Comoving Coords Monday, September 17, 2007
8:53 PM

Perturbations: Non-relativistic matter. Wave shorter than the distance to horizon

Fluid equations in comoving coordinates. We introduce the comoving coordinates:

—

N —
r=a(t)x(t) k.= proper distance
. - L, X = comoving digtance
U= -d—_-; - HF+i U= proper Je/ocié}
Y d —_ ’—J\’zpe[.'”//’«./‘ Ve/e‘a’ﬁ}
V= a>x

Hydrodynamic equations are written in standard form

/_B.E +VF (fﬁ) = O continuity equation

ot |7

:%_EIF.[.- (7V:) [_Z = - \[,T Vie P “.V‘-: q Euler equation

4
v? SE’ = 97 G'ja Poisson equation
Introduce peculiar gravitational potential: |
Peculiar
2 tential
= 276G r + ¢ potenti
E=50Cp

otential 4 e homoge heous
quok%r‘ou %7,

Now we need to change variables from proper to comoving. Spatial derivatives are
simple to handle:

2 _ 1D

~r a o N
Time derivatives at constant f~ should be changed to time derivates at constant JC
This gives two terms: derivative with respect to time at constant comoving coordinate and
a term due to the fact that constant j~ means that ¢ changes. So, we get physical
property at different comoving coordinates: a gradient should be present:
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moving 2 Monday, September 17, 2007
Como g 9:31 PM

Here is an example: density A\
In AJC time interval density changes by: (J
1
|
A /\
AP\ P A e |
A ; ’
'x . i ) r
Here & 9Cis defined by condition: X x+AX
=

\f:consf:) VAYe U9 af Y~ PaRe & => AX = __%o\x

29/ ’%‘/ adt(xv)

- .Y
In the same manner ’D M/ - 1&/ _ _’__Q/Gk (iVA)’lj
N _— C
r

Now: A = o{

we get: ﬂ:%- /’Z‘C )Z th

. , = - ; _ oy —> /D‘f

Because we had: M= &RIC + U '—'—> 1/— ax-i-/;_
mf)‘

—A -
Now we need to change variables from n to v

4 FAax a
o\V;é(flr)j—a\xV + 32

= T
YX=5 2 0V us YV (ox+T) =
V=6 AT =TT A x)( N ))
"2 s = &-5¢ avy YNV
V'_rzz,Zr o VX?A-)‘-_&_ A=

Put all the terms in the equations of hydrodynamics and omitting indexes r in derivatives:

P4d2p+g V(g“f)
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Equations Tuesday, September 18, 2007
8:40 AM

%—i{: + ‘%\*ﬁ"‘ é\“(fV)lf:-

~—
-(q + ‘iB’IGPbO\)f =0

Thus, the Euler equation gives:

2t CA 0\

Now, let's handle the Poisson equation:

V§“—; Jc(f"' (2”@be) V 704,4,?]0

Thus, the Poisson equation takes the form:

\72}0 = 5’7«'@6\2((0 -Pu)

Note that gravity effectively gets "stronger" with time because there is term az.

Only deviations from the homogeneity enter the right-hand-side ("source term")

If local density is smaller than the average density, perturbations in grav. Potential are
negative. This acts as a negative mass.

Using the equations, we can re-cast them for equations of individual free particles:
>
] ) I
IV 2 P=-Lyy
ot a QA

N
- = ‘
Introduce the momentum: P;_q‘lf: alz :.> g—-g - V}a
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Small perturbations Tuesday, September 18, 2007
9:14 AM

Regime of small perturbations: jg[)—c"/t) = Pb(f)( l"” 8()’(1.'5))
8 << |

We can neglect terms of higher order: S U' 1oy

Continuity equation: (148 ?.PJ_" f) )S 3a (I+§}0 +_£é V'z}z O

This gives two equations: __)f_b + 3 _Q_Pb: O
VE a
L I yv=o
d+ o
—_ ,
Euler equation: :B,.‘);_‘L .Q_;: - VE — J V}V
2t a a f)b %3

Poisson equation: Vf: LIT:'GaZﬁ, 8

Take divergence of Euler eq:

N
From continuity eq we get: V‘J - - %

Combining these equations (get rid of d|v(vLand grav. Potential):

§+264= 3 M) P, .@p)

/

If P is negligable, we have a linear differential equation, which does not
depend on the wavelength of the perturbation. In other words, in this
regime all perturbations grow with the same rate.

3+2%S=4R’Gﬁ$ Paxo
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Tuesday, September 18, 2007

Peculiar Velocity 9:59 AM

Peculiar velocity and peculiar acceleration:

Equations: | P(x’)_j)
p? y A5 6o (f ))b =) }ofx)*-—-G-Q dx 17*:7")‘6

g(x)-“vf——ua d:c(fD/J X) -

b7

9

Peculiar acceleration can be re-written in slightly different form:
/

- A 3y X
g(x)_ Ganjdx t) _,, -a}B
Relation between g and v in the linear regime:

Vg -‘MrG/JaS—>g g )( _L_)

Liu (:’Pa ’B'E

v
a

- N\ - E(fJ N
Thus: V=0 2_ —&T—-—— + — VF= (0
»t L/fT(:Joba o

From continuity equation we get: 8 = =

> decay ing mode
For growing mode we find that velocity and acceleration are related:

p T\ o Flig
VN z,',.,-gpa) > 713
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P Tuesday, September 18, 2007
acceleration SOt

Thus, we get for v-g relation: (E_S - g _—g_
T & {8 8
4 f,—G-Pb O at

[

Re-write the derivative of density

contrast: J— d&\ _ a C‘S CIG\ =;£(~Q.)H
§ dt 4 da adt ~

‘f(ﬂ) ~ 0" Q=%76G 5
Finally we write: £(ﬂ\) c;me?q ma'bbe/‘

RN 2 N
VU = —5""__‘ g,
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Wednesday, September 19, 2007
cases 7:01 PM

General equatlon for growth of perturbat|ons is:

5 +22 38 - Ler/Jb

7.

