corotation radius. After that, the profile shows

a peak centered at the corotation radius. The distribution shows little evolution

for 4 Gyr.
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Figure 11.13 Spatial distribution of the instantaneous angular momentum change

measured in a short interval of 28 Myr in model C. See electronic version of a

color version of this plot. The two black leaves (dark blue) are areas with a strong

negative torque. The two dark grey leaves (dark red) have a strong positive

torque. Finally, the broad areas filled with squares (light blue) have a small

negative torque, while the areas colored with a light grey ( light red) have a small

positive torque. The bar is rotating in anti-clockwise direction. The particles

which are close to the bar and moving ahead of the bar, lose angular momentum

(black/blue areas). At the same time, particles which are moving behind the bar,

gain angular momentum (dark grey/red areas).
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Figure 11.14 Distribution of the peaks in the change in angular momentum in the

disk for a longer period of time (150 Myr). The grey (red) areas show the position

of the particles with the maximum increment in their angular momentum. The

black (blue) areas show the position of the particles with the maximum decrement

of angular momentum. Those areas lie mainly along the corotation radius (black

circle)
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Figure 11.15 Example of two trajectories of particles near CR for 2 Gyr in the

model Khb. They are selected for being near CR between 4 Gyr and 4.5 Gyr.

The left panels show their trajectories in the reference frame which rotates with

the bar. The bar is always along the horizontal axis. The dotted circle is at the

corotation radius. The example at the top is a trajectory in libration around a

stable Lagrange point The trajectory at the bottom is even closer to this point.

The right panels show the angular momentum of both trajectories over 2 Gyr.

The angular momentum oscillates, but there is no overall change of angular mo-

mentum. These trajectories do not evolve. As a result, CR prevents the evolution

for orbits trapped around it.
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period of time. CR actually prevents the evolution of the particles trapped near
the corotation radius.

Fig. 11.15 provides two examples which illustrate this previous idea. They are
taken from the model Khb. The particles are selected to be near CR between 4
and 4.5 Gyr. Then, we plot their trajectories for the next 2 Gyr. We select the
non-inertial frame which rotates with the bar. In that frame, the bar is always
along the horizontal axis and a particle exactly at CR is not moving in this frame.
The top panels of Fig. 11.15 show a particle which slowly oscillates once along
a section of the corotation ring during 2 Gyr. The particle moves between the
areas in which the change of angular momentum is positive and negative. As a
result, the changes in its angular momentum cancel each other. The net result of
this oscillation is an almost no change in the angular momentum. The particle is
trapped in an orbit of libration for several Gyr and many orbits.

The bottom panels of Fig. 11.15 show an orbit closer to CR. It also librates at
the corotation radius but the amplitude of the oscillations are much smaller than
in the previous case. Actually, during the last Gyr of the simulation, the particle
spends several orbits around a single point in the rotating frame. The angular
momentum during this time is almost constant. So, the net transfer of angular
momentum near that point is minimum. In other examples, the orbits librate in
a similar way but around another point on the other side of the corotation ring.

This trapping mechanism near CR is actually well known in galactic and celes-
tial mechanics. The situation is equivalent to the motions of arbitrary amplitude
around the stable Lagrange points of a stationary non-axisymmetric system. The
equations of motion can be reduced to the equations of a pendulum (Binney &
Tremaine, 1987, Chapter 3, eqs. (3-123)-(3-129)). Particles trapped near CR li-
brate slowly around one of the stable Lagrange points. A particle exactly at this
point is exactly at CR. A close example of such a resonant orbit is shown in the
bottom panels of Fig. 11.15. This orbit moves along the corotation radius with the
same angular velocity of the bar rotation. CR keeps particles in libration orbits
for a long time and for many periods. While particles are trapped, their orbits do
not evolve. As a result, CR prevents the evolution of the particles trapped around
it and minimize their angular momentum transfer.

11.9 Comparison with an Analytical Model

As we saw in the previous section, CR captures particles around two sta-
ble Lagrange points. The stability around these points is mainly determined by
the topology of the gravitational potential around them. Therefore, we can ap-
proximate this potential with a simple analytical model which captures the main
features of a strongly barred system. Such a model can be used to clarify the
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Table 11.3 Set of parameters for the analytical model.

