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1. Elements of Thermodynamics
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is a scalar: po;; = Pdj;.

Motivation: Equations of hydrodynamics are not “closed”: they have a term with gas pressure,
which cannot be found unless we know how it is related with other variables such as gas density
and internal energy. However, equations of hydrodynamics are significantly simpler than the Jeans
equations of stellar dynamics, where the pressure term is a tensor pafj. In hydrodynamics pressure

Later we will find that the presence of pressure term in the Euler equation brings in an

additional equation = an equation of energy evolution.

Definitions:

e Specific volume

1
V=-,
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where p is the gas density.
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Temperature T’
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Relation between energy and temperature: leV = 1.6 - 10~ 2erg = 11600degrees.
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Energy per unit mass e. Energy per unit volume u = pe = (3/2)nkT (for mono-atomic gas).

Statistical weight I' = number of microscopic states, which give the same macroscopic state.

Entropy
S=FkInl.

Entropy for collisionless particles can be defined as

S = —/flnfd%.

H-theorem states that dS/dt > 0. Entropy is preserved along a trajectory.
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The first law of thermodynamics:

de v dQ
4+ p_— ==
dt + dt dt’

where dQ/dt is the energy per unit time per unit mass from external sources.

The second law of thermodynamics:

Tds = de 4 pdV.
For an adiabatic process dS/dt =0
Equation of state: e = ¢(P, p)
o Ideal gas:
P = nkT,

where n is the number-density of particles.

e Black-body radiation:

p="r" _ g w=0oT* o =757-10"15.

Entropy S oc T3.

e Degenerate electron gas (for white dwarfs):

P = 10%(p/pe)®?, non — relativistic,
P = 1.2-10%(p/p)*?, relativistic,

where . is the molecular weight per electron (1-2)



More on ideal gas:
P =nkT.

Gas density p and molecular weights:

p = HmMmHN

- HHmHnH7

where my = 1.67 - 107%*g and p,, = molecular weight per particle, pz = molecular weight per

hydrogen atom. For fully ionized hydrogen-helium plasma:

_ ngt4npge  number —of — baryons
Hm = 2ng + 3nge  number — of — particles
ng + 4nye
pH = ——
ng

Helium abundance by mass Y is defined as

AnHe

nyg + 4npe
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For Y = 0.25 we have nyppme/ng = 1/12, and py, = 16/27 = 0.6, uy = 4/3. Now we can write the

equation of state for ideal gas as:
pkT

P = .
HmMH

For mono-atomic gas the thermal energy e is:

_%nkT_S kT
6_2 P _2MmmH'

Heat capacity: amount of heat, needed to raise temperature 1" by 1 degree:

dQ de 3 k&
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cp = cy+
HmMH
The ratio of specific heats:
c
v=-"L—=5/3.
cv
For gas with an arbitrary ~:
1 kT

€ = .
(v = 1) pmmp
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Adiabatic process: no exchange with the outside world (no radiation, not energy release or
conduction):

P=Ap, (25)

where A is a constant. In this case the entropy is constant: dS = 0. Entropy of ideal gas can be

introduced as

S=cyIn(P/p7). (26)
Then,
1 kT
P=eYvpr = . 27
G 1)t 27
For this process we can write the first law of thermodynamics in the following form:
1 P
de __Ld(/p) _ Prp .

dt at— p?at
When gas emits energy the last equation should be modified. It is more convenient to use energy

per unit volume:

du de

ae 29
pn P (29)

Par ~ p dt
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Adiabatic atmosphere: Assuming that the Earth atmosphere is adiabatic, find the density

and temperature profiles.

Hydrostatic equilibrium:
1dpP
pdz 9

Equation of state:
P=Ap,

Parameter A (related to the entropy) is given by conditions at the surface:

kT
Py=Ap}, Po=po—0.
Hmy
For Earth’s atmosphere p = 29, v = 1.4. This gives:
KTy 1-
A= Py -
wmpy

Rewrite the equation of hydrostatic equilibrium:

ld_P — é p%lﬁ = Ayp' 2L
p dz p dz

Solution is:

1

Rewrite this by dividing both parts of equation by p}~ " and substituting A:

» 1Y/0-1)
p(2) = po [1 - —] ;
ZH
where the scale height is
Yy k‘To 1
g =——" —.
y—lumpyg
Now find temperature using the equation of state:
kT
P=Ap =p——r.
KmH
This gives:
p (=1
T-1, H ,
Po

Substitute p(z):
T =T, [1 - i]
ZH
Taking Ty = 300K, we get z = 30 km. This solution is valid only for z < zpy
for high elevations!
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. It is not physical



