Cume 391 - Solutions
MATHS!

Jason Jackiewicz
October 4, 2014

-This exam deals with some basic math that can occur frequently in astrophysics research. These topics cover

things that aren’t always trivial to just “look up” to find the right answer. The first few are to get your feet
wet and then they pick up a little in complexity. Of the first 4 questions, you only need to do 3 of
them. If you do 4, only your top 3 scores will count, but make sure you allow enough time to get to the
final two questions. The anticipated passing grade is 75%.

Show all work clearly and please write legibly, and if you can’t solve something completely, at least give an
idea of how you might go about it. Make sure you are careful to answer ALL parts of each question. Dont
spend too much time in the beginning on one question, move on and try them all and then come back if
you need to. DO NOT use your calculators for any formulae or constants, only to calculate. Start each
numbered problem on a new piece of paper. Take your time, think clearly, read each sentence carefully, ask
for clarification, and best of huck to vou!

1. (10 points). Consider the two vectors ¢ =%+ 37 — k and b =21+ 7 + k.

(a) Determine a unit vector perpendicular to the plane of these two vectors.

Answer: The cross product of these two vectors gives a perpendicular one:
i 7 k
13 -1
2 1 1

axb= =43 — 37 - 5k

. Since we want a unit vector, the length is +/50, so we divide everything by that,

(b) What is the angle between the vectors a and b, in degrees?

Answer: Let’s use the dot product
a-b=abcost = 4.

cosf = —4—,—> 8 = 60.5°.

V11-6
2. (10 points). Consider the matrix
0 10
M=1{1 00
0 00
which satisfies the equation :
Mx = Az, (1)

where A are the eigenvalues and = are the eigenvectors in a Cartesian space z = (z,y, 2).

(a) What is the determinant of M?

Answer: The determinant is

0 0 I 0 1 0
ofo o~ 1ls ol+ols -



(b) What are the eigenvalues X of Eq. (1)?

Answer: The secular equation is

-A 1 0

1 =X 0i=0

0 0 —-A
which means

-AA*-1)=0.

The roots are thus A = —1,0,1.
{¢) What are the corresponding normalized eigenvectors such that |z| = 17

Answer: The eigenvalue equation Eq. (1) is rewtritten as

For A = —1, we have
z+y=0, z=0.

We can write this as @1 = (1,—1,0), but since the vector length is +/2, the normalized eigenvector is

For A =10,
y =0, z =10,
S0
582—-(0,0,1)
For A=1,
—x+y=0, z=10,
50

3. (10 points). Integration. Compute the indefinite integral of

je“ sinz dz. (2)
Answer: Integrate by parts.
uw = sinx, dv = €*
du = coszdz, v = e”

Now
Jez singde = e sinz — fem coszdx.

% = COSZ, dv = €°
du = —sinz dz, v=2e"
je” sinzdr =e"sinx — e cosz — fez sin z dz.

Collecting terms gives
: . 1 .
Je’ sinzdx = -é-em {(sinz — cosz) . {3)
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Figure 1: Solution to Problem 4. It shows y = sind as well as the 2nd-order approximation at /2.

4. {10 points). Taylor expansion.

(a) Taylor expand f(#) = sin@ around the value § = 7/2 to 2nd order to find an approximate

expression near that value.

Answer: The expansion is

£(6) ~ (@) + £(@)(0 — ) + 2 f (a)(B ~ )" + ..
Then

Sin6m1+0-%(9“~g)2+...

(b) Sketch sinf and its approximation from 0 to 7.

Answer: Figure 1 shows the function as well as the approximation at the chosen value,

5. (40 points). Solving differential equations analytically and numerically.
Consider the continuity equation for a steady fluid system

V - (pv) =0,

where p is density and v is the fluid velocity. Just consider a one-dimensional system where:

{4)

()

(6)
()
(8)

(a) (6 points). Describe in 1-2 sentences what this equation describes physicelly. Then expand out

the equation using the operators in one dimension.

Answer: The continuity equation describes the conservation of mass flux, which says that the mass flux

divergence is zero. Mass coming in equals mass going out. Expanding in 1D gives

dv +'ud— == ()
Pz dzx )

(9)
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Figure 2: Solutions for Problem 5. The left panel is the solution for part {c), and the right is the solution for part (e).
Included is the approximate Euler solution as well as the exact solution for the velocity.

(b)

(c)

(d)

(4 points). What is the degree and what is the order of this equation? What type of equation is
it (mathematically speaking)?

Answer: This is an ordinary, first-order, linear differential equation. it's homogeneous too.

(10 points). Assume you know that the density varies as p(z) = 1 — z, and that you have a
boundary condition that v(x = 0) = 2. Derive the analytic solution for v(z). Sketch p{z) and
v{z) on the same axis from (0,1).

Answer: One can rewrite Eq. (9) separating variables as

e (10)
v IS
Since p’ = —1, we have
% - Jie ~
v -z
Ine = —Infl—2)+C,
v = C
To1-2’
v = 2
o1z
where the last line uses the boundary condition. In general, it is easier starting from Eq. (10} to just write
& _ _dp
v o’
Inv = —lnp+0C,
v = Cp .

The velocity and density profiles are shown in Fig. 2 on the {eft.

(10 points). Now let’s assume we don’t know the density stratification analytically, only numeri-
cally, yet still want to know the velocity structure that satisfles continuity! Sketch out the simplest
way possible to do this algorithmically, keeping in mind the form of the equation in general is

T O] (1)

Assume again that you also know an initial velue of y.