Miyamoto disk:

Disk Mass (1010M
�

) 5

A (kpc) 4

B (kpc) 1

NFW halo:

rs (Kpc) 28.7

ρ0 (106M
�

Kpc−3 ) 3.12

Prolate ellipsoid:

Bar mass (1010M
�

) 1

Semimajor axis (Kpc) 4

Semiminor axis (Kpc) 1

Pattern speed (km s−1 Kpc−1) 36

results of N-body simulations. The analytical potential consists of a Miyamoto
disk, a NFW halo and a homogeneous prolate ellipsoid. The ellipsoid rotates with
a given pattern speed ΩB. The corresponding expressions are described in section
11.10 and the parameters of the model are given in Table 11.3. It reproduces a
strongly barred galaxy. Its circular velocity profile is shown in Fig. 11.16. Using
this background potential, we can compute the trajectories of a set of particles and
follow their resonant interactions with the bar. This analytical model can catch
some fundamental aspects of resonances, like trapped orbits near resonances. At
the same time, this simple model does not have the inherent complexity of a
self-consistent N-body simulation. As a result, it is easy to interpret. Then, this
interpretation can be used to understand better the resonant phenomena in more
complex and realistic cases, like in N-body models.
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Figure 11.16 Circular velocity profile of the analytical model of a barred galaxy.

The model corresponds to a typical high surface brightness barred galaxy with a

maximum circular velocity close to 190 km s−1.
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Figure 11.17 Spatial distribution of the particles trapped at CR after 100 bar

rotations (17 Gyr) The distribution fills two lobes around the stable Lagrange

points. It resembles the distribution of particles trapped near CR in the N-body

models (Fig. 11.9 and 11.11). The background contours are contours of equal

effective potential.
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Figure 11.18 Two examples of trajectories trapped near CR, as in Fig. 11.15. The

trajectories librate around the stable Lagrange point and their angular momentum

oscillates with no net change of angular momentum after approximately 5 bar

periods.
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Fig. 11.17 shows particles trapped near CR at two stable Lagrange points.
The initial configuration is a set of 323 particles distributed uniformly inside two
small spheres of 0.1 Kpc in radius. Each one is centered at each stable Lagrange
point. The distribution of velocities is initially centered on the circular velocity at
the corotation radius. The dispersion is 25 per cent of that velocity. After 100 bar
rotations, almost all particles fill two banana-shape areas at both sides of the bar.
They are still trapped around the stable Lagrange points. They cover a broad
area along the corotation radius. This supports the results discussed in §11.8 for
a self-consistent N-body experiment. The distribution of the particles near CR
in Fig. 11.9 and 11.11 resembles the distribution of the particles trapped around
the two stable Lagrange points in Fig. 11.17. The region of trapped particles
is not an infinitesimal volume around the stable points. It extends over a broad
volume both in spatial and phase space. The distribution of the energies of these
particles cover a range which is 10 per cent of the energy at the Lagrange point.
CR covers a significant volume in phase space, although the only particle formally
at resonance is the one which moves with one of the stable points.

In general, these trapped particles move in libration orbits around the Lagrange
points. They are trapped for a cosmologically significant period of time. Fig. 11.18
shows two examples of libration orbits and the change of their angular momentum.
These examples can be compared with the examples taken from the N-body model
and discussed in §11.8. The first example has a large amplitude of libration. As
a result, the angular momentum oscillates significantly. However, the angular
momentum oscillates and the net change is canceled in a libration period. As a
result, the net angular momentum transfer over many orbits is zero. The bottom
panels of Fig. 11.18 show another example. Its amplitude of libration is much
smaller than in the first example. The oscillations in the angular momentum are
also much smaller. This example is similar to the second example of §11.8. The
particle is closer to CR and remains in a stable orbit which minimizes the transfer
of angular momentum. This supports the interpretation that resonances prevent
the orbital evolution of trapped particles.