Particular cases. The simplest case is the flat Universe, wavelength shorter than the
horizon, waves longer than the Jeans mass. This is also the case of the cold dark matter

(negligible random velocities): 1 -3
P.-.O} .Q-m= IJ sz Z;TG'—“:LO(Q
. o -\2 g6 ;2 )2
F : = —P=|—
riedmann equation is (%) = ) ( 3t

Now the equation for the density contrast can be written as:
6 + ﬁ-.S_ = _Z. ,8_
2€ 3¢

Solution of this equation is found in the form 8 = A t
This gives: 4 - 2 2 -
n-1)+ N= < —> N=_4% or N= l
( ) 3 3 =

Thus, the general solution is:

8(x)= AL+ 5@{'

R .
%row(hg, de.co.gmg-

2/3
Because in this case A X t , We can re-write the growing mode in

more elegant form:
o528 L 28

VeIOC|ty for this mode is found from the continuity equation:

Vo=-ad
Assuming the form for the den5|ty perturbatlon is 8 ﬁ(x )t
How do we get velocity: 1)' C({)# (x) ?

-Y3
vE=-aL o o(t)vf = -a@pE)2 L vs
From this we can easily find the time dependence: C(f)°< é_ g f-

/
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Open Universe Wednesday, September 19, 2007
7:43 PM

3"""’ ‘ Y m{-(x)

Now, normalize the velocity:
Note that ‘)/.’nikand Sinitare not independent.
We will find their relation later using spectral

formalism.
Another case: Open Universe, only non-relativistic p: 0
matter 81"6' K X
s ETOP L K here ke - HE(-Q)
3 o

O.o

3Ho SLo (-(: = —
P £MG o> > 6= H &) Y
/=e_ ) aft)

Introduce new variable: 2=
“nft) So

Now change the time variable in the
equation for density contrast: 2
+
g8, 3thx 48 38 _o

’d—;’:l_ ,?x( +X)dx 212'( 1+X)

The growing solution of this simple equation is just wonderful:
'/2 ‘2 if2
(+ X
=+ 2 ¢ 2059 T T (an) - x
X x‘b/z

2/%
x| > St

x> > o~

Asymptotic behavior of this solution

Fluctuations grow untill 2C l, g ¢
Which corresponds to
P ax fo

Then they stop growing
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Cosmolog|ca| constant Wednesday, September 19, 2007
9:10 PM

Case: flat Universe with cosmological constant r . /\ S
Solution for the growth of smaII perturbations is _OT - J
€ 3
) J [+ ?C x d7C p S)_
Y 3]311 A= =SA0 T3
o + OC

ll

X, A=
( '/3
\ Sh«rP

'-l_ro« ns.tion

AR AL
e[ -
/4
7 'ﬂ'curv
/
7
/d

N

Three models: 1) Flat, matter only
2) Flat +Cosmological constant
3) Open, no cosmological constant
Left panel: the same amplitude of fluctuations at early times

Right panel: The same amplitude at z=0
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Effects of relativistic background Wednesday, September oo 2007

Case: waves inside the horizon, relativistic particles dominate
Growth of perturbations in non-relativistic matter. Fluctuations in the

relativistic matter are wiped out by the free streaming.

76 wo® A ag]
= 225 (0P Pa= @, pya
.. . 8= ﬁm"'4pm5
S+ 2%8=4‘1TGJ3MS L P>

Note that delta is the density contrast
in matter, not in the total density

Introduce new variable: H, = 'ﬁ— a

m - —
Change variable t->y ,PJ‘ aecl

The equation for the growth

rate takes the form: g,_z—g + 24’3‘4' C'g —_ 38 =0
dy®  2y(i+y)dy  2y(i+y)

The growing solution of this equation can be found by trying: 8; 0
This gives: g

%rau/ = 2

Note before the equality the fluctuations grow very little.
After the equalit
M & o
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Wednesday, September 19, 2007

Jeans instability 10:05 PM

V

Si!ﬂatiin: fluctuations in baryons, waves inside the

horizon

We deal with ideal fluid with pressure P. For non-expanding medium the Jeans length was
found by equating the time needed for a wave to travel across an object to object's free fall
time. Better way: find critical regime for dispersion relation for homogeneous gas with given

density and temperature: 1)-
.
For ideal fluid velocity of the sound is given by: .J ~ "«-G—"
0= F’p re 7‘ KT P
S P = P

:}An MH
P= nKT P

For gas before the recombination the pressure is by far
provided by radiation - +P ~ = c*

When pressure waves moves through the gas it creates
variations in density and temperature of the radiation:

An gas = A Pr c

As the result, sound velocity is ’v; = T‘;“

After recombination, photon move freely and gas pressure drops to
normal P= nkT. This gives sound speed of few km/s.

Growth of fluctuations in gas:
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