Answer: The simplest way is an Euler method or something similar. You don't know y, but you know that it's
derivative is

A T ) (12)



where & is some step size in z; = 21 + h. If we discretize, then o
Y(zirs) = y(@:) + hf (ze, y(zi)-
In this specific example,

¥

]
e

(13}

(14)
(15)

(e) (10 points). Given the following table of values and the initial condition »(0) = 1, find a solution
for a solution v(z;) to four decimal points for all 6 grid points. Plot the density and the final

result for velocity on the same axis (p" = dp/dz).

z | 0.0 0.1 0.2 03 04 0.5
o [ 10 0909t 08333 07602 0.7143  0.6667
o | 09091 -0.8333 -0.6993 -0.5952 -0.5128 -0.4762

Answer: Here, i = 1...6 and dz = 0.1. The values in the table actually represent p = (1 +xz) ™. We will use

£ ()

v{Tiq1) = v{zy) — dz o) v(mi).
So then

v(zy) =v(0.0} = 1.0000
w(zz) = v(0.1) = 1.0000 — 0.1—22 1 0600) =~ 1.0909
w(zs) = v(0.2) — 1.0909 — 0.1%(1.0%9) — 11909
vizs) = v(0.3) = 1.1909 — 0.1 _0%23933 (L1909) — 1.2008
v(zs) = v(0.4) — 1.2008 ~ 0.1 _()?;{562522(1.2908) — 1.3907
v(ws) = v(0.5) = 1.3907 — 0.1%2?(1.3907) = 1.4905.

This is plotted in Fig. 2 along with the exact solution. Since the density profile is
plz) = (1+2) ",

the velocity
v(z)=1+z,

when plugged in with the given initial value.

6. (30 points). Convolution.

(16)

(17)

{18)

Recall the conwolution theorem, which states that the convolution of two functions in real space is
equivalent to the inverse Fourier transform of their product in Fourier space. In the time domain in

1D, for example, the convolution C' of two functions is
. o0

CO) = (fx9)0) = [ ot -t)ar.
—o

The theorem suggests that the convolution can be computed as

frg=FHF{f} Flg}},

(19)

(20)



where F{} and F!{} denote general Fourier and inverse Fourier transform operations, respectively.
Let’s actually define the Fourier transform and inverse transform for some function y, as well as the
Dirac delta function as

yw) = j Yt dt,

—c0

O
§w) = J:e“i“’tdt. )

(a) (4 points). Describe in a few words what is a convolution? An example or two might be helpful.

Answer: A convolution of two functions provides a new function that expresses the integrated overlap between
the two as one of them is shifted. It is an ocutput signal after and input gets altered by some internal mechanism.

(b) (3 points}). What might be an advantage of using Eq. (20) as opposed to Eq. (19)?

Answer: In real space the computational need is of order O{N?) operations for vectors of length V. If one
utilizes an FFT, the Fourier definition results in about O{N log N) operations. In higher dimensions it becomes
even more advantageous.

(¢} (6 points). Prove that the theorem holds using the definitions given for general f and g.

Answer: Using Eq. (19} to get to Eq. (20), we can plug in the definitions to get
f J J flwye™™ glw)e™ ¢ dt' dw do,
j f Flw)gle)e ™ Je‘“‘"‘“"”' dt' duw o,
Jff(w)g(w’)e"i”’té(w — ') dwdw’,

| rergtre d,

c{t)

i

where the last line is clearly the inverse FT operation of a product of functions in Fourier space. If one instead
starts from Eq. (20) and tries to work backwards to Eq. (19), this is not a proof really, but you'd find

ClE) = (F % 9)(1) FHF{} Flol),

Fi { _[ F(tye™* ar J gltet” dt”} -
J-e_i“’t dw f f (t’)ei”t' dt’ .[ g(t”)ei“’t” dt”,
= [ [ [araran siergene=c e,

f J Aat” f(E)gt") St +¢ +87), ' —t—f,

i

- jf(t’)g(t —¢)at.

(d) (12 points). Consider the convolution of a boxcar function and a gaussian function along the
infinite r axis. Let

fa) - {1, ~l<z<t

0, otherwise

g(z) =

Use the theorem to try to find an expression for the convolution of these two functions. Get as
far as you can. (Hint: First compute separately the transforms. Upon evaluating the FT of the



gaussian, consider computing d/dw (or whatever you call your frequency variable) of the entire
integral to help you evaluate it!)

Answer: Let k be the spatial frequency. Doing the gaussian first,
—az? ikz —az? .
glky=|e ™ &™dzx = | e {cos ka + isin kz) dz.

The term with sin vanishes hecause it's antisymmetric. Call the remaining integral I. Then using the hint

I
g—k = ——Je_“zmsinkx dz,
1 - —ax?
= o sinkz d(e ),
u = sinkz dv = d(e‘”‘z),
du = kcoskz,dz, v= e””z,
1 |y 2 -]
= U e sink:cf‘[e as kcoskmd:r],
2a |l-w
= —% e’ cos kx dz,
d7 k
& T TED
I= g(k) - e—k2/4a,

where in the last line we just solved the differential equation. This shows that the transform of a gaussian is
another gaussian. For the boxcar

00 . 1 .,
1w = [ @i [ &,
—w -1
_ 1 ikz !
BT Y
I Y AR ST
-3
flky = 28;:}“ = Zsinc(k).
Now that we've computed the FT of both functions, we can plug them into our convolution theorem Eq. (20)
to get
Clz) = 2 Je-k’/““ __Slz K o=ike i, (21)

No idea how to do that. Good enough for here.

(e) (5 points). Even if you don’t get to the right answer, sketch f, g, and what you think the result
of this convolution would be for a given a. Describe what is happening.

Answer: The functions and convolution are shown in Fig. 3 for & = 0.2. The gaussian basically smooths cut
the sharp edges of the boxcar function.

as
a6 Do . -
' :

o]

Figure 3: The functions f and g from Problem 6 part {d). The gaussian used a value of @ = 0.2.