Similar conclusions can be obtained for other resonances. In the case of the
ILR, the resonant orbits are closed orbits elongated along the bar. The top panels
of Fig. 11.19 show an example of a ILR orbit. The angular momentum oscillates
significantly but the net change of angular momentum averaged over one orbit
is zero. As we pointed in §11.7, the ILR orbits are known as the x1 family.
They are the backbone of the orbits which support the bar (Skokøs et al., 2002;
Athanassoula, 1992). These resonant orbits capture particles around them in a
similar way that corotation does. The bottom panels of Fig. 11.19 show one
example of a trajectory trapped around the ILR orbit. The trajectory librates
around the closed orbit. The angular momentum is modulated by this libration
but again the net average change over many periods is zero. The main difference
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between CR and ILR is that ILR orbits are a set of orbits instead of two Lagrange
points. The result is that the ILR resonance covers a larger volume in phase space
which covers the bar, as we saw in the distribution of ILR particles in Fig. 11.10.
The trajectories in Fig. 11.19 are stable forever. We tracked them for more than
100 bar rotations and there is no indication of evolution in their trajectories. As
we saw before, particles trapped at resonance do not evolve. For the ILR, particles
are trapped by a set of x1 orbits and forced to move within the bar as the bar
rotates.

However, what happens with the particles trapped at resonance when the
bar evolves? In this case, the resonant structure also evolves. The volume in
the phase-space which satisfies a particular resonant condition drifts through the
phase-space. Does the trajectory initially trapped at a resonance follow it or is
scattered off resonance? In order to address this issue, we follow the same ILR
trajectories when the bar slows its rotation. The top panels of Fig. 11.20 show
the imposed bar pattern speed. It remains constant for 30 initial bar rotations (5
Gyr), then it decreases linearly for other 30 initial bar rotations and finally remains
constant for 40 initial bar rotations. At the end, the bar pattern speed decreases
to 40 per cent of its original value over 5 Gyr. From each trajectory, we extract
the specific angular momentum averaged over time for an orbit in the rotating
frame and its radial and angular frequencies over the orbit. The radial frequency is
computed as κ = 2π/Tp, where Tp is the period of the radial oscillations, defined as
the time between apocenters. At the same time, the angular frequency is defined
as Ω = ∆Φ/Tp, where ∆Φ is the angle swept by the trajectory between apocenters
in the inertial frame. Using these frequencies and the pattern speed of the bar,
we can check the resonant condition for ILR (Eq. 11.2).

The left side of Fig. 11.20 shows the orbit which is initially trapped exactly at
ILR. Before any evolution, the averaged angular momentum remains constant and
the resonant condition is fulfilled. During the slowdown of the bar, the angular
momentum of the trajectory decreases at almost the same rate of the change in
the pattern speed. The trapped particle follows the slowdown of the bar. More
important is the fact that the trajectory remains close to the resonance although
the system evolves. The particle is trapped at resonance and oscillates around the
resonant orbit as the system evolves as a whole. This tracking of a resonance is
true even for trajectories further from the exact resonant orbit but still trapped
around it. The right side of Fig. 11.20 shows an example. The oscillations around
the resonant condition are larger than in the previous case, but the trajectory is
not scattered off resonance when the system evolves. The same results can be
found for bigger rates of change in the pattern speed. Only when the pattern
speed decreases to one half of its original value in less than one bar period, the
oscillations around the resonant condition become wider.
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Figure 11.19 Two examples of trajectories as in Fig. 11.15 but for the ILR. The

top panels show an example of a ILR orbit. The angular momentum oscillates

but average change of angular momentum is zero. The bottom panels show one

example of a trajectory trapped around the ILR orbit. The trajectory librates

around the closed orbit. The angular momentum is modulated by this libration

but again the net average change over many periods is zero.
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Figure 11.20 Left and right panels show two different examples of particles near

ILR when the bar slows its rotation during 30 bar rotations between 30 and 60 bar

rotations. Top panels show the evolution of the bar pattern speed. Middle panels

show the evolution of the angular momentum averaged over a single orbit. Bottom

panels show the ILR condition (eq. 11.2) scaled by ΩB . During the slowdown

of the bar, the trajectory exactly at ILR(left) and the trajectory trapped near

ILR(right) remain near resonance. They track the resonance and follow the bar

evolution.
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11.10 An Analytical Galactic Potential

The 3D potential used in §11.9 consists of three components. First, A Miyamoto
potential represents the disk:

ΦD(x) = − GMD
√

x2 + y2 + (A+
√
B2 + z2)2

(11.13)

where MD is the mass of the disk, A and B are the horizontal and vertical scale-
lengths. The dark matter halo is modeled using a NFW halo:

ΦH(x) = −4πGρsr
2
s

ln(1 + r/rs)

r/rs

, r =
√

x2 + y2 + z2 (11.14)

Finally, the contribution of the bar is modeled as a prolate homogeneous ellipsoid.
The potential of a point inside the ellipsoid is given by

ΦB(x) = −πGρ
(

I(a)a2
1 −

∑

Ai(a)x2
i

)

(11.15)

where xi = {x, y, z}, i = 1, 3. a1 is the semimajor axis of the bar and a2 = a3 is
the semiminor axis. I(a) and Ai(a), i = 1, 3 are defined by the relations:

I(a) =
1

e
ln

1 + e

1 − e
(11.16)

e =

√

1 − a2
1

a2
3

(11.17)

A1(a) =
1 − e2

e2

[

1

1 − e2
− 1

2e
ln

1 + e

1 − e

]

(11.18)

A2(a) = A1(a) (11.19)

A3(a) = 2
1 − e2

e2

[

1

2e
ln

1 + e

1 − e
− 1

]

(11.20)

Similarly, the potential of a point outside the ellipsoid is given by:

ΦB(x) = −πGρa1a2a3

á1á2á3

(

I(á)á2
1 −

∑

Ai(á)x2
i

)

(11.21)

where
á2

i = a2
i + λ(x) :

∑ xi

á2
i

= 1. (11.22)
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11.11 Discussion

Resonances play an important role in barred galaxies. Stable resonant orbits
can capture disk and halo material in near-resonant orbits. The bar itself is a
manifestation of this resonant capture. The x1 family of closed orbits are ILR
resonant orbits that capture particles in elongated orbits along the bar major
axis (Athanassoula, 2003). These orbits support the orbital structure of the bar
(Skokøs et al., 2002; Athanassoula, 1992).

Resonances prevent the dynamical evolution of the material trapped near reso-
nant orbits. This material does not experience a net change of angular momentum
although the angular momentum oscillates strongly over an orbital period (Fig.
11.19). A particle exactly at resonance with the bar has no evolution in its tra-
jectory. The change in angular momentum over an orbital period is zero. The
particle exactly at resonance stay at a resonant closed orbit forever. As a result,
resonances tend to minimize the exchange of angular momentum between trapped
material and the bar.

Therefore, the mere presence of resonances in barred galaxies do not drive
their secular evolution. Orbits trapped at resonance only evolve if the bar evolves
as a whole (Fig. 11.20). In this case, resonances drift as the bar evolves. Particles
anchored near resonant orbits track the resonances and consequently evolve. As
a result, the evolution at resonances is linked to the evolution of the bar. For
example, if the bar slows its rotation, the Lagrange points move outwards. As
a result, CR moves outwards and trapped particles, which track the motion of
CR, move also outwards. The result is that these particles near CR gain angular
momentum and evolve. At the same time, ILR particles trapped by the bar lose
angular momentum. This angular momentum is not lost because the particles
are near a resonance. It is lost because there is a net torque, which produces a
slowdown of the bar and of the trapped particles trapped near ILR.

This torque can be the result of the dynamical friction with the dark matter
halo. Resonances in the halo can also play an important role in this interaction.
ILR particles in the halo form an ellipsoidal structure in the inner halo (Coĺın et
al., 2006). This halo bar exerts a torque on the stellar bar that slows its rotation.
This is an interaction between different structures trapped at ILR. As a result of
this interaction, ILR particles in the stellar bar can lose angular momentum and
ILR particles in the halo can gain it. This interpretation is consistent with the
results on the angular momentum change near resonances in the case of the bar
slowdown (Athanassoula, 2003). However, this mechanism of change of angular
momentum at resonances is very different from the resonant transfer of angular
momentum predicted in perturbation theory (Athanassoula, 2003; Lynden-Bell &
Kalnajs, 1972).

The resonances found in Athanassoula (2003) are consistent with the reso-
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nances found in our models. However, the models in Athanassoula (2003) have a
stronger ILR, CR was weaker and outer resonances like OLR were almost absent.
These differences are due to differences in the corotation radius. Based on the
initial rotation curve and the pattern speed of the model MQ2 of Athanassoula
(2003), the corotation radius was roughly 20 Kpc, 5.7 times its disc scalelength.
This is 5 times larger than the corotation radius in our model Dhs. Thus, the
models in Athanassoula (2003) have most of the material of the disk within the
corotation radius. This material can only be captured by inner resonances like
ILR. That results in a strong ILR peak. On the other hand, little material lies at
corotation radius and beyond. Therefore, CR, OLR and other outer resonances
can trap only a few particles. This is why their peaks in the (Ω−ΩB)/κ histogram
of Athanassoula (2003) are much smaller than in our model Dhs.

Recently, Weinberg & Katz (2007a) discussed the dynamics of the interaction
between a bar and a dark matter halo and described the requisites needed to
follow this resonant interaction accurately. The first criterion stated that a N-
body model should have enough phase-space coverage at resonances. In order
to ensure the correct resonant behavior, the phase space near resonances should
be populated with enough particles. The phase-space volume near resonances is
defined by the separatrix which divides trapped from non-trapped orbits in the
phase space near a resonance. This volume covers the region of trapped orbits
which librate around the stable resonant orbit. Weinberg & Katz (2007a) argue
that 10 particles inside one tenth of that resonant region are enough to obtain the
correct behavior at resonances. Our model Dhs has around 1.5×104 disk particles
near ILR and 4.1 × 104 near CR. These are trapped particles which stay in the
libration region near resonances. As a result, resonances are well populated in our
N-body models. This is because the region of trapped orbits is large (Fig. 11.6,
11.7, 11.8).

The second criterion deals with the artificial noise in the potential and the
effects of two-body scattering. They can introduce an artificial diffusion of orbits.
The characteristic diffusion length should be smaller than the resonance width,
defined by the size of the region of trapped orbits. Otherwise, particles can artifi-
cially diffuse out of a resonance. We have seen that these regions near resonances
are large. So, this second criterion is also achieved.

11.12 Summary and Conclusions

We have detected dynamical resonances in N-body models of barred galaxies
with evolving disks in live dark matter halos. The dominant resonances are the
corotation resonance (CR) and the inner Lindblad resonance (ILR), although
other low order resonances, like the outer Lindblad resonance (OLR) or the ultra-
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harmonic resonance (UHR) are also present (Fig. 11.6, 11.7, 11.8). Resonances
in the halo are also found.

In general, resonances cover broad areas of the disk (Fig. 11.9). Particles at
CR are distributed in a wide ring at the corotation radius. On the other hand,
the epicycle frequencies are not equal to the natural frequencies of particles inside
the corotation radius, where non-circular motions are important. This is specially
true for the ILR. this resonance is not localized at a given radius. Particles at ILR
are found mainly in elongated orbits inside the bar. Their distribution resembles
the bar (Fig. 11.10)

In all three studied models, we find that resonances capture particles and
force them to move in trajectories near stable resonant orbits. For example,
the corotation resonance traps particles in libration orbits around the two stable
Lagrange points of the system. As a result, the angular momentum oscillates
with the period of the libration motion but the net change over many orbits is
zero. Therefore, these trapped particles do not evolve. We conclude that resonant
trapping tends to minimize the change of angular momentum of the particles
trapped around them. However, the trapped particles can participate in the global
evolution of the bar because they are locked at resonances. They are still trapped
during the slowdown of the bar (Fig. 11.20). As a result, ILR particles can lose
angular momentum during this slowdown. Particles trapped at resonances only
evolve when the bar evolves as a whole.
